MATHEMATICS

(Science Group)

,ﬁ\\
\
X\

This Book has been selected and distributed by
Government of Punjab for Academic year 2019-20
as sole textbook for all Government Schools in Punjab.

@ Publisher:
u CARAVAN BOOK HOUSE, LAHORE



“Education is a matter of life and death for
Pakistan. The world is progressing so rapidly
that without requisite advance in education, not
only shall we be left behind others but may be

wiped out altogether.”
(September 26, 1947, Karachi) Quaid-e-Azam
Muhammad Ali Jinnah
Founder of Pakistan
A8y

W a2t i
ol B oBdeprye
s o o L
oF eFed Bty
ob okl ozl R e
Y
s 8o s i
Joz g degtigle
Jwni e Zb

Publishers Note
This book is being published in accordance with National Curriculum 2006 and
National Textbook and Learning Materials Policy 2007 as per International standards.
This book has been selected by Government of Punjab as sole textbook for adoption
and distribution in all Government Schools in Punjab. Suggestion are invited for
improvement of this book by pointing out any error in spellings, contents etc.




O S MR 2y

v e

) & o
‘L‘LﬂiﬁﬂqVUE/’ZﬁcrtLﬁiC;/ s

Mathematics

(Science Group)

Dr. Karamat H. Dar
Prof. Irfan-ul-Haq

Publisher:
CARAVAN BOOK HOUSE, LAHORE
Date of Printing  No. of Copies Price

March 2019 10,000 118.00



CONTENTS

Unit TITLE Page
Unitl  MATRICES AND DETERMINANTS 1
Unit2 REAL AND COMPLEX NUMBERS 33
Unit3  LOGARITHMS 57
Unit4d  ALGEBRAIC EXPRESSIONS AND ALGEBRAIC

FORMULAS 75
Unit5 FACTORIZATON : 97
Unit6 ALGEBRAIC MANIPULATION 114
Unit7 LINEAR EQUATIONS AND INEQUALITIES 130
Unit8  LINEAR GRAPHS & THEIR APPLICATION 145
Unit9 INTRODUCTION TO COORDINATE GEOMETRY 168

DESCRIPTIVE GEOMETRY

Unit 10 CONGRUENT TRIANGLES 185
Unit 11 PARALLELOGRAMS AND TRIANGLES 199
Unit 12 LINE BISECTORS AND ANGLE BISECTORS 210
Unit 13  SIDES AND ANGLES OF A TRIANGLE 218
Unit 14 RATIO AND PROPORTION 228
Unit 15 PYTHAGORAS’ THEOREM 238
Unit 16 THEOREMS RELATED WITH AREA 244
Unit 17 PRACTICAL GEOMETRY — TRIANGLES 252
ANSWERS 268
GLOSSARY 284
MATHEMATICAL SYMBOLS 292
SOME ALGEBRAIC FORMULAS 292
LOGARITHMIC TABLES 293
INDEX : 297
BIBLIOGRAPHY / REFERENCES 302

All rights are reserved with the Punjab Curriculum and Textbook Board, Lahore. Approved by the
Federal Ministry of Education (Curriculum Wing), Islamabad, according to the National
Curriculum 2006 under the National Textbook and Learning Materials Policy 2007.
N.O.C.F.1-16/2010-Maths, dated 2-12-2010

Authors : o Dr. Karamat H. Dar ¢ Prof. irfan-ul-Haq ;
SUPERVISOR Mazhar Hayat (Subject Specialist) HOD (Pure Sciences)
Artist/Deputy Director Graphics: © Aisha Waheed  DIRECTOR (MANUSCRIPT):
MRs. NISAR QAMMAR

Prepared by:  The Caravan Book House, Kachehri Road, Lahore.




Unit 1

MATRICES AND DETERMINANTS

Unit OQutlines

1.1  Introduction to Matrices

1.2  Types of Matrices

1.3  Addition and Subtraction of Matrices

1.4  Multiplication of Matrices

1.5  Multiplicative Inverse of a Matrix

1.6  Solution of Simultaneous Linear Equations

Students Learning Outcomes

%L % N W G E W %R

After studying this unit, the students will be able to:
* define

. a matrix with real entries and relate its rectangular layout (formation)
with real life,

° rows and columns of a matrix,
° the order of a matrix,
° equality of two matrices.

define and identify row matrix, column matrix, rectangular matrix, square
matrix, zero/null matrix, identity matrix, scalar matrix, diagonal matrix,
transpose of a matrix, symmetric and skew-symmetric matrices.

know whether the given matrices are conformable for addition/subtraction.
add and subtract matrices.

multiply a matrix by a real number.

verify commutative and associative laws under addition.

define additive identity of a matrix.

find additive inverse of a matrix. ;

know whether the given matrices are conformable for multiplication.
multiply two (or three) matrices.

verify associative law under multiplication.

verify distributive laws.

show with the help of an example that commutative law under multiplication
does not hold in general (i.e., AB # BA).

define multiplicative identity of a matrix.

verify the result (AB)' = B'A".
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define the determinant of a square matrix.

evaluate determinant of a matrix.

define singular and non-singular matrices.

define adjoint of a matrix.

find multiplicative inverse of a non-singular matrix A and verify that

AA™!' =1=A"'A where I is the identity matrix.

* use adjoint method to calculate inverse of a non-singular matrix.

*  verify the result (AB)™ =B'A™!

* solve a system of two linear equations and related real life problems in two
unknowns using

L AR R W S

o Matrix inversion method,
) Cramer’s rule.
Introduction

The matrices and determinants are used in the field of Mathematics, Physics,
Statistics, Electronics and other branches of science. The matrices have played a very
important role in this age of computer science.

The idea of matrices was given by Arthur Cayley, an English mathematician of
nineteenth century, who férst developed, “Theory of Matrices” in 1858.

1.1 Matrix

A rectangular array or a formation of a collection of real numbers, say 0, 1, 2, 3,

4
4 and 7, such as; 7758 and then enclosed by brackets ‘[ ]’ is said to form
e e | R :
a matrix [ 7 2 0 ] . Similarly [ 3 4 } is another matrix.
We term the real numbers used in the formation of a matrix as entries or
elements of the matrix. (Plural of matrix is matrices)

The matrices are denoted conventionally by the capital letters A, B, C, ..., M, N
etc. of the English alphabets.

1.1.1 Rows and Columns of a Matrix
It is important to understand an entity of a matrix with the following formation.

12 0> Ri 1nmatrix A, the entries presented in horizontal

Ast+[3 5 21ls R way are called rows.
i > ™2 In matrix A there are three rows as shown by

¥ [2 1__—1}4>R; R, R, and R;.
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2 3
B= 0 1 In matrix B, all the entries presented in
vertical way are called columns of matrix.
3 2 Matrix B has three columns as shown by C,,
C, and C,.
C1 Cz

It is interesting to note that all rows have same number of elements and all
columns have same number of elements but number of elements in rows and columns
may not be same.

1.1.2 Order of a Matrix

The number of rows and columns in a matrix specifies its order. If a matrix M
has m rows and n columns, then M is said to be of order m-by-n. For example,

| )
={ 0 2:| is of order 2-by-3, since it has two rows and three columns, whereas

1
kg2 43
the matrix N=|—-1 1 O [isa3-by-3 matrix and P=[3 2 5] is a matrix of order
4o 5 B

1-by-3.
1.1.3 Equal Matrices

Let A and B be two matrices. Then A is said to be equal to B, and denoted by
A = B, if and only if;
(i) the order of A = the order of B
(i1) their corresponding entries are equal.

Examples

¢ S 1 2+1
1) A=[_4 2]andB=[_4 4_2} are equal matrices.

We see that:
(a) the order of matrix A = the order of matrix B
(b) their corresponding elements are equal.

Thus A=B
2 2 3
@ L= [_1 g ] and M = [ Sy ] are not equal matrices.
We see that order of L = order of M but entries in the second row and second
column are not same, so L # M.
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6

2553 v gk
(ii1) P=[_1 2J andQ=[_1 2 0
: We see that order of P # order of Q, so P # Q.
EXERCISE 1.1
1.  Find the order of the following matrices.
iaragie 2
A‘[-s 6] B={3 5
C 4 S
D= 0}, E= b i
L 6 B
g Lyl A
S 3} H= f (3)
o B W .
2. Which of the following matrices are equal?
A=[3], =134,
4 0
D53 1 E=[6 ’
3-1 4 0
G=[3+3}’ H=[6 2
J_[24—2 2—2}
“12+44 2+0

|

J are not equal matrices.

C=[2 4],

F=[2]

C=15-+2),
e [3]

I={3 3+21]

3.  Find the values of a, b, ¢ and d which satisfy the matrix equation

I: a+c
¢l
1.2 Types of Matrices
(i) Row Matrix

a+2b o
4d—-6 | ~

—7

3. 2d

]

A matrix is called a row matrix, if it has only one row.

e.g., the matrix M = [2
M=[1

(ii) Column Matrix

=1

7] is a row matrix of order 1-by-3 and
—1] is a row matrix of order 1-by-2.

A matrix is called a column matrix, if it has only one column.
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2
1
eg,. M= [O} and N = | 0 | are column matrices of order 2-by-1 and 3-by-1
1
respectively.

(iii) Rectangular Matrix

A matrix M is called rectangular if, the number of rows of M is not equal to the
number of columns of M.

1 %2 7
- b
&gt wa My ;B:l:a C}C:[l 2 3] and D=8/ areall
¥ '3 Y 0

rectangular matrices. The order of A is 3-by-2, the order of B is 2-by-3, the order of C
is 1-by-3 and order of D is 3-by-1, which indicates that in each matrix the number of
rows # the number of columns.

(iv) Square Matrix .

A matrix is called a square matrix, if its number of rows is equal to its number
of columns.

1 4928
2 -1
eg., A= l:o 3], B=|-1 0 -2| and C= [3] are square matrices of
g L e

orders, 2-by-2, 3-by-3 and 1-by-1 respectively.
(v) Null or Zero Matrix
A matrix M is called a null or zero matrix, if each of its entries is 0.
050 +0

e 00[00]0 TRt d |0 00
g A ; ; an
= 040 0/ [0 0 0
0 00
are null matrices of orders 2-by-2, 1-by-2, 2-by-1, 2-by-3 and 3-by-3 respectively.
Note that null matrix is represented by O.

(vi) Transpose of a Matrix

A matrix obtained by changing the rows into columns or columns into
rows of a matrix is called transpose of that matrix. If A is a matrix, then its transpose

is denoted by A",
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Bt 1 2 -1
o, () Afpii=/}1 2545590 , then A2 -V id
-1 4 -2 30 -2
;. |
e 12 t
(i) If B= , then B'={0 -1
2 -1 3
$ 2 13
i)y If C=[0 1] , then c‘=[?],

If a matrix A is of order 2-by-3, then order of its transpose A’ is 3-by-2.

(vii) Negative of a Matrix

Let A be a matrix. Then its negative, —A is obtained by changing the signs of all
the entries of A, i.e.,

1 2 -1 2 }
IfA=[3 4],then—A=[_3 o
(viii) Symmetric Matrix
A square matrix is symmetric, if it is equal to its transpose i.e., matrix A is
symmetric if A'= A.

| S

eg,(i If M=|2 -1 4| isasquare matrix, then
8.4 0
§ b

M'=|2 -1 4| =M. Thus M is a symmetric matrix.
|3 1%4 T0]
faged 3] 2 -1 3
i) sl A=1—1 2 2} thenA'=11."7"2 {]=A

s B I

Hence A is not a symmetric matrix.
(ix) Skew-Symmetric Matrix

A square matrix A is said to be skew-symmetric, if A' = —A.
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eg., if A=|-2 0 1/, then
-3 -1 0
0 -2 -3 0 -2 -3 0 2(1)+8
A[= 2 0 -1|= —-(=2) 0 -1 =—-|:—2 0 l:|=—A
3 1. 0] |-(3 -(D._ 0 STy

Since A' = —A, therefore A is a skew-symmetric matrix.
(x) Diagonal Matrix

A square matrix A is called a diagonal matrix if atleast any one of the entries of
its diagomal is not zero and non-diagonal entries are zero.

1 00 1:.0:0 9.0 9
eg,A=10 2 0,B=/0 2 0OlandC=|0 1 0| are all diagonal
0 {0 3 00 2 g-0:3

matrices of order 3-by-3.

20 1i49
M= [0 3} and N = [O 4] are diagonal matrices of order 2-by-2.

(xi) Scalar Matrix

A diagonal matrix is called a scalar matrix, if all the diagonal entries are same

k & 1O
and non-zero. For example |0 k 0 | where k is a constant # 0, 1.
0 0 k%
200 3
AlsoA=|0 2 0|,B= {0 3:| and C =[5] are scalar matrices of order
0,9 -2

3-by-3, 2-by-2 and 1-by-1 respectively.
(xii) Identity Matrix

A diagonal matrix is called identity (unit) matrix if all diagonal entries are 1.
It is denoted by I.

e.8, A= is a 3-by-3 identity matrix,

O =~
(= R ==
g G M )
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150
B= [O 1] is a 2-by-2 identity matrix,
and C=[1] is a 1-by-1 identity matrix.

Note: (i) The scalar matrix and identity matrix are diagonal matrices.
(i1) Every diagonal matrix is not a scalar or identity matrix.

EXERCISE 1.2

1. From the following matrices, identify unit matrices, row matrices, column
matrices and null matrices.

4
B Melstive 2t BwRic Bind, c={0],
2 he
6
5
p AR e 10 g Op 5y F=[6}
Q9 =3
T
2. From the following matrices, identify
(a) Square matrices (b) Rectangular matrices
(c) Row matrices (d) Column matrices
(e) Identity matrices (f)  Null matrices
(-8 2 7 B
i b Te 0 6 -4
W Lo 4} 'y K 5 .[3 —2]
. —1 0 _1 2 .
38 v) 3 4 vi) [ 10 -1
¢ 5 6 :
1 172188 00
(vii) |0 (viii) |-1 2 0O ix) [0 0
0 001 00
3. From the folIowing matrices, identify diagonal, scalar and unit (identity)

matrices.

4 0 2. 0 1 0
A=[o 4J’ B=[0 -1}’ C?[o 1}’

3.0 o waodh |
D=[0 0]’ E=[ 0 1+1]
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4.  Find negative of matrices A, B, C, D and E when:

re[a]one3 (3 8]
o il b

5.  Find the transpose of each of the following matrices:

0 Wiend
A=l: 1]', B=[5 1 -6], c:{z —1},
<2 3 {0

13 s P - LE. .2
D=[0 5]’ E=[—4 5J’ F=[3 4]
: . } .2 T
6. Ver1fythat1fA=[0 1},B=[2 O],then
i AY=A () (BY =B

1.3 Addition and Subtraction of Matrices
1.3.1 Addition of Matrices

Let A and B be any two matrices with real number entries. The matrices A and
B are conformable for addition, if they have the same order.

9 =
te, A [ 1 ?) g} and B = { % ; g] are conformable for addition.

Addition of A and B, written A + B is obtained by adding the entries of the
matrix A to the corresponding entries of the matrix B.

i 2 13-4
e'g"A*B:[l 0 6]+[1 2 3]

_[2+(—2) 3+3 0+4]_ Q. b 4]
gl T | 02 6+3 't 2 219

1.3.2 Subtraction of Matﬁées

If A and B are two matrices of same order, then subtraction of matrix B from
matrix A is obtained by subtracting the entries of matrix B from the corresponding
entries of matrix A and it is denoted by A — B. :

2 udaed D=2 '8
e.g.,A=[1 5 0}andB=[_1 7 3]areconfonnablefor

subtraction.
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. 3 3o e 0 5
‘ﬁ’A‘B‘=[1 5 o]‘[-1 4 3}

=[ 2~0 32 4—2]=[2 1 ZJ

1-(-1) 5-4 0-3 201 o=y
Some solved examples regarding addition and subtraction are given below.

| S e -
W . A=10 ~F 3 and B=|1 -1 2{,then
iaid J =2y

4
A+B =(0 -1 3|+(1 -1 2
7

- =

1+0 243!  7+4 p 5 11
=041 -14+(-1) 3+2(=|1 =2 5
o 1 RnRA O, SO R 7538

0 -3 4
and A—B=A+(——B)=‘ -1 3|+|-1 1 =2
R =5 2" -7
(140 -3 7-4 ~1 .3
={0-1 -1+1 3-2|=|-1. 0 1/{.
[ 2+5 S#2 =7 =3 L 246
1 2 2 Ay
()™ JE: A== 3 and B=|1 -2|,then
0.2 3 4
[ 7 - 1+2 243 S
A+B= |-k 3|+|1 2| =|-1+1 3-2|=|0 1/|.
5 3 4 0+3 2+4 3.6

32 2—3} o T |
and A-B=|-1-1 3+2!=|-2 5}|.
-3 2—4J =3 b

Note that the order of a matrix is unchanged under the operation of matrix addltlon
and matrix subtraction.
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1.3.3 Multiplication of a Matrix by a Real Number

Let A be any matrix and the real number k be a scalar. Then the scalar
multiplication of matrix A with k is obtained by multiplying each entry of matrix A
with k. It is denoted by kA.

1 -1 4
LetA=| 2 -1 0| bea matrix of order 3-by-3 and k = —2 be a real number.
e 1 G . o
Then
kA =(-2)A

1 {14 21 )D @] (2 2 -8]
=(2)| 2 -1 0=/ (22 (-1 (DO |=|—4 2 OJ
] 23 (X 2D 23 -2)(2) 2 -6 4
Scalar multiplication of a matrix leaves the order of the matrix unchanged.
1.3.4 Commutative and Associative Laws of Addition of Matrices

(a) Commutative Law under Addition

If A and B are two matrices of the same order, then A + B = B + A is called
commulative law under addition.

2 819 3 1319
LetAz[S 6 1J,B=[—1 4 1]
9 &l 3 AL n3.g

T o K e 3a=0 5
then A+B =|5 6 1}+[—1 4 1}
Pl ) g 4 ol B 1
(2+3 3-2 0+5 54 2l 2
e R B S 1+1} =|:4 10 2}
L 2+4 1+2° 3-4 o |
Similarly
S ) ) 24583 0 Sead 5
B+A=,i—1 4 1:,+[561}=[4 10 2:,
4 2 4 P e R
Thus the commutative law of addition of matrices is verified:
A+B=B+A

(b) Associative Law under Addition

If A, B and C are three matrices of same order, then
(A+B)+C=A+ (B +C) is called associative law under addition.
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2 xFf Beai vd5 bil:@ik8
LetA=[5~6 1],B= -1 4 1}andC={—2 0 4}
2ied spd 4 2 -4 1) i1
L N e o o) =13
then (A+B)+C=<{5 6 1}+{—1 4 1J>+[—2 0 4}
2 TRy e B St I O
F 243 3=2 045 e -2 .3
=|5-1 6+4 1+1}+[—2 0 4}
L 24+4 1+2 3-4 R s
il B | 5 e RN T 53 8
=14 10 2]+|:—204 =|:2 10 6}
i 6,-c 3 A iy I T B T Y
24t 3" 9] Ie=2 | X7 LE2 3
A+@B+C)=} oy 6 2l +<[-1 4 1 +\:_2 0 4
B s T 2T 2 =4 o _
o 0‘1 PRl A=l d. TI¥D
={5 6 1 |+ —1enHDIpLpEt Faq
2 1 34 La4as1 2+2 —4+0
23 0'} F 4 *9 18 S 8
=[5 6 1 |+| -3 4 5]:\:2 10 6
p RS | T g \_5 4 -4 1 54 =4

Thus the associative law of addition is verified:

(A+B)+C=A+B+0)

1.3.5 Additive Identity of a Matrix
If A and B are two matrices of same order and
A+B=A=B+A
then matrix B is called additive identity of matrix A.
For any matrix A and zero matrix O of same order, O is called additive identity

of A as
A+0=A=0+A
e.g.,letA=[§ g]and0=[g g}
then A+O={; §}+{8 g}:{; gi\=A
0.0 ho o2 a2



13 Mathematics 9

1.3.6 Additive Inverse of a Matrix
If A and B are two matrices of same order such that
A+B=0=B+A
then A and B are called additive inverse of each other.

Additive inverse of any matrix A is obtained by changing to negative of the
symbols (entries) of each non zero entry of A.

1 2 1
Let A= l: 0 '] <=2 }
3 1 0 ;
1 2 1 -1 =2 -1
then B:(—A):—[O -1 —2]:[ 0 1 2:'
3 1 0 -3 -1 0
is additive inverse of A.
It can be verified as

[1 33 (x)1 =1 - QD (1]
A+B=|0 -1 —2J+[0 1 2:’
T O 3 raad o )
((1)+(—1) 2)+=2) (M+D 7 0 0 0
= 0+0 D+ 2+ = { J
L 3)+(=3) )+ (=1 0+0
- AL RS
[ | 2} + [0 = WS,

o I R | 3 1 0

B+A

D+ E2D)+Q2) D+ 0 U0 0
=[ 0+0 D)+ (1 (2)+(—2)}= [0 0 O:|=O
(=3)+@3) D+ 0+0 T o
Since A+B=0=B+A
Therefore, A and B are additive inverse of each other.
EXERCISE 1.3
1.  Which of the following matrices are conformable for addition?

1598

w531 A0 [ 3] b1

2
3 2
E=[_11 (2)J E=[1+1 34 J
342  2+1
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4.3

Find the additive inverse of following matrices.

1 0 -1
i R 2 Bz[z 5 3], Each o
3 2 1

S B e

: A 1 1. 253
If A= . B® AC = -t 2} = , then find,
1 | = | 4 0£2

& A4 B i] Gi) B+ {_ﬂ W @i iz 1] -
: 01 0 :

@) D+ |, o 1 ) 2A (vi) (DB

(vii) (=2) C (xiii) 3D (ix) 3C

Perform the indicated operations and simplify the following.
: 1 o] fo 2]) 11 “10+0211
® {lo1]*|3 o) |10 @ 1o 1

(i) [231]+([1 002]1-[2:2 2]) @Gv) [-1 -1 -1|+|2 2

(ST S B R S g

Jri 2383 1 0 =2 -
sl Tk : &
(v) 2 3 1|+|-2 -1 O (vi) [ 31 ] L 1]
< 0o 2 -1
B2 o 1 -1 1 -1 0 O
For the matrices A=|2 3 1|(,B=|2 -2 2|andC=| 0 -2 3
1 -1 0 - 3t B SR : R
verify the following rules.
i) A+C=C+A i) A+B=B+A
(i) B+C=C+B ivy A+(B+A)=2A+B

(v) (C-B)+A=C+(A-B) (vi 2A+B=A+(A+B)
(vii) (C-B)-A=(C-A)-B (viii) (A+B)+C=A+B +0)
(ix) A+B-0O)=A-0O)+B (x) 2A+2B=2(A+B)
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2

6. I A= ; —4]andB=[_g ;],ﬁnd(i)3A—2B(ii)2A‘—3B‘.

2 4 ] 710
f IfZ[_3 a]+3[8 —4]=[18 1],thenﬁndaandb.

8. HA:[(I) %], B=[é (l):l,thenverifythat

i) (A+B)=A'+B (i) (A-B)=A'-B'
(i) A+A'is symmetric (iv) A-A'isskew symmetric
(v) B+B'is symmetric (vi) B-B'is skew symmetric

1.4 Multiplication of Matrices

Two matrices A and B are conformable for multiplication, giving product AB if
the number of columns of A is equal to the number of rows of B.

e.g,let A= [ 3 (2) J and B = [ ? J . Here number of columns of A is equal

~ to the number of rows of B. So A and B matrices are conformable for multiplication.
Multiplication of two matrices is explained by the following examples.

1

=[i><2+2x3 Ix0+2x1]=[2+6 0+2]=[8 2],
is a 1-by-2 matrix.

i) IfA=[1 2]andB=[§ ﬂ,thenAB 1 2][2 OJ

(ii) IfA=[; _g]mdB { ; 0] , then
AR IX(=1)+3%3  1x0+3x2
“Hougll 2(=1)+(=3)3) 2x0+(=3)(2)

L&Y UHO 61%. ;
=[_2 &g 6} [_11 _6},1sa2-by-2matnx.

1.4.1 Associative Law under Multiplication

If A, B and C are three matrices conformable for multiplication then associative
law under multiplication is given as

(AB)C = A(BC)

i A= (i BE0 10 d C 22'th
L | = , b= = 2
g -1 0 3 11 i@l



Matrices and Determinants

16

L.H.S.=(AB)C

(B |
[2x0+3x3

=

[

1x0+0x3

0+9 2+3
0+0 —-1+40

i b

0

;&
18—=5 18+0
S 10+1 9%¥0

258
RHS=A(BC)= li—l 0:][

0OxX2+1x
3x2+1x%
F U=D+3IRS
(-D(=1)+0x5

e
-1 0

13 18
1 %9

} =(AB)C

J

ol g
0 1
b3t

2x0+3%x6
—1x0+0x6

2D
-1 0
2x1+3x1
—Ix1+0x1

Il

ey 2

I

2 2}
ol (ol Ly

9x2+5x(1i ¢x2+5x0 !
| 0x2+(=D)x(~1) 0x2+(- DxQ\

13 18
0
%8
-1 0
(-1) 0x2+1x0] [ 2 3
(=1) 3x2+1x0]| |-1 0 [

}_[—2+15 0+18

el A
o 38

} |

1+0 0+0

The associative law under multiplication of matrices is verified.

1.4.2 Distributive Laws of Multiplication over Addition and Subtraction

(a) LetA, BandC be three matrices. Then distributive laws of multiplication over
addition are given below.

i) AB+C)=AB+AC (Left distributive law)
(i) (A+B)C=AC+BC (Right distributive law)
LtctA=[_21 3}, B=[g }T andC=L_21 (2)],thenin(i)
L.H.S. = A(B+C)
_[ 2'3]“? 1}+{ 2 2] _[ 2 3T[o+2 1+2]
(-1 Of\{3 1} {-1 0} [=1-0}f 3=1 140
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(b)

Ly easin: o 2x2+3%2  2x3+3x1
-1 0f[2 1] [—1x240%x2  —1x3+0x1

_”4+6 6+ PPITRION
T |2+0 -3+0| |2 -3

RH.S.=AB + AC

o} 42 3][0 1}[ 2 3][ 2 2]

L=k 031} =1 ©Of~1.0] |

[ 2x0+3x3 2x1+3><1:'_+,'_ 2x2+3%(=1) 2x2+3x0}
| —1x0+0x3 -1x1+0xI1 =1x2+0%x(~1) —-1x2+0x0

9w 1 4 9+1 5+4 10 9
2 + — = = L.H.S.
0 -1| (-2 -2 0-2 -1-2 -2 -3
Which shows that
A(B +C) = AB + AC; Similarly we can verify (ii).
Similarly the distributive laws of multiplication over subtraction are as follow.
i) AB-C)=AB-AC (i) (A-B)C=AC-BC

2 .3 -1 1 A Sk
LetA:[0 1], B=[1 OJ amd_C:[1 2J,thenm(l)

TG g
=Lovn ikl s Deldra s &)

[(2)(=3)+(3)(0)  2(0)+3(-2) ]
L (0)(=3)+1x0  0x0+(1)(=2)

=[—6+0 0—6]=[—6 —6}

]

040  0-2 0. -2
RHS. =AB-AC
243 .30 4 2¥rgad 9o y
=[0 1”1 o]‘[o 1”1‘ 2]
_[2(—1)+3(1) 2(1)+3(0)J [2x2+3x1 2x1+3x2J
T LO(=D)+1(1) O(D)+1(0)] ™ [0x2+1x1 Ox1+1x2

[} -0 102 el
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which shows that
A(B — C) = AB — AC; Similarly (ii) can be verified.
1.4.3 Commutative Law of Multiplication of Matrices

2.3 0
it 0. 1][1 0] _[0x1+1x0 0x0+1(=2)] [0 -2]
“12 3]0 2] [2x143x0 2x0+3(-2)| [2 —6]
TP~ 1 1x0+0x2 1x1+0x3 | [ 0 "1
and BA = = =
0 —2|[2 3| |0x0+(-2)x2 Ox1+3(-2)| |4 -6
Which shows that, AB # BA

Commutative law under multiplication in matrices does not hold in general i.e.,
if A and B are two matrices, then AB # BA.

. Commutative law under multiplication holds in particular case.

: 20 -3 0
eg.,if A=, 0 1 and B = o , then
| 2 0][-3 0
AB =
o tll o 3

2x(-3)+0x0 2x0+0x4 46 10
Tl Ox(=3)+1x0 Ox0+1x4 |~ | 0 4

'3 olla |0
and BA
| 0 4j{0 1

[ —3%x2+0x0 —3x0+0x1:\ [_6 0]

(e i 50
Consider the matrices A = and™ Bi= 2 , then

| 0x2+4x0 0x0+4x1 G d
Which shows that AB = BA.
1.4.4 Multiplicative Identity of a Matrix

Let A be a matrix. Another matrix B is called the identity matrix of A under
multiplication if
: AB=A=BA

12 120
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iy 1 2}[1 0}_[ 1x1+2x0 1x0+2x1 ]
— 10 -3 0 1] LOx1+(=3)x0 0x0+(=3)(1)
% 2]
-~ {0 -3

BA_'l' 0H1 2] _[1x1+0><0 1><2+0x(—3)]
ek Oedgd 01 Balis Y Ox1+1x0 0x2+1x(=3)
S ! 2‘]
T LD -

‘Which shows that AB = A = BA.

1.4.5 Verification'of (AB) =B A’
If A, B are two matrices and A", B' are their respective transpose, then
(AB)'=B'A".

oA 1.3
eg., A= and B=
0 -1 =2 0

LHS. = (AB)
3T i 2x1+1%(-2) 2x3+1x0 |
"o -1][=2 0]) " [O0x1+(=D)x(=2) 0x3+(-1)x0
_[2-2 6+0]"_[o0 6] [0 2
~10+2 0+0] [2 0] |6 O
RHS.=B'A,
t
2 3 ¢ e 371550 L
(A)"[o —1} _[1 —1] " [-2 0] =[3 0}

o [T TREEN g 1X2+(-2)x1  1x0+(=2)(-1)
b3 il o 320t o Ix0POXED

[2-2 0+2] o 2_LHS
VSRR SR T S

Thus (AB) =B'A’
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EXERCISE 14

1. Which of the following product of matrices is conformable for multiplication?

Gyl "21][_32]' @ | _OIJH EIJ
(iii) F_IIH_OI H _ (iv) [(1) "ZIJ[(I) (1) _ZIJ

=1 .
: o
3l 41
0 .1 1 ?2 3

| :
2. IfA= [_1 (2)], B= [g ] find (i) AB (ii) BA (if possible)

3. Find the following producty.

4 5 4
®»H [ 2][0] G 1 2][_4] (i) [-3 O][O]
4 W ot
(iv) [6 —0][ 0] @ 1-3 0 [0 _4}
=] .
4.  Multiply the following matrices.
2. e, TE iy Y
(a) 1‘13_0]' (b) {45'6} 3 4
0o 2|t =1 1
12_'123 ' [85] 2——5—
(©) 3 4 ] - (d [ 2 ]
=1 [ 4.0 4 ° 4; —4 +
© -1 2][0 ©
i s L0 4

LetA=[_; g],B=%_; _i} andC:[% ;].Veﬁfywhether
i@ AB = BA. (i) A(BC)=(AB)C
(i) A(B+C)=AB +AC (iv) AB-C)=AB - AC
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6.  For the matrices
-1 3 1 2 -2 6 ]

Az[ 2 0]’ e [—3 —5}’ C‘[ 3

Verify that (i) (AB)'=B'A' (ii) (BC)'=C'B"
1.5 Multiplicative Inverse of a Matrix
1.5.1 Determinant of a 2-by-2 Matrix

LetA= [ i:l Z ] be a 2-by-2 square matrix.The determinant of A, denoted by
det A or |Al is defined as

IIdAd[abJ a‘bdbe
Al = det A =det = =ad—-bc=A€
¢ Vid c><d
1 i
e.g., LetB=[_2 3].
D b ‘
ThenIBl=detB= | , ., |=1x3—(—2)(1)=3+2=5

If M=[% g},then detM:l % g ,=2><3—1x6=0

1.5.2 Singular and Non-Singular Matrix
A square matrix A is called singular, if the determinant of A is equal to zero.
ie,lAl=0.

G
For example, A = [0 0] is a singular matrix, sincedet A=1x0-0x2=0
A square matrix A is called non-singular, if the determinant of A is not equal to
zero. i.e., |Al #0.

11 :
For example, A = [0 2:' is non-singular, sincedet A=1x2-0x1=2#0

Note that, each squaré matrix with real entries is either singular or non-singular.
1.5.3 Adjoint of a Matrix
bi. : ; !
Adjoint of a square matrix A = [ CCI d ] is obtained by interchanging the

diagonal entries and changing the sign of other entries. Adjoint of matrix A is denoted
as Adj A.

ie., Ade=[ < 'b]

= a
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iR 0 -
e.g.,ifA:[3 %],then Ade:[_3 f]
231 . -4 1
IfB=|:3 _4J,thenAdJB=[_3 2}

1.5.4 Multiplicative Inverse of a Non-singular Matrix

Let A and B be two non-singular square matrices of same order. Then A and B
are said to be multiplicative inverse of each other if

Inverse of Identity
_AB =DAST matrix is Identity
The inverse of A is denoted by A", thus matrix.

AATT =ATA =1

Inverse of a matrix is possible only if matrix is non-singular.

1.5.5 Inverse of a Matrix using Adjoint

b
LetM = [ ‘; d ] be a square matrix. To find the inverse of M, i.e., Ml, first

we find the determinant as inverse is possible only of a non-singular matrix.

Mi= | ¢ Z =ad—bc#0
R ~ . “AdiM
and AdJM—[_C a},thenM T

2 A
e.g.,LetA= [ 1 ik ] . Then

R
IAl = l 1 3| =6-CD=-6+1=-520
1] | EREN
4 AdjA 120miQ -1 [—3 —1]
ThUSA1= = - — =
TAl 5 5 ) L
5 g
Fop ot o T
sl 5 5 575 575
_1_ 2
and AA _[ : _3} .
S Sl S
5 5 =3ts  CE5tSAl
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1.5.6 Verification of (AB) ' =B A™

” 3:1 0 -1
Let A= and B =
-1 0 e 2
Thendet A=3x0—-(-1)x1=120
and detB=0x2-3(-1)=3%0

Therefore, A and B are invertible i.e., their inverses exist.
Then, to-verify the law of inverse of the product, take

AB 3 1110 -1 1 3x0+1x3  3x(-1)+1x2
& 2| | -1x0+0%x3 —1x(~1)+0x2
{ J
3
0

=> , det (AB)= I I =3#0

1
24 14 % —1-
and LHS.=(AB) = - =|3
3/0 3
0

1[0 -1

TH13
2 ¥y o : 2x0+1x1  2x(-1)+1x3
il 3 ol il gsas 3 —3%0+0x1 =3x(=1)+0x3

_fo+1 —2+3] 11 1] |1 1 el

T SRR kB e

Thusthelaw (AB) =B A~ s verified.

— ) |

RHS. =B'A"! ,where B! =

wl»—t

EXERCISE 1.5
1. Find the determinant of the following matrices.
1 -3 3 s | G
(1) A=[2 OJ (i1) B=[2 _2]

(iii) C=[§ gJ (iv) D=[:13 i]
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2. Find which of the following matrices are singular or non-singular?

(i) A=L; 2] (ii) B=[g
(iii) C=L; —59} (iv) D=[

3.  Find the multiplicative inverse (if it exists) of each.

A_"—l 3 i) B 1
—_ 20 11 5

P gl
11 = 3 _9
3

§
IfA=[4 6]andB=[2

(i)  A(AdjA)=(Adj A) A = (det A)I

@

d
(iv)D = [2
1

=1
0 ] , then

(ii)

5
-2

2]

-10 ]
4

|

BB!=1=B"'B

5.  Determine whether the given matrices are multiplicative inverses of each other.

o [% =3 3] @[3 3m]T 1]
6. IfA=[_41 g}B=[—14 :%],D:[_}z ;],thenverifythat
G) (AB)'=B1A"! ) (A '=A"'D!

1.6 Solution of Simultaneous Linear Equations

System of two linear equations in two variables in general form is given as

ax+by=m
cx+dy=n -
where a, b, ¢, d, m and n are real numbers.

This system is also called simultaneous linear equations.

We discuss here the following methods of solution.
6y
(i1)
(i) Matrix Inversion Method
Consider the system of linear equations
ax+by=m
cx+dy=n

Matrix inversion method
Cramer’s rule
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or AX=B
a b X m
whereA:[c‘}fd},X=[y}andB:[n}
or ‘X=AdBon Al siadisibi
_AdjA 1L 4 _AdA
or ;. XK= TAl x B . A o and IAl #0
vy Pl
X ol a n
[y] ad — bc
dm — bn
 § ad — bc
» —cm+ an
ad - be
_dm—bn d _an—cm
T e T o

(ii) Cramer’s Rule
Consider the following system of linear equations.

ax+by=m
cx+dy=n
We know that
a:th X m |
AX=B,whereA=[C dJ,X:[yJ andB:[nJ
Shanitl _AdjA
OrH XeARR FSo1u X = Al X B
[d -—bJ[m} {dm—bn}
[xJ B S a n —cm +an
= y 1Al = 1Al
dm — bn
[Al
T —cm + an
Al
dm—bn leI
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, y_an=cm _ A
and AT TIATN SR
here 1A 1= TR e d 1A= %
where 1A= | = 4 an Ads ¥ i
Example 1
Solve the following system by using matrix inversion method.
4x —2y=8
3x+y =-4

Solution

4 21|l x 8
Step 1 =

3 =iy —4

' : . 4 sl . :
Step 2 The coefficient matrix M = A is non-singular, since

det M = 4x1—3(=2) =4 + 6 = 10 £ 0. So M"" is possible.

s i B
4 %[— ;34_-8 16] iy %[—fOJ =[—ﬂ j
= 4]~ Py

= x=0 and y=-4
Example 2
Solve the following system of linear equations by using Cramer’s rule.
3x-2y =1
2x+3y=2
Solution
3x-2y =1
—2x+3y=2
We have

3 =2 1 -2 ‘ k. o |
a-[3 Sla=[ Bhasls 2

3 = J g
Al = \ 25 |3 \ =9—-4=5%#0 (Ais non-singular)
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TR

1Al 2503 3+4 7

AL 5 i1 SAIS
: e

A) |2 2| 642 8

YRR T 5 B ISiT5

Example 3

The length of a rectangle is 6 cm less than three times its width. The perimeter
of the rectangle is 140 cm. Find the dimensions of the rectangle.
(by using matrix inversion method)

Solution
If width of the rectangle is x cm, then length of the rectangle is

y=3x-6,
from the condition of the question. .
The perimeter = 2x + 2y = 140 (According to given condition)

S A S B0 unineg SHT Db 23 bamil b 23 slereines & e @)
and 3x—-y=6 P 10 2AQIRAMMD 5140 DY (ii)
In the matrix form

s D

1 ¢ 1 :
det [1 }= Il ot l T O L U s PR o CYp

e | 3
We know that
- o _AdjA
X=A"B and A = Al

76

i

_-1[—70—6]__1['—76]_ 4 _[19]
4 [-210+6] 4 |-204 204 51
4

Thus, by the equality of matrices, width of the rectangle x = 19 cm and the
length y =51 cm.

Verification of the solution to be correct, i.e.,
P =2x19 +2x51 =38 + 102 = 140 cm
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®

(ii)

Also y=3(19)-6=57-6=51cm

EXERCISE 1.6

Use matrices, if possible, to solve the following systems of linear equations by:
(1) the matrix inversion method (ii) the Cramer’s rule.

i 2x-2y=4 (i) 2x+y=3
3x+2y=6 : 6x+5y=1
(i) 4x+2y=8 (iv) 3x-2y=-6
3x—y=-1 Sx=2y==10
V) 3x-2y=4 (vi) 4x+y=9
—6x+4y=17 -3x-y=-5
c(vil) 2x-2y=4 (viii) 3x -4y =4
—5x—-2y=-10 x+2y=8

Solve the following word problems by using
(1) matrix inversion method (ii) Crammer’s rule.

The length of a rectangle is 4 times its width. The perimeter of the rectangle is
150 cm. Find the dimensions of the rectangle.

Two sides of a rectangle differ by 3.5cm. Find the dimensions of the rectangle
if its perimeter is 67cm.

The third angle of an isosceles triangle is 16° less than the sum of the two equal
angles. Find three angles of the triangle.

One acute angle of a right triangle is 12° more than twice the other acute angle.
Find the acute angles of the right triangle.

Two cars that are 600 km apart are moving towards each other. Their speeds
1 3
differ by 6 km per hour and the cars are 123 km apart after 4-2- hours. Find the

speed of each car.

REVIEW EXERCISE 1
Select the correct answer in each of the following.
The order of matrix [2 1] is .........
(a) 2-by-1 (b) 1-by-2
(c) 1-by-1 . (@ 2-by-2
821000 &) .
[ 0 \/5 } s called-. . ... matrix.
(a) zero (b) unit
{c) ' scalar (d) singular
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(iii) Which is order of a square matrix .........
(a) 2-by-2 (b) 1-by-2
(¢c) 2-by-1 (d) 3-by-2
¢ R
(iv) Order of transpose of [ | i J i S
& 2
(a) 3-by-2 (b) 2-by-3
(c) 1-by-3 (d) 3-by-1
(v) Adjoint of [ (1) _j } 38 b
-1 2] 1 =2
@ [ O ineg A ® [ 015l ]
-1 2 | -1 0
© [ 0 -1 G [ 2:fd ]
y [
(vi) Productof [x y] 3 ] i B
(@ [2x+y] (b) [x-2y]
©) [2x-y] (d [x+2y]
(vii) If l g g =0,thenxisequalto.........
a) 9 (b) -6
() 6 d -9
(viii)IfX+[ = 2]:{(1) ?],thenXisequalto .........
j B 02
(a)- R dnted ] (b) [ Aty ]
[1Zs¢6) > M
& 10 2 ] @ { 0 2 ]
2.  Complete the following:
6)) g 8 ] is.called ........] matrix.
1
(i1) [ 0 (1) ] iscalled ......... matrix.

(iii) Additive inverse of [ (1)
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(iv) In matrix multiplication, in general, AB ......... BA.
(v) Matrix A +B can be found, if orderof Aand Biis ..........
(vi) A matrix is called ..... .... matrix, if number of rows and columns are
equal.
1+ 3 4 i R
s Ak [a-g b—lJ——_[ 63 2J,thenfindaandb.
T5id-£—4 .
4. EPA= [ ? 3 }, B = .{ . }, then find the following.
i) 2A+3B (i) -3A+2B
2 74
(iii) —3(A +2B) (iv) 3 (2A - 3B)
b ¢ .0 2 1 4 =2
5. Find the value of X, if [ 3 _3 } +X= [ By i ] .

1.} = 4 1
6. - It A=[g ,B=[ & },thenprovethat

-3 J S .2
AB #BA
2:9 2 4 {
7 IfA=[i 5 andB=[_3 _5],thenvenfythat
@) (AB)=BA’ (i) (AB)'=B'A"
SUMMARY
b A rectangular array of real numbers enclosed within brackets is said to form a
matrix.

A matrix A is called rectangular, if the number of rows and number of columns
of A are not equal.

A matrix A is called a square matrix, if the number of rows of A is equal to the
number of columns.

A matrix A is called 2 row matrix, if A has only one row.

A matrix A is called a column matrix, if A has only one column.

A matrix A is called a null or zero matrix, if each of its entry is 0.

Let A be a matrix. The matrix A' is a new matrix which is called transpose of
matrix A and is obtained by interchanging rows of A into its respective columns
(or columns into respective rows).

A square matrix A is called symmetric,if A'=A.

Let A be a matrix. Then its negétive,-—A is obtained by changing the signs of all
the entries of A.
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A square matrix M is said to be skew symmetric, if M' = -M.

A square matrix M is called a diagonal matrix, if atleast any one of entries of its
~diagonal is not zero and remaining entries should be zero.

A diagonal matrix is called identity matrix, if all diagonal entries are 1.

ko0 O
A=|0 1 0] iscalleda3-by-3 identity matrix.
0%

Any two matrices A and B are called equal, if

(i) order of A = order of B (ii) corresponding entries are same
Any two matrices M and N are said to be conformable for addition, if
order of M = order of N. :

Let A be a matrix of order 2-by-3. Then a matrix B of same order is said to be
an additive identity of matrix A, if

B+A=A=A+B
Let A be a matrix. A matrix B is defined as an additive inverse of A,if
B+A=0=A+B

Let A be a matrix. Another matrix B is called the identity matrix of A under
multiplication, if
BxA=A=AXB.

Let M= [ ‘cl Z ] be a 2-by-2 matrix. A real number A is called determinant of

M, denoted by det M such that
a b

S

A square matrix M is called singular, if the determinant of M is equal to zero.

A square matrix M is called non-singular, if the determinant of M is not equal to
zero.

detM = =ad—-bc= A\

For a matrix M = [ tcl Z ] , adjoint of M is defined by
d -b }

Ade=[
-c a

s Taeh
Let M be a square matrix [c d},then

2
ad —bc

d -b
[ },wheredetM:ad—b_c;tO.
- al|
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* The following laws of addition hold,
M+ N=N+M (Commutative)
M+N)+T=M+(N+T) (Associative)
% The matrices M and N are conformable for multiplication to obtain MN if the
number of columns of M = number of rows of N, where
(i) (MN) #NM, in general
(i) MN)T=M(NT) (Associative law)
(iii)) M(N+T) = MN + MT
(iv) (N+T)M =NM + T™M
* Law of transpose of product (AB)'=B'A'
& (AB)! =B A™!
*  AA M= A
The solution of a linear system of equations,
ax+by =m
cx+dy =n

oalk g a by x m
by expressing in the matrix form { dJ { ] -_—,: J
c

y n
_1is given by =
y C. n

if the coefficient matrix is non-singular.

(Distributive laws)

By usiﬁg the Cramer’s rule the determinental form of the solution of equations

ax+by=m .
cx+dy=n
2 m b’ a m
n ‘g . e ink a
x= and y= , where #0
(ol a D C
i © c d




Unit 2

REAL AND COMPLEX NUMBERS

Unit Qutlines
2.1 Real Numbers
2.2 Properties of Real Numbers
2.3 Radicals and Radicands
2.4 Laws of Exponents / Indices
2.5 Complex Numbers
2.6 Basic Operations on Complex Numbers

Students Learning Outcomes

After studying this unit, the students will be able to:

recall the set of real numbers as a union of sets of rational and irrational
numbers.

depict real numbers on the number line.

demonstrate a number with terminating and non- termmatlng recurring decimals
on the number line.

give decimal representation of rational and irrational numbers.

know the properties of real numbers.

explain the concept of radicals and radicands.

differentiate between radical form and exponential form of an expression.
transform an expression given in radical form to an exponential form and vice
) versa. ; \ \
‘| * recall base, exponent and value.

apply the laws of exponents to simplify expressions with real exponents.

define complex number z represented by an expression of the form

Z=a + ib, where a and b are real numbers and i = \/——1 ]

recognize a as real part and b as imaginary part of z = a + ib.

define conjugate of a complex number.

know the condition for equality of complex numbers.

carryout basic operations (i.e., addition, subtraction, multiplication and d1v151on)
on complex numbers.

* *

* % W ¥

* *

* X ¥ ¥

Introduction

The numbers are the foundation of mathematics and we use different kinds of
numbers in our daily life. So it is necessary to be familiar with various kinds of
numbers.

33
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In this unit we shall discuss real numbers and complex numbers including their
properties. There is a one-one correspondence between real numbers and the points
on the real line. The basic operations of addition, subtraction, multiplication and
division on complex numbers will also be discussed in this unit.

2.1 Real Numbers
We recall the following sets before giving the concept of real numbers.
Natural Numbers

The numbers 1, 2, 3, ... which we use for counting certain objects are called
natural numbers or positive integers. The set of natural numbers is denoted by N.

e N= 2 s ey
Whole Numbers

If we include 0 in the set of natural numbers, the resulting set is the set of whole
numbers, denoted by W,

ie, W={0,1,2,3,...}
Integers

The set of integers consist of positive integers, 0 and negative integers and is
denoted by Zie.,Z = {:.,;=3,-2,-1,0, 1,2,3,...}

2.1.1 Set of Real Numbers
First we recall about the set of rational and irrational numbrs.

Rational Numbers

All numbers of the form p/g where p, g are integers and g is not zero are called
rational numbers. The set of rational numbers is denoted by Q,

ie., Q={Z— pP.q € Z/\q;tO}

Irrational Numbers

The numbers which cannot be expressed as quotient of integers are called
irrational numbers.

The set of irrational numbers is denoted by Q’,
ie.. Q' = {x|x¢%,p,qe ZAag#0 }

For example, the numbers \/7 ; \/—3_ - \/? , T and e are all irrational numbers.

The union of the set of rational numbers and irrational numbers is known as the
set of real numbers. It is denoted by R, :

ie., R=QUUQ’
Here Q and Q’ are both subset of RandQ " Q' = ¢
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Note:

@)y NaeWcZcf

(i) Q and Q' are disjoint sets.

(iii) for each prime number p, \/7)_ is an
irrational number.

(iv) square roots of all positive non-square
integers are irrational.

Ie  NGW c el c R

2.1.2 Depiction of Real Numbers on Number Line

The real numbers are represented geometrically by points on a number line /
such that each real number ‘a’ corresponds to one and only one point on number line /
and to each point P on number line /there corresponds precisely one real number.
This type of association or relationship is called a one-to-one correspondence. We
establish such correspondence as below.

We first choose an arbitrary point O (the origin) on a horizontal line /and
associate with it the real number 0. By convention, numbers to the right of the origin
are positive and numbers to the left of the origin are negative. Assign the number 1 to
the point A so that the line segment OA represents one unit of length.

’

P Lol by P

a -4-3-2-101 2 3 4 a

The number ‘a’ associated with a point P on / is called the coordinate of P, and
/ is called the coordinate line or the real number line. For any real number a, the
point P'(-a) corresponding to —a lies at the same distance from O as the point P (a)
corresponding to a but in the opposite direction.

2.1.3 Demonstration of a Number with Terminating and Non-Terminating
decimals on the Number Line
First we give the following concepts of rational and irrational numbers.

(a) Rational Numbers

The decimal representations of rational numbers are of two types, terminating
.and recurring. v



Real and Complex Numbers 36

(i) Terminating Decimal Fractions
The decimal fraction in which there are finite number of digits in its decimal

: g8 : 3 - 3
part is called a terminating decimal fraction. For example 5= 0.4 and B 0.375
(ii) Recurring and Non-terminating Decimal Fractions
The decimal fraction (non-terminating) in which some digits are repeated again
and again in the same order in its decimal part is called a recurring decimal fraction.

2 4
For example e 0.2222... and 1= 0.363636....

(b) Irrational Numbers

It may be noted that the decimal representations for irrational numbers are
neither terminating nor repeating in blocks. The decimal form of an irrational number
- would continue forever and never begin to repeat the same block of digits.

eigd \/§= 1.414213562..., m=3.141592654..., e=2.718281829..., etc

Obviously these decimal representations are neither terminating nor recurring.
We consider the following example.

Example
Express the following decimals in the form ‘g, where p,ge Zand g #0
(@) 03=0333...... (b) 023=0.232323 .....
Solution

(a)  Leth nxes 03, which can be rewritten as
ST B R K e s b o gk i vaid s it i R kSR (1)
Note that we have only one digit 3 repeating indefinitely.
So, we multiply both sides of (i) by 10, and obtain
10x =(0.3333...) x 10
of = A= 33835, 000 [ g e P e (i1)
Subtracting (i) from (ii), we have
10x = x= (3.3333...) =(0:3333...)

W] =

or M=3 = =

Hence 0.3 = %
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(b) Let x=023=023232323.......
Since two digit block 23 is repeating itself indefinitely, so we multiply both
sides by 100.

Then 100x =2323
100x =23+023=23+x
= 100x—x =23
= 99x =23
== X =‘2—3'
99

Tl g,
Thus 0.23 = ;—3 is a rational number.

2.1.4 Representation of Rational and Irrational Numbers on Number Line
In order to locate a number with terminating and non-terminating recurring

decimal on the number line, the points associated with the rational numbers % and
3 1::— where m, n are positive integers, we subdivide each unit length into n equal parts.
Then the mth point of division to the right of the origin represents % and that to the
left of the origin at the same distance represents — % -

Example
Represent the following numbers on the number line.

e «F'15 7
(1) = 3 (1) - (1ii) — 1-9-
Solution '

(1) For representing the rational nymber —3 on the number line / divide the unit

length between 0 and -1 into five equal parts and take the end of the second
part from O to its left side. The point M in the following figure represents the

rational number — %

A
i
\ 4
~

L 15 1 ;
(i1) 7= 2+ 7 It lies between 2 and 3.
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-3 . gl 0 1 2

A
4
.

\/
o~

Divide the distance between 2 and 3 into seven equal parts. The point P

represents the number 17—5 =2 % :

-
(1i1)) For representing the rational number, —1-9-, divide the unit length between —1
and —2 into nine equal parts. Take the end of the 7th part from —1. The point M

v
in the following figure represents the rational number, —1§- .

H t + —>/
=1 0 1 2
Irrational numbers such as \/E : \/g etc. can be located on the line / by

geometric construction. For example, the point corresponding to \/5 may be
constructed by forming a right AOAB with sides (containing the right angle) each of
length 1 as shown in the figure. By Pythagoras Theorem,

OB =[(1) + (1)} =12

By drawing an arc with centre at O and radius OB = \]_2 we get the point P
representing \/3 on the number line. 5

2/
S
—— : —

s o o P AR
—=/2 >
EXERCISE 2.1
1.  Identify which of the following are rational and irrational numbers.

(i) 3 (ii)é (i) T (iv) —1—25 (v) 725  (vi) \[29

2. Convert the following fractions into decimal fractions.

sl 1 ene ol AT | L S 5 L2
() 52 (W) 7=, i) ooy {iy) e (V) 500 3%

3. Which of the following statements are true and which are false?

(1) 3 isan irgational number. (ii) mis an irrational number.
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o e, ; T . g
(111) g is a terminating fraction. @iv) 7 1s a terminating fraction.

4
) 5 is a recurring fraction.

Represent the following numbers on the number line.

2 4 3 5 3 :
@7 @ -3 G 17 (-2 O 2 G5

Give a rational number between % and g {

Express the following recurring decimals as the rational number % where

p,qareintegersand g #0. (i) 0.5 (i) 0.13 (i) 0.67

2.2 Propérties of Real Numbers

If a, b are real numbers, their sum is written as @ + b and their product as ab or

axbora-bor (a) (b).

Properties of Real numbers with respect to Addition and Multiplication
Properties of real numbers under addition are as follows:

(i) Closure Property

a+beR, Va,be R
e.g., if-3and5€ R,
then -3+5=2¢R

(i) Commutative Property

a+b=b+a, VabeR

e.g., if2,3eR,
then 2+3=3+2
OF: =3 =5

(iii) Associative Property

(@a+b)+c=a+(b+c), Vab,ceR
eg., if 5,7,3e€ R,
then 5+7)+3=5+(7+3)
or 12+3=5+10
or =48 =15
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(iv) Additive Identity
There exists a unique real number 0, called additive identity, such that
a+0=a=0+a, VaeR
(v) Additive Inverse

For every a € R, there exists a unique real number —a, called the additive
inverse of a, such that

a+(—a)=0=(-a)+a
e.g., additive inverse of 3 is =3 since 3 + (=3) = 0 = (-3)+ (3):
Properties of real numbers under multiplication are as follows:
(i) Closure Property
abe R, VabeR
eg., if -3,5€e R
then (-3)(5) € R
or -15€eR
(ii) Commutative Property
ab=ba, Y a,beR

1
e.g., if g,%e R

o (-

(iii) Associative Property
(ab)c =a(bc), YV a,b,ceR
egs i 2,3,5¢ R
then 2x3)x5=2x%x(3x5)
or tXIT=2x15
or - 30=30
(iv) Multiplicative Identity
There exists a unique real number 1, called the multiplicative identity, such that
a.l=a=1.a: "Nede R
(v) Multiplicative Inverse
For every non-zero real number, there exists a unique real number a’ or %,
called multiplicative inverse of a, such that
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1
e.g., if Se R, thenge R

such that

1 1
5X§=1=§X5

1
So, 5 and 5 are multiplicative inverse of each other.

(vi) Multiplication is Distributive over Addition and Subtraction

Note:

Forall a,b,ce R
a(b+c)=ab + ac (Left distributive law)
(a+ b)c=ac + bc (Right distributive law)
e.g., if 2,3,5€ R, then
23+5)=2x%x3+2x%5
or 2%X8=6+10

or 16%=16

And foralla, b,ce R
alb—c)=ab-ac (Left distributive law)
(a—b)c =ac - bc (Right distributive law)

e.g.,if2, 5,3 € R, then
25-3)=2x5-2x%3

or 2x2=10-6

or 4=4

(i) The symbol V means “for all”,
(ii) a is the multiplicative inverse of a™’, i.e., a=(a’!)™

(b) Properties of Equality of Real Numbers

@

(ii)

Properties of equality of real numbers are as follows:
Reflexive Property

a=a, VaeR

Symmetric Property

Ifa=b,thenb=a, YV a,be R
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(iii) Transitive Property
Ifa=bandb=c,thena=c, Va,b,ce R
(iv) Additive Property
Ifa=b,thena+c=b+c, Va,b,ce R
(v) Multiplicative Property
~ Ifa=b,thenac=bc, Va,b,ce R
(vi) Cancellation Property for Addition
Ifatc=b+c,thena=b, Va,b,ce R
(vii) Cancellation Property for Multiplication
If ac=bc,c#0thena=>b, Va,b,ce R
(c) Properties of Inequalities of Real Numbers -
Properties of inequalities of real numbers are as follows:
(i) Trichotomy Property
YV abelR
a<b or a=b or a>b

(ii) Transitive Property

Yo oabkeceR

(@) a<bandb<c>Da<c (b) a>bandb>c=la>%¢
(iii) Additive Property
\v/ a,b,ce R

(@ a<b=>a+c<b+c and (b) a>b=>a+c>b+c

a<b=>c+a<c+b a>b=c+a>c+b

" (iv) Multiplicative Property
(@) Vab,ce Randc>0

(i) a>b=ac>bc (ii) - a<b=>ac<bc
a>b=ca>ch a<b=>ca<cb

(b) VabceRandc<0
(i) a>b=>ac<bc (11). ..a<b=>ac>bec
a>b=>ca<ch a<b=ca>cbh

(v) Multiplicative Inverse Property
Va,be Randa#0,b#0

el 1
@@ a<bo >3 (b) a>b@%<5
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EXERCISE 2.2
Identify the property used in the following
(i) a+b=b+a (i1) (ab)c = a(bc)
(i) Tx1=d (iv) x>yorx=yorx<y
(v) ab=ba (vi) a+c=b+c=>a=b
(vii)) 5+(-5)=0 (viil) 7 x % =

(x) a>b=Dac>bc. (c>0)
Fill in the following blanks by stating the properties of real numbers used.
3x+ 3@y —x)
= 343y =3x radvis
B33, e
Shidy o Lo

A bk Tanih ad
Give the name of property used in the following.

(i) 24+0=+/24

@ -3(s+3)-(-3)o+(-3)3)

(iii)) T+ (-m)=0
@iv) \/—?; . \/§ is a real number

o (-

2.3 Radicals and Radicands

23.1

Concept of Radicals and Radicands
If n is a positive integer greater than 1 and a is a real number, then any real

number x such that x" = a is called the nth root of a, and in symbols is written as

index

n
e \/Zz , or x=(a"™,

In the radical % , the symbol \/_ is called the radical sign, n is called the
of the radical and the real number a under the radical sign is called the radicand

or base.

Note:

2 . :
/a is usually written as\/a .




Real and Complex Numbers 44

2.3.2 Difference between Radical form and Exponential form
In radical form, radical sign is used.

eg., x= n’\/; is a radical form.

%/;c : i/x—2 are examples of radical form.
In exponential form, exponential is used in place of radicals,
e.g., x=(a)" is exponential form.
xm, z2f7 are examples of exponential form.
Properties of Radicals

Let a, b € R and m, n be positive integers. Then,

n n
Q) Alab=\a\[b (ii) %=§f@
b
Gii) Nefa =a @) \a"=Qla)y" & d'=a
2.3.3 Transformation of an Expression given in Radical form to Exponential
form and vice versa

The method of transforming expression in radical form to exponential form and
vice versa is explained in the following examples.
Example 1

Write each radical expression in exponential ‘notation and each exponential
expression in radical notation. Do not simplify.

@ =8 @) e Gii) y¥ Gv) 52

Solution

@) i/’_—g — (-8)"" (ii) 3 o
iy y* = or A5’ @) 2= or (fx)°
Example 2
Simplify \3/ 16x"y’
Solution
i/16x4y5 =i/ (2;(8)(x)(x3)(yz)(_y3), ...... (factorizing)
= i/ 2.xy2 (23)(x3)(y3) R USSR Lo (arranging perfect cubes)

= i/ 2xy’ i/ V35,05 o b v o property (i)
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33 31331333 2
=\/2_xy \[2_\/; ‘\/)T Gl i B property (i)
3
= 2xy '\IZ.xy2 Lokt SR SPRRIES ST property (v)
EXERCISE 2.3

1. Write each radical expression in exponential notation and each exponential
expression in radical notation. Do not simplify.

@ o4 @) 2% @) -1 Gv) v

2.  Tell whether the following statements are true or false?

M $@=\B @ =34 i) VB=\T @ V=¥

3.  Simplify the following radical expressions.

5 3
@ V125 G) B2 (i) \/322 (iv) \-/—%
2.4 Laws of Exponents / Indices

2.4.1 Base and Exponent

In the exponential notation @" (read as a to the nth power) we call ‘a’ as the
base and ‘n’ as the exponent or the power to which the base is raised.

From this definition, recall that, we have the following laws of exponents.
If a, b € R and m, n are positive integers, then

L a.d =" 1I (am)n =q™
n_.nn 3 "—a_”
III (ab) =a'b v (b) —b,,,b:tO
\Y% Z =a" ", a#0 VI a"=1,wherea#0
1
VII a "=-‘-1-,; where a # 0

24. 2 Applications of Laws of Exponents

" The method of applying the laws of indices to sunphfy algebraic expressmns is
explained in the following examples.

Example 1

Use rules of exponents to simplify each expression and write the answer in
terms of positive exponents.

2 kg 3 ,0\2
o (i) (4“ ‘s )

s A 9a7
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Solution
o -5 7
(1) 3.4 | (=swn @ d=d"
Xy y
. cybhnleyt (gj”_ 4 am>
x—3+5 X an
4a° B° Y i e 7 i S e
R N
_(4_as)‘2_ e (g ‘“_(g)"
. 9 3 408 b -t a
81 (9_)"=a_"
16a'° b B
Example 2

Simplify the following by using laws of indices:

. 8 —4/3 4(3
@ (m) (ii) ,.+$ 2
Solution Using Laws of Indices,

: 8 Y4 _(125s_(25*_(5)* _5*
(1) (m) —(—g") &) —(2 B
3P, - . M3 petdy A

TICF. BN 28y 2 P

-3

(ii)

EXERCISE 2.4

1.  Use laws of exponents to simplify:

@ 43)-2/3 (32)—1/5

. - 25 v (=8x72 v
(1) 196" (i) @y )(8x"y)
B = e e n A3 4n—1
g 81)-3 -3 243
(1) (xx4 z—a 20) (iv) (S (925)()33) sl
2. Show that

(xa ja+b (xb )b+c ( &£ )c-m
5 X =2 %l
X X x
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3.  Simplify
i 2185 27)P % (60) ) (2167 % (25
(180)1/2x(4)—1/3x (9)]/4 (.04)—]/2
i) 5%+ (5%’ @) PPLF k20

2.5 Complex Numbers

We recall that the square of a real number is non-negative. So the solution of
the equation x*> + 1 = 0 or x* = —1 does not exist in R. To overcome this inadequacy of
real numbers, we need a number whose square is —1. Thus the mathematicians were
tempted to introduce a larger set of numbers called the set of complex numbers which
contains R and every number whose square is negative. They invented a new number

/-1, called the imaginary unit, and denoted it by the letter i(iota) having the property
that i* = —1. Obviously i is not a real number. It is a new mathematical entity that
enables us to enlarge the number system to contain solution of every algebraic

equation of the form x* = —a, where a > 0. By taking new number i = \/——_i the
_solution set of x* + 1 = 0 is

(W-L -1} or {i,-i)
Note:

The Swiss mathematician Leonard Euler (1707 — 1783) was the first to use the
symbol i for the number \/—1

Numbers like \/ =1, \/—5 etc. are called pure imaginary numbers.

Integral Powers of i

By using i = \/ 1, we can easily calculate the integral powers of i.

e.g., iz -1, =ii=—i i =ixii=C)D)=1=? =)' =1,

0 (i ) = (—1) = -1, etc.

A pure imaginary number is the square root of a negative real number.”
2.5.1 Definition of a Complex Number

A number of the form z = a + bi where a and b are real numbers and i = \/—1, is
called a complex number and is represented by z i.e., z=a +ib
2.5.2 Set of Complex Numbers

The set of all complex numbers is denoted by C, and

C={zlz=a+bi,wherea,be Randi=1/-1})

The numbers a and b, called the real and imaginary parts of z, are denoted as
a =Re(z) and b = Im(z).
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Observe that:

(i) Every a € R may be identified with complex numbers of the form a + 0i taking
b = 0. Therefore, every real number is also a complex number. Thus R — C.
Note that every complex number is not a real number.

(i) Ifa=0, then a + bi reduces to a purely imaginary number bi. The set of purely
imaginary numbers is also contained in C.

(iii)) Ifa=b=0,then z =0+ i0 is called the complex number 0.

The set of complex numbers is shown in the following diagram:

Whole Natural
Rational / muhere numbers
numbers Integers
/ Zero
. Real il Negative
/ numbers natural
Complex \ numbers
numbers Irrational
Pure numbers
imaginary
numbers

2.5.3 Conjugate of a Complex Number

If we change i to —i in z = a + bi, we obtain another complex number a — bi
called the complex conjugate of z and is denoted by z (read z bar).

Thus, if z=—1 —i,then z=-1 +1.
The numbers a + bi and a — bi are called conjugates of each other.
Note that:

G)  T5u
(ii) The conjugate of a real number z = a = a + 0i coincides with the number itself,
since 2= a+0i =a—-0i=a.

(iii) Conjugate of a real number is the same real number.

2.5.4 Equality of Complex Numbers and its Properties
Foralla, b,c,d e R,
a+bi=c+diifandonlyifa=cand b=d.
e.g., 2x+y%i=4+9i ifandonlyif
2x=4 and y’=9,ie,x=2andy=%3
~ Properties of real numbers R are also valid for the set of complex numbers.
@ zi=z (Reflexive law)
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(i) Ifz; =2z thenz, =2z (Symmetric law)
(i) If z; =z, and z; = z3, then z; = z3 (Transitive law)
EXERCISE 2.5
1. . Evaluate
i i (i) i (iii) '
i) ° V) (D) vi) i’
2. Write the conjugate of the following numbers.
(i 2+3i ) 3-5i (iii) —i
(iv) -3+4i v) —4-i (vi) i—3
3. Write the real and imaginary part of the following numbers.
@ 1+ () -1+2i (1) -3i+2
(iv) -2-2i v) -=3i (vi) 2+0i

4.  Find the value of xand y if x+ iy + 1 =4 - 3i.

3.6 Basic Operations on Complex Numbers
(i) Addition '
Letz;=a+ib and z, =c + id be two complex numbers and a, b, ¢, d € R.
The sum of two complex numbers is given by
1+ =(@+b)+(c+di)=(a+c)+(b+d)i
~ i.e., the sum of two complex numbers is the sum of the corresponding real and
the imaginary parts.
€g,(3-8)+(5+2))=3+5)+(-8+2)i=8-6i
(ii) Multiplication
Letzy =a+ib and z,=c + id be two complex numbers.
The products are found as
(i) Ifke R,kz, =k(a+ bi)=ka + kbi.
(Multiplication of a complex number with a scalar)
(i) zz,=(a+bi)(c+di)= (ac — bd) + (ad + be)i
(Multiplication of two complex numbers)
The multiplication of any two complex numbers (a + bi) and (c + di) is
explained as .
212, = (a + bi) (¢ + di) = a(c + di) + bi(c + di)
= ac + adi + bci + bdi*
= ac + adi + bci + bd(~1) (since i* = -1)
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= (ac — bd) + (ad + bc)i (combining like terms)
e.g., (2-3i) (4+5)=8+10i —12i — 157 =23 -2i.  (since ¥ =-1)
(iii) Subtraction
Letz,=a+ ib and z, = + id be two complex numbers.
The difference between two complex numbers is given by
Zi—=(a+bi)—(c+di)=(a—c)+(b-ad)
e.g, (2+3)-QR+i)=(-2-2)+@B3-1i=—4+2i

i.e., the difference of two complex numbers is the difference of the
corresponding real and imaginary parts.

(iv) Division
Letz, =a+ib and z, = ¢ + id be two complex numbers such that z, # 0.
The division of a + bi by ¢ + di is given by

2y _a+bi _a+bi c—di
Z, c+di c+di c-di

> (Multiplying the numerator and
denominator by ¢ — di, the complex
conjugate of ¢ + di).

_ ac + bei — adi — bdi’

¢ — (diy’
_ac+ bc;' s aczii + bd’ A
c+d '
=(ac+bd)+(bc—ad)i=ac+bd (bc—ad) i
+d Crd T\ F+d )
Operations are explained with the help of following examples.
Example 1
Separate the real and imaginary parts of (=1 +1/—2)?
Solution

Let 2z =—1+\/—_2,then
% = (-1 +1/=2)2 = (-1 + A[2)?, changing to i-form
= (1+A2) 1+ A2) = (1) (-1 +A2) + A2 (-1 + 12)
=1-A2-A2+22=-1-2\2i e

Hence Re (z2) =—1and Im (zz) BE —2\/5
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Example 2
Express %21 in the standard form a + bi.
Solution
1 1 1-2i
We bave T 51= T plot )
(multiplying the numerator and denominator by 1 + 2i)
1-2i 1-2i I+ B
ey @iy =TT, (simplifying)
1 -2
= _52_z (since i* = —1)
| Al §rde ;
HEEL which is of the form a + bi
Example 3
445
Express 2 i 2; in the standard form a + bi.
Solution
4 +5i 1 4 + 5i
= =@+5) e e = (multiplying and dividing by the
conjugate of (4 — 5i))
_ (4+5)° 16 +40i + 25/ AR
= @7 i) T T 16— 252 (simplifying) .
16 + 40i - 25
= _T-i-IZS__’ (since i = =§)
_-9+40i 9 40,
o AF e R
Example 4
Solve (3 —4i) (x+yi)=1+0-i for real numbers x and y, where i = \/—1.
Solution
We have B-4)(x+y)) =1+0-i
or 3x+3iy—4dix—4i’y =1+0-i
or 3x+4y+By—4x)i =1+0-i

Equating the real and imaginary parts, we obtain
3x+4y=1 and 3y—4x=0

Solving these two equations simultaneously, we have ' x = % and y= %
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EXERCISE 2.6
1.  Identify the following statements as true or false.
() -3=3=3 @ P== G M=-
(iv) Complex conjugate of (—6i + iz) is (=1 + 6i)

(v) Difference of a complex number z = a + bi and its conjugate is a real
’ number.

(vi) If(a=1)—(b+3)i=5+8i,thena=6and b=-11

(vii) Product of a complex numb%and its conjugate is always a non-negative
real number. i

2. Express each complex number in the standard form a + bi, where a and b are
real numbers.

() (2 +3i)+(7-2i) (i) 205 + 4i) =3 (7 + 4i)
(iii) —(=3 + 5i) — (4 + 9i) (v) 2 +6i° +3i'°—6i" + 4
3.  Simplify and write your answer in the form a + bi.
() (=7 +3i) (=3 +2i) () @-\—4)GB-1—4)
(i) (/5 - 3i)’ (iv) (2-3i)(3-2i)
4.  Simplify and write your answer in the form a + bi.
g =2 8 2+ % Ll
) e (@) 7 (i) 353
¢ 2-6i 4+i 1+ ) 1
AT TR E e (1-:‘) M) G3)(-))
5. Calculate (a) 7 (b) z+ z (¢) z— z (d) z Z, for each of the following
W= 1= ) z=2+i
1+1i A 4 -3i
G By W), 2=3%%

6. If z=2 + 3i and w = 5 — 4i, show that .

i) z+w= Z+ w ) z—-w=z7—w
ok R T 3 ; (Z) z
(i) zw=z w @iv) T where w # 0.

1 Wy eere e
(V) 7 (z+ Z)is the real part of z. (vi) 3:(z—72) is the imaginary part of z.
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7. Solve the following equations for real x and y.
1) Q-3)x+y)=4+i
(i) GB-2)(x+yi)=2(x—-2yi))+2i—-1
(i) (3+4i)’ —2(x—yi)=x+yi
REVIEW EXERCISE 2
1.  Multiple Choice Questions. Choose the correct answer.
@ QT
25 . 3 3> 3
X X X
e s SN s iy N
9 9 8 8
(i1) Write {/,—v in exponential form ........
(@ x ) % fe)a (d x™
(iii) Write 4 with radical sign ........
3 2
(@ 4 (b) 4 © V& @) /4°
(iv) In i/?S- the radicand is ........
1 }
(a) 3 (b) 3 €Y 35 (d) none of these
25 \-12 '
) (E) — WU 2
5 4 5 4
(@ 7z (b) 3 Ll d -3
(vi) The conjugate of 5+ 4iis.........
(@ -5+4i () -5-4i (c) 5-4i (d) 5+4i
(vii) The value of s .........
(a 1 (b)) -1 (&) 9 (d) —i
(viii) Every real number s .........
(a) apositive integer (b) arational number
(c) anegative integer (d) acomplex number
(ix) Real part of 2ab(i + i®) is ..........
(@) 2ab (b) —2ab (c) 2abi (d) —2abi
(x) Imaginary part of —i(3i +2) is ......

(a -2 (b) 2 )3 (d) —3‘

Mathematics 9
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(xi) Which of the following sets have the closure property w.r.t. addition. .........
(a {0} (b) {0,-1}

© 1{0,1) @ {123}

5 5
(xii) Name the property of real numbers used in (— i) Xi=~ £

5 5 eeenees
(a) additive identity (b) additive inverse
(c) multiplicative identity (d) multiplicative inverse.

(xiii) If x;y;z2eR,z<0,thenx<y= ......

(@) xz<yz (b) xz>yz
(Y eas = yz (d) none of these
(xiv) Ifa, b € R, then only one of a=b or a < b or a > b holds is called ......
(a) trichotomy property (b) transitive property
(c) additive property (d)» multiplicative property
(xv) A non-terminating, non-recurring decimal represents ......
(a) anatural number \ (b) a rational number
(c) anirrational number (d) aprime number

2.  True or false? Identify.
(1)  Division is not an associative operation.
(i1) Every whole number is a natural number.
(ii1)) Multiplicative inverse of 0.02 is 50.
(iv) mis a rational number.
(v) Every integer is a rational number.
(vi) Subtraction is a commutative operation.
(vii) Every real number is a rational number.

(viii) Decimal representation of a rational number is either terminating or
recurring.

......
......
......
......

: = 8
(ix) 1:8=1 B = [ ~ ek R L

3.  Simplify the following.

S
G A8y 2x? Gi) 25 0% 5"

i (__f )2 )US (iv) (—32 it 42’)2/5
Sy g 625x yz

Not For Sale FESRE
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2/3 172
Simplify \/ 216)** x (25)

(0.04) "
Simplify
ap +q aq q+r
(;-q-)y . (?) +5(ap.ar)p_',a¢0

a21 a2m aZn
Simplify (al+m ) (amm ) [anHJ
3 / 3 m 3 n
’ " a a
Simplify \/:m x \/a— x \f

a
=
a
SUMMARY
Set of real numbers is expressed as R = Q U Q’, where

@ {% p.q€ Z,q#0, }, Q’ = {x | x is not rational }.
Properties of real numbers w.r.t. addition and multiplication:
Closure:a+be R,abe R,Va,be R
Associative:
(@+b)+c=a+(b+c), (ab)c=a(bc),¥ a,b,ce R
Commutative:
a+b=b+a, ab=ba, VYa beR :
Additive Identity:
a+0=a=0+q,VaeR,
Multiplicative Identity:
a-T=a=1-"8Vac R
Additive Inverse:
a+(-a)=0=(-a)+a,Vae R
Multiplicative Inverse:
1 1
a-;=1=;-a, a#0
Multiplication is distributive over addition and subtraction:
ab+c)=ab+ac,Va,b,ceR
(b+c)a=ba+ca,¥a,b,ceR
alb-c)=ab-ac,V a,b,ce R
(a—b)c=ac—bc,Va,b,ce R
Properties of equality in R
Reflexive:a=a,Vae R
Symmetric: a=b = b=a, Va,be R
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Transitive: a=b, b=c = a=c¢, Va,b,ce R

Additive property: Ifa=b, thena+c=b+c,Va,b,ceR
Multiplicative property: Ifa=b, thenac=bc,Va,b,ce R
Cancellation property: If ac = bc,c#0, thena=5b,V a,b,ce R

In the radical % ; \/_ is radical sign, x is radicand or base and n is index of
radical.

Indices and laws of indices:
VYa b,ce Randm,ne z

(am)n s aHIIl : (ab)" - a”b”

ay 4"
('5) =‘E,b¢0

m n m+n
ann =id
am

m-n
— =a ,a#0
a

i3 1
n

___., 0
a‘'=—7g,a%

a =il

» Complex number z = a + bi is defined using imaginary unit i = '\/—-1, where
a,be Randa=Re (z), b=Im (2)

* Conjugate of z = a + bi is defined as 7 = a'— bi




Unit 3
LOGARITHMS

Unit OQutlines

3.1 Scientific Notation

3.2 Logarithm

3.3 Common and Natural Logarithm
3.4 Laws of Logarithm

3.5 Application of Logarithm

Students Learning Outcomes

*

*

After studying this unit, the students will be able to:

express a number in standard form of scientific notation and vice versa.

define logarithm of a number y to the base a as the power to which a must be
raised to give the number (i.e.,a* =y < log,y=x,a>0,a# 1 and y > 0).
define a common logarithm, characteristic and mantissa of log of a number.

use tables to find the log of a number.

give concept of antilog and use tables to find the antilog of a number.
differentiate between common and natural logarithm.

prove the following laws of logarithm

° log,(mn) = log,m + log,n,

° loga(L:-) = log,m — log,n,

. log,m" = n log,m,
. log,m log,,n = log,n.

apply laws of logarithm to convert lengthy processes of multiplication, division
and exponentiation into easier processes of addition and subtraction etc.

Introduction

The difficult and complicated calculations become easier by using logarithms.
Abu Muhammad Musa Al Khwarizmi first gave the idea of logarithms. Later

on, in the seventeenth century John Napier extended his work on logarithms and
prepared tables for logarithms. He used “e” as the base for the preparation of
logarithm tables. Professor Henry Briggs had a special interest in the work of John
Napier. He prepared logarithim tables with base 10. Antilogarithm table was prepared
by Jobst Burgi in 1620 A.D.

57
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3.1 Scientific Notation

There are so many numbers that we use in science and technical work that are
either very small or very large. For instance, the distance from the Earth to the Sun is
150,000,000 km  approximately and a  hydrogen atom = weighs
0.000,000,000,000,000,000,000,001,7 gram. While writing these numbers in ordinary
notation (standard notation) there is always chance of making an error by omitting a
zero or writing more than actual number of zeros. To overcome this problem,
scientists have developed a concise, precise and convenient method to write very
small or very large numbers, that is called scientific notation of expressing an
ordinary number.

A number written in the form ax 10", where 1 < a < 10 and # is an integer, is
called the scientific notation.

The above mentioned numbers (in 3.1) can be conveniently written in scientific
notation as 1.5 x 10° km and 1.7 x 107 gm respectively.
Example 1

Write each of the following ordinary numbers in scientific notation
' (1) 30600 (ii) 0.000058
Solution

(i) 30600 =3.06 x 10* (move decimal point four places to the left)

(i) 0.000058 =5.8%x 10 (move decimal point five places to the right)
Observe that for expressing a number in scientific notation
(1)  Place the decimal point after the first non-zero digit of given number.

(i) We multiply the number obtained in step (i), by 10" if we shifted the decimal
point n places to the left

(iii) We multiply the number obtained in step (i) by 107 if &'e shifted the decimal
point n places to the right.

On the other hand, if we want to change a number from scientific notation to
ordinary (standard) notation, we simply reverse the process.

Example 2

Change each of the following numbers from scientific notation to ordinary
notation. (i) 6.35x 10° (i) 7.61x 107"

Solution
(i)  6.35x%10°=6350000 (move the decimal point six places to the right)

(1) 7.61x 10~ = 0.000761 (move the decimal point four places to the left)
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EXERCISE 3.1
1. Express each of the following numbers in scientific notation.
(i) 5700 (i1) 49,800,000 (iii) 96,000,000
(iv) 416.9 (v) 83,000 (vi) 0.00643
(vii) 0.0074 (viii) 60,000,000 (ix)  0.00000000395
275,000
® 90025
2. Express the following numbers in ordinary notation.
i 6x10™ (i) 5.06x10"
(i) 9.018x107% (iv) 7.865x 10°

3.2 Logarithm

Logarithms are useful tools for accurate and rapid computations. Logarithms
with base 10 are known as common logarithms and those with base e are known as
natural logarithms. We shall define logarithms with base a >0 and a # 1.

3.2.1 Logarithm of a Real Number

If a* =y, then x is called the logarithm of Y to the base ‘a’ and is written as
log,y=x, wherea>0,a#1 andy >0

i.e., the logarithm of a number y to the base ‘@’ is the index x of the power to
which a must be raised to get that number y.

The relations a* =y and log, y = x are equivalent. When one relation is given, it
can be converted into the other. Thus

a*=y & log,y=x

a* =yand log,y=x are respectively exponential and logarithmic forms of the
same solution.

To explain these remarks ,we observe that i
3% =9 is equivalent to log;9 = 2 Borbmel ¢
1 ) l?egatzve number
and 27'= 5 is equivalent to log, ( 5) =-1. is not defined at
: ’ this stage.
Similarly, we can say that L iy ad

log;27 = 3 is equivalent to 27 = 3%
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Example 3

Find log,2, i.e., find log of 2 to the base 4.
Solution ‘

Let logs2=x

Then its exponential form is 4" =2

M e PR
x= % = logg2 = %

Deductions from Definition of Logarithm

1. . Since” a®=1, "~ logl1=y 2. Since a'=a, loga=1

3.2.2 Definitions of Common Logarithm, Characteristic and Mantissa

Definition of Common Logarithm

In numerical calculations, the base of logarithm is always taken as 10. These
logarithms are called common logarithms or Briggesian logarithms in honour of
Henry Briggs, an English mathematician and astronomer, who developed them.

Characteristic and Mantissa of Log of a Number
Consider the following:

10°=1000 <  log 1000 =3
10% =100 = log 100 =2
10' =10 =N log 10 =1
10° =1 = logl =0
107" =0.1 & log 0.1 =—1
1072 =0.01 & log0.01 =-2
10°=0.001 < log0.001 =-3

Note:

By convention, if only the common logarithms are used throughout a
discussion, the base 10 is not written.

Also consider the following table

For the numbers the logarithm is

Between 1 and 10 a decimal
Between 10 and 100 1 + adecimal
Between 100 and 1000 2 + adecimal
Between 0.1 and 1 -1+ adecimal
Between 0.01 and 0.1 —2 + adecimal
Between 0.001 and 0.01 -3 + adecimal
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Observe that

The logarithm of any number consists of two parts:

(i) an integral part which is positive for a number greater than 1 and negative for a
number less than 1, is called the characteristic of logarithm of the number.

(ii) a decimal part which is always positive, is called the mantissa of the logarithm
of the number.

(i) Characteristic of Logarithm of a Number > 1

The first part of above table shows that if a number has one digit in the integral
part, then the characteristic is zero; if its integral part has two digits, then the
characteristic is one; with three digits in the integral part, the characteristic is two, and
SO on.

In other words, the characteristic of the logarithm of a number greater than 1 is
always one less than the number of digits in the integral part of the number.

When a number b is written in the scientific notation, i.e., in the form

b =ax 10" where 1 < a < 10, the power of 10 i.e., n will give the characteristic of
log b.

Examples
Number | Scientific Notation (izirzz':ﬁttli]cn?f
1.02 1.02 x 10° 0
99.6 9.96 x 10 1
102 1.02x 10° 2
1662.4 1.6624 x 10° 3

Characteristic of Logarithm of a Number < 1

The second part of the table indicates that, if a number has no zero immediately
after the decimal point, the characteristic is —1; if it has one zero immediately after
the decimal point, the characteristic is —2; if it has two zeros immediately after the
decimal point, the characteristic is —3; etc.

In other words, the characteristic of the logarithm of a number less than 1, is

always negative and one more than the number of zeros immediately after the
decimal point of the number.

Example

Write the characteristic of the log of following numbers by expressing them in
scientific notation and noting the power of 10.

0.872, 0.02, 0.00345
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Solution y
Numb Scientific Characteristic of the
oy Notation Logarithm
0.872 R DR T ~1
0.02 2.0x 1072 =2
0.00345 3.45x 1073 =3

When a number is less than 1, the characteristic of its logarithm is written by

convention, as 3, 2 or 1 instead of —3, -2 or —1 respectlvely (3 is read as bar 3) to
avoid the mantissa becoming negative.

Note: 2.3748 does not mean —2.3748. In 2.3748, 2 is negative but 3748 is positive;
whereas in —2.3748 both 2 and .3748 are negative.

(ii) Finding the Mantissa of the Logarithm of a Number

While the characteristic of the logarithm of a number is written merely by
inspection, the mantissa is found by making use of logarithmic tables. These tables
have been constructed to obtain the logarithms up to 7 decimal places. For all
practical purposes, a four-figure logarithmic table will provide sufficient accuracy

A logarithmic table is divided into 3 parts.

(a) The first part of the table is the extreme left column headed by blank square.
This column contains numbers from 10 to 99 corresponding to the first two
digits of the number whose logarithm is required.

(b) The second part of the table consists of 10 columns, headed by O, 1, 2, ...,9.
These headings correspond to the third digit from the left of the number. The
numbers under these columns record mantissa of the logarithms with decimal
point omitted for simplicity.

(c) The third part of the table further consists of small columns known as mean
differences columns headed by 1, 2, 3, ...,9. These headings correspond to the

fourth digit from the left of the number. The readings of these columns are
added to the mantissa recorded in second part (b) above.

When the four-figure log table is used to find the mantissa of the logarithm of a

number, the decimal point is ignored and the number is rounded to four significant
figures.

3.2.3 Using Tables to find log of a Number

The method to find log of a number is explained in the following examples. In
the first two examples, we shall confine to finding mantissa only.

Example 1
Find the mantissa of the logarithm of 43.254
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%

Solution
Rounding off 43.254 we consider only the four significant digits 4325.

(i)  We first locate the row corresponding to 43 in the log tables and

(i) Proceed horizontally till we reach the column corresponding to 2. The number
at the intersection is 6355.

(iii) Again proceeding horizontally till the mean difference column corresponding to
5 intersects this row, we get the number 5 at the intersection.

(iv) Adding the two numbers 6355 and 5, we get .6360 as the mantissa of the
logarithm of 43.25.

Example 2
Find the mantissa of the logarithm of 0.002347

Solution
Here also, we consider only the four significant digits 2347
We first locate the row corresponding to 23 in the logarithm tables and proceed
as before.
Along the same row to its intersection with the column corresponding to 4 the
resulting number is 3692. The number at the intersection of this row and the
mean difference column corresponding to 7 is 13. Hence the sum of 3692 and
13 gives the mantissa of the logarithm of 0.002347 as 0.3705

Note:

The logarithms of numbers having the same sequence of significant digits have
the same mantissa. e.g., the mantissa of log of numbers 0.002347 and 0.2347 is 0.3705

For finding the common logarithm of any given number,
()  Round off the number to four significant digits.
(i) Find the characteristic of the logarithm of the number by inspection.
(iii) - Find the mantissa of the logarithm of the number from the log tables.
(iv) Combine the two.
Example 3
Find (i) log 278.23 (ii) log 0.07058
Solution
(i) 278.23 can be round off as 278.2
The characteristic is 2 and the mantissa, using log tables, is .4443
log 278.23 = 2.4443

(i) The characteristic of log 0.07058 is —2 which is written as 2 by convention,
Using log tables the mantissa is .8487, so that
log 0.07058 = 2.8487
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3.2.4 The Concept of Antilogarithm and Use of Antilog Tables
The number whose logarithm is given is called antilogarithm.
i.e., if log,y = x, then y is the antilogarithm of x, or y = antilog x

Finding the Number whose Logarithm is Known

We ignore the characteristic and consider only the mantissa. In the
antilogarithm page of the log table, we locate the row corresponding to the first two
digits of the mantissa (taken together with the decimal point). Then we proceed along
this row till it intersects the column corresponding to the third digit of the mantissa.
The number at the intersection is added with the number at the intersection of this
row and the mean difference column corresponding to the fourth digit of the mantissa.

Thus the significant figures of the required number are obtained. Now only the
decimal point is to be fixed.

(i)  If the characteristic of the given logarithm is positive, that number increased by
1 gives the number of figures to the left of the decimal point in the required
number.

(i) If the characteristic is negative, its numerical value decreased by 1 gives the
number of zeros to the right of the decimal point in the required number.

Example
Find the numbers whose logarithms are (1) 1.3247 (i1) 2.1324

Solution

(i) 1.3247

Reading along the row corresponding to .32 (as mantissa = 0.3247), we get
2109 at the intersection of this row with the column corresponding to 4. The number
at the intersection of this row and the mean difference column corresponding to 7 is 3.
Adding 2109 and 3 we get 2112.

Since the characteristic is 1 it is increased by 1 (because there should be two
digits in the integral part) and therefore the decimal point is fixed after two digits
from left in 2112.

Hence antilog of 1.3247 is 21.12.
(ii) 2.1324
- Proceeding as in (i) the significant figures corresponding to the mantissa 0.1324

are 1356. Since the characteristic is 2, its numerical value 2 is decreased by 1. Hence
there will be one zero after the decimal point.

Hence antilog of 2.1324 is 0.01356.
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#

: EXERCISE 3.2
1.  Find the common logarithm of each of the following numbers.
(i 23292 : (ii)) 29.326
(iii) 0.00032 . (iv) 0.3206

2. Iflog 31.09 = 1.4926, find values of the following
(1) log 3.109, (ii) log 310.9, (iii) log 0.003109, (iv) log 0.3109
without using tables.

3.  Find the numbers whose common logarithms are (i) 3.5621 (ii) 1.7427

4.  What replacement for the unknown in each of following will make the

statement true?
(i) log;81=L (i) log,6=0.5

(iii) logsn=2 (iv) 10° =40
1
5. Evaluate (i) log, 755 (i) log 512 to the base 24/2.

6.  Find the value of x from the following statements.
. i X
(1) logzx =5 (i1) log819 =X (111) log648 =3
(iv) logx64 =2 (v) 10g3x =4

3.3 Common Logarithm and Natural Logarithm

In 3.2.2 we have introduced common logarithm having base 10. Common
logarithm is also known as decadic logarithms named after its base 10. We usually
take logx to mean log,,x , and this type of logarithm is more convenient to use in
numerical calculations. John Napier prepared the logarithms tables to the base e.
Napier’s logarithms are also called Natural Logarithms. He released the first ever log
tables in 1614. log, x is conventionally given the notation In x.

In many theoretical investigations in science and engineering, it is often
convenient to have a base e, an irrational number, whose value is 2.7182818...

3.4 Laws of Logarithm
In this section we shall prove the laws of logarithm and then apply them to find
products, quotients, powers and roots of numbers.

(i) log,(mn)=Ilog,m +logn
(ii) loga(%) = log,m — log,n

(iii) log,m" =nlog,m
(iv) logn =logy x log,b
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(i log,(mn)=logm +logn
Proof
Let logm=x and logn=y
Writing in exponential form a"=mand @ =n.
a'xa =mn
ie, a”=mn
or log,(mn)=x+y=logm+logn
Hence log,(mn) = log,m + log n
Note: '
(i) log,(mn)#log,m Xlogn
(i) log,m + lognn #log,(m + n)
(iii) log,(mnp ...) =log,m +lognn +log,p + ...

The rule given above is useful in finding the product of two or more numbers
using logarithms. We illustrate this with the following examples.

Example 1
Evaluate 291.3 x 42.36
Note that
Solution log.a=1
Let x =291.3x42.36

Then log x =log (291.3 x 42.36)
=log 291.3 +log 42.36, (log,mn = log,m + log,n)
=2.4643 + 1.6269 =4.0912
x = antilog 4.0912 = 12340

Example 2
Evaluate 0.2913 x 0.004236.

Solution
Let y=0.2913x0.004236
Then log y = log 0.2913 + log 0.004236
1.4643 + 3.6269
3.0912
' Hence y = antilog3.0912 =0.001234
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- m
(ii) log, (;) =log,m —logn

Proof
Let logym=x and logn=y.

Then d'=mandd’ =n

1e., log, (%) =x—y=log,m—logn

Hence log, (%) = log,m o logn

Note:

: m) logm
(@) log, (7) log,n

(ii)) log,m —lognn # log,(m —n)

1
(iii) log, (;) =log,l —log,n =—log,n (. log,1 =0)

Example 1
291.3
Evaluate 2236

Solution

291.3 291.3
Let x=m,thenlogx=logm.

Then logx =log291.3 —log 42.36 (. log, % = log,m — log n)

: = 2.4643 - 1.6269 = 0.8374
!
| thus| x =antilog 0.8374 = 6.877

2 Example 2
0.002913
Evaluate 0.04236
Solution
0.002913 0.002913
Let y="giz36 - en log =g e

or logy =log 0.002913 - log 0.04236
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log y = 3.4643 — 2.6269
= 3+ (0.4643 — 0.6269) — 2

=3-0.1626— 2
= 3+(1-0.1626) — 1 — 2, (adding and subtracting 1)
= 2.8374 [ 3-1- 2=03dPy=0) =5]

Therefore, y = antilog 2.8374 = 0.06877

(iii) log,(m") = nlog,m

Proof
Let logm'=x, ie., d'=m"
and logm=y, ie,d=m
Then a" =m" = (&)"
i d =@ =d" = k=ny

ie., logm"=nlog, m

Example 1
4
Evaluate ‘\/ (0.0163)3
Solution

4
Let y =\/(0.01633=(0.0163)3’4

5 6. 8 +2.63
Then log y =4§(10g 0.0163) ___%x 39122 = 6.6366 o 8% 66

4 3 -

= 2+0.6592 = 2.6592
Hence y =antilog 2.6592
=0.04562

(iv) Change of Base Formula
log, n.

log, a

log,n=log,nxlog,b or
Proof
Let log,n=x.Thenn=54"
Taking log to the base a, we have
log, n=log,b" = x log, b =log, nlog, b
Thus-log, n =logynlog, rchG . =¥ 70800 Boik  SFey Pl = (1)

Putting 7 = a in the above result, we get
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log,axlog,b=1log,a=1

or log,b= Tog, a
Hence equation (i) gives
log, n &
log,n=7 s TR T (i1)

Using the above rule, a natural logarithm can be converted to a common logarithm
and vice versa.

log,gn
logy e

log, n =log,,nxlog, 10 or

log, n
log,,n=1log, nXlog,,e or fog, 10

The values of log, 10 and log,, e are available from the tables:
log, 10 = = 2.3026 and log,,e = log2.718 = 0.4343

1
0.4343
Example:

Calculate log,3 x log;8

Solution:
We know that
log,n
logn =15g,a
log 3 log 8
log,3 xlog,8 = Tog Tog 2 X Tog 3
_log8 log 7.
“log2” log2
~3log2 3
~log2
Note:
(i) During conversion the product form of the change of base rule may often be
convenient.

(ii) Logarithms can be defined to any positive base other than 1, e or 10, and are
useful for solving equations in which the unknown appears as the exponent of
some other quantity.
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I,

EXERCISE 3.3
Write the following into sum or difference.
15.2 21000
(i) log(AxB) (ii)) log 305 (ii1) log 3
, 3[7 5 S " e o5 47
@iv) log 5 (v) log ( 53 (vi) log ST e

Express log x =2 log x+ 3 log (x + 1) — log (*~1)asa single logarithm.
Write the following in the form of a single logarithm.

(i) log2l+1logs (i) log25-2log3

(i) 2logx—3logy (iv) log5+log6—log2
Calculate the following:

(i) log,;2 xlog,81 (i) logs3 xlog;25

If log 2 = 0.3010, log 3 = 0.4771, log 5 = 0.6990, then find the values of the
following

1
(i) log32 (i) log 24 (ifi) log~\ [ 33

! 8 :
(iv) 1og§ (v) log30

3.5 Application of Laws of Logarithm in Numerical Calculations

So far we have applied laws of logarithm to simple type of products, quotients,

powers or roots of numbers. We now extend their application to more difficult
examples to verify their effectiveness in simplification.

Example 1

Show that

16 25 81 ‘
7logﬁ+510g§+ 3log%='log2.

Solution

16 25 1
LHS. =17 log'ﬁ + 5 log 2%+ 3 log %

=7[log 16 — log 15] + 5[log 25 — log 24] + 3[log 81 —log 80]V

=7[log 2* - log (3 x 5)] + 5[log 5* — log (2* x 3)] + 3[log 3*
—log 2*x 5)] |

=T[4 log 2 —1log 3 —log 5] + 5[2 log 5 - 3 log 2 — log 3]
+3[41log 3 -41log 2 —1log 5]
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. =(28-15-12)log2 + (-7-5+12)log 3 +
(=7 +10-3)log 5
=log2+0+0=1log2=R.H.S.

Example 2
e 3 [0.07921 x (18.99)
: (5.79)* x 0.9474
Solution
S 3 [0.07921 x (18.99) _(0.07921><(18.99)2j1/3
~ N 5797x09474 ~ (5.79)" x0.9474

et _11 (007921x(1899))
8) =398\ (5.79)" x 0.9474

[log {0.07921 x (18.99)*} — log {(5.79)* x 0.9474}]
[log 0.07921 + 2 log 18.99 — 4 log 5.79 — log 0.9474]
[2.8988 + 2(1.2786) — 4(0.7627) — 1.9765]

[ 2.8988 +2.5572 — 3.0508 — 1.9765]

W= W= W= W= W] =

[1.4560 — 3.0273] = % ( 2.4287)

W] =

( 3+ 1.4287)
= 1404762 = 1.4762
or y =antilog 1.4762 = 0.2993
Example 3 -

A
Given A=A, ¢ ™. If k=2, what should be the value of d to make A = 70 2

Solution
: hd S
Given that A = A e )

Ao 1 24
Substituting k =2, and A = 5 . wegets=

Taking common log on both sides,
log,, 1 —log,, 2 =-2d log;, e, where e=2.718
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@)

(i1)

(iii)

@iv)

v)

0-0.3010 =-2d(0.4343)

0.3010
dE 3% 04343 = 0.3465
EXERCISE 3.4
Use log tables to find the value of
" o 1/8 0.678 x9.01
(1 0.8176 x 13.64 (i) (789.5) (iii) ~0.0234
: 5 7 (1.23) (0.6975) 0.7214 x 20.37
(iv) N2.709 x1/1.239 (v) (0.0075) (1278) (vi) \/ 60.8
(i) 83 x 3[92 (438()38_\_8[;) .056
127 x \/246

A gas is expanding according to the law pv" = C. Find C when p = 80, v = 3.1
5

and n = 1

The formula p = 90 (5)"%1° applies to the demand of a product, where g is the

number of units and p is the price of one unit. How many units will be
demanded if the price is Rs 18.00?

If A =nr’ , find A, whenn—-272-andr=15.

IfV= % nr’h, find V, when 1 = 27—2 ,r=25and h=42
REVIEW EXERCISE 3
Multiple Choice Questions. Choose the correct answer.
If a@"=n,then........
@ a=logn () x=loga () =x= logn (d) a=logx
The relation y =log_x implies ........

(@ ¥ =z ®)/ Py () A=y d Y=x
The logarithm of unity to any base is

........

(@ 1 (b) 10 ()i @ o0
The logarithm of any number to itself as base is ........

(@ 1 (b) O ) -1 (d 10
lopee . . ... , Where e ~ 2.718

(@ 0 (b) 0.4343 () oo @ 1
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(vi) The value of log (%) B D

log p
(@) logp-loggq O Vioe g
(c) logp+logg (d) logg-logp
(vii) logp—loggissameas........
) oo 08 @ (Y
(@) log ( P (b) logp-q) (© Tog ¢ (d) log q

(viii) log (m") can be written as ........
(@) (logm)" (b) mlogn () nlogm (d) log (mn)
(ix) log, axlog, b can be written as ...

(a) log,c (b) log, a (c) log,b (d) log,c

(x) log, x will be equal to ........
log, x log, z log, x log, y
(2) log, z (b) log, z ©) log, y (@ log, x

2. Complete the following.
(i)  For common logarithm, the base is ......

(ii) The integral part of the common logarithm of a number is
called the .......

(iii) The decimal part of the common logarithm of a number is called the ......
(iv) If x=1logy, then yis called the ...... of x.

(v) If the characteristic of the logarithm of a number is 2, that number will
Rave {zans zero(s) immediately after the decimal point.

(vi) If the characteristic of the logarithm of a number is 1, that number will
have ;... digits in its integral part.

3. Find the value of x in the following.
(i) logx=5 (i) log,256 =x

(iii) loggysS = %x (iv) logg x= %2
4.  Find the value of x in the following.
(i) logx=24543  (ii)) logx=0.1821
(iii) log x = 0.0044 (iv) logx= 1.6238
5. Iflog 2 =0.3010, log 3 = 0.4771 and log 5 = 0.6990, then find the values of the
following.

() log45 (i) log% (iii) log 0.048
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6.

Simplify the following.
8.97)° x (3.95)°
(1) \3/25.47 (ii) 3422 (iii) (5773 28 %)

31537

SUMMARY

If a* =y, then x is called the logarithm of y to the base a and is written as
x=log,y, wherea>0,a#1andy>0.

If x=1log, y, thena" = y.

If the base of the logarithm is taken as 10, it is known as common logarithm and if
the base is taken as e (~2.718) then it is known as natural or Naperian logarithm.

The integral part of the common logarithm of a number is called the characteristic
and the decimal part the mantissa.

(i) For a number greater than 1, the characteristic of its logarithm is equal to the
number of digits in the integral part of the number minus one.

(i1) For a number less than 1, the characteristic of its logarithm is always negative

and is equal to the number of zeros immediately after the decimal point of the
number plus one.

When a number is less than 1, the characteristic is always written as 3, 21
(instead of -3, -2, —1) to avoid the mantissa becoming negative.

The logarithms of numbers having the same sequence of significant digits have
the same mantissa.

The number corresponding to a given logarithm is known as antilogarithm.
log, 10 =2.3026 and log e = 0.4343

Laws of logarithms:
(1) log, (mn)=log, m +log, n

(i) log, (%): log, m —log,n
(iii) log, (m")=nlog, m

(iv) log,n=Ilog, nxlog, b




Unit 4

ALGEBRAIC EXPRESSIONS AND
ALGEBRAIC FORMULAS

Unit Outlines

4.1 Algebraic Expressions

4.2 Algebraic Formulae

4.3 Surds and their Application
4.4 Rationalization

Students Learning Outcomes

*

*

* X % %

2

After studying this unit, the students will be able to:

know that a rational expression behaves like a rational number.

define a ratlona] expression as the quotient E ; of two polynomials p(x) and

q(x) where g(x) is not the zero polynomial.
examine whether a given algebraic expression is a
° polynomial or not,

@ rational expression or not.

px)

define ) as a rational expression in its lowest terms if p(x) and g(x) are

polynomials with integral coefficients and having no common factor.

examine whether a given rational algebraic expression is in lowest from or not.
reduce a given rational expression to its lowest terms.

find the sum, difference and product of rational expressions.

divide a rational expression with another and express the result in its lowest
terms.

;ﬁnd value of algebraic expression for some particular real number.

know the formulas

(a+b)* + (a—b)>=2(a’ + b,

(a+b)*—(a—b)* =4ab

° find the value of @* + b* and of ab when the values of a + b and a — b are
known.

know the formula

75
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(a+b+c)P=a*+b*+c*+2ab + 2bc + 2ca.

= find the value of @ + b + ¢* when the values of a + b + ¢ and
ab + bc + ca are given.

. find the value of @ + b +c when the values of a” + b* + ¢* and
ab + bc + ca are given.

® find the value of ab + bc + ca when the values of a* + b + ¢ and
a + b +c are given.

* know the formulas
(a+ b)*=a® +3ab(a + b) + b*,
(a—b)’=a’—3ab(a—b) - b,
e find the value of @® + b* when the values of a + b and ab are given.

1 1
° find the value of x> + P when the value of x o is given.

*  know the formulas
@+ b’ =(atb) (@ tab +bd).

® ﬁndtheproductofx+%andx2+;12-—1.

e find the product ofx—%amdx2 +%+ 1.

" find the continued product of
@ +y) (=) (& +xy+y) (o —xy + 7).
* recognize the surds and their application.
explain the surds of second order. Use basic operations on surds of second
order to rationalize the denominators and evaluate it.

explain rationalization (with precise meaning) of real numbers of the types

1 1
a+dx \/} o and their combinations where x and y are natural numbers

and a and b integers.

4.1 Algebraic Expressions

Algebra is a generalization of arithmetic. Recall that when operations of
addition and subtraction are applied to algebraic terms, we obtain an algebraic

A ; 2 3 : 3
expression. For instance, 5x° — 3x + @ and 3xy + o (x # 0) are algebraic expressions.

Polynomials :
A polynomial in the variable x is an algebraic expression of the form
PO)=a X +a, 0" 4 a4, 8" 2 + ...+ api bty ay#0, P @)
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where n, the highest power of x, is a non-negative integer called the degree of the
golynomlal and each coefficient a,, is a real number. The coefficient a, of the highest
power of x lS called the leadmg coeﬁ cient of the polynomial. The expression
2x4y3 +x7° + 8 x is a polynomialiin two \variables x and y and has degree 7.

From the study of similar properties of integers and polynomials w.r.t. addition
and multiplication, we may say that polynomials behave like integers.

Self Testing
Justify the following as polynomial or not a polynomial.
() 32+8x+5 (i) x++/22+5x-3
33 +2x +8
Gil) 22 +[x—4 ) T

4.1.1 Rational Expressions Behave like Rational Numbers

i 7 ; 4
Let a and b be two integers, then 3 1s not necessarily an integer. Therefore,

number system is extended and % is defined as a rational number where a, b € Z and
b#0.
Similarly, if p(x) and g(x) are two polynomials, then £ % ; is not necessarily a

polynomial, where g(x) # 0. Therefore, similar to the idea of rational numbers,
concept of rational expressions is developed.

4.1.2 Rational Expression

px)

The quotient —— 900 of two polynomials p(x) and g(x), where g(x) is a non-zero

polynomial, is called a rational expression.

For example 3x + 8 # 0 is a rational expression.

2x+1
*3x+8°
In the rational expression P Ex) p(x) is called the numerator and g(x) is known as

the denominator of the rational expression E ; The rational expression P—E—; need not

be a polynomial.
Note:

Every polynomial p(x) can be regarded as a rational expression, since we can

p()

write p(x) as ——. Thus, every polynomial is a rational expression, but every rational

expression need not be a polynomial.
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Self Testing
Identify the following as a rational expression or not a rational expression.
2x+6 3x+ 8 L4+4x+5 (v \Jx

O Fema @ Zoe o W) i W a2

4.1.3 Properties of Rational Expressions

The method for operations with rational expressions is similar to operations
with rational numbers.

Let p(x), g(x), r(x), s(x) be any polynomials such that all values of the variable
that make a rational expression undefined are excluded from the domain. Then
following properties of rational expressions hold under the supposition that they all
are defined (i.e., denominator(s) # 0)

) ’-;%; :?3 if and only if p(x) s(x) = g(x) r(x) (Equality)
(ii) %4% (Cancellation)
(iii) qg; ;8 =) sga; s‘(’g‘) r(x) (Addition)
(iv) ’;g; - ;83 ey sga)— s‘(’g) 5 (Subtraction)
v) ‘; 8 ~ :8 =Z 8 ;8 (Multiplication)
ey -

. < AR p&x). pkx)
(vii) Additive inverse of 9 is 70

(viii) Multiplicative inverse or reciprocal of ngi qugx;

4.1.4 Rational Expression in its Lowest form

, px) #0, g(x) #0.

The rational expression E ; is said to be in its lowest form, if p(x) and g(x) are

polynomials with integral coefficients and have no common factor.

x+1
For example,
P X 41

4.1.5 To examine whether a rational expression is in lowest form or not

is in its lowest form.

To examine the rational expression E ; find H.C.F. of p(x) and ¢g(x). If H.C.F

is 1, then the rational expression is in lowest form.
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For example, ;2 i is in its lowest form as H.C.F of x — 1 and X+ 1is 1.

4.1.6 Working Rule to reduce a rational expression to its lowest terms

Let the given rational expression bez E ;
StepI  Factorize each of the two polynomials p(x) and g(x).
StepII Find H.C.F. of p(x) and g(x).
Step III Divide the numerator p(x) and the denominator g(x) by the H.C.F. of p(x)

and g(x). The rational expression so obtained, is in its lowest terms.

In other words, an algebraic fraction can be reduced to its lowest form by first
factorizing both the polynomials in the numerator and the denominator and then
cancelling the common factors between them.

Example _
Reduce the following algebraic fractions to their lowest form.
. Dx+mx—1ly—my L 3+ 18x % 27
@ 322 — 3y L TR T
Solution 5

Ix+mx—1ly-— my _ x(l +m)—y(l+ m)
3x% - 3y? 3% -y%)

_+m)(x-y)

(1)

B T 1 SRR (factorizing)
I+
o 3(x _,_";) ...... (cancelling common factors)

which is in the lowest form.
3% +18x+27  3(x*+6x+9)

(ii) S48 T TR G (monomial factors)
= 58: 3§ 8; i 3; ...... (factorizing)
_3(x+3)

Sy A) oo i (cancelling common factors)

which is in the lowest form.
4.1.7 Sum, Difference and Product of Rational Expressions

For finding sum and difference of algebraic expressions containing rational
expressions, we take the L.C.M. of the denominators and simplify as explained in the
following examples by using properties stated in 4.1.3.



Algebraic Expressions and Algebraic Formulas 80

Example 1 =
bre.il 1 2x i 1
2 tiag Ealniiheg | 04 3 3 »
e x—=y x+y+x2—y2 W Fo16 Prd il
Solution
a) | i ! & Exaadlin .1 s 2x
; x—y X+y xX*—-y* x-y x+y (x+y)(x-y)
_X+y—(x=Y)*+2x 7
T Gy (x—y) - (L.C.M. of denominators)
=x+y—x+y+2x
(x+y) (x=y)
o 2x+2y BT s
Tty x—y) (simplifying)
. 2(x+y) - 2
G+ @-y) x-y

(cancelling common factors)
o X 1
W ¥ 16 P-4 742
T 42).’6(12_ 2 xzi P x-}-2 (difference of two squares)
= 2x° o x + 1
P+ x+2)(x-2) x+2)(x-2) x+2
2 x4+ D)+ (P +d) x-2) 22— —dx+ P +4x -2 -8

(o +4) (x+2) (x—2) C+4) (x+2)(x-2)
N, : . :
= (P +4)(x+2) (x=2) (on simplification)
uigiicnre tpsigse 8
& + D <3 =16
Example 2 ;
g 2

Find the product chi gy : 4;; o g;’ (inssimplified form)

Solution

x+2 4%-9" (x+2)[(2%)* - (3y)] ;
s e -3y G+ 2)y (monomial factors)
_(x+2)(2x + 3y) (2x—3y) X ¥
= e+ 2) Cr=3) _ (factorizing)
_2x+3y
y

- (reduced to the lowest form)
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'4.1.8 Dividing a Rational Expression with another Rational Expression :

In order to divide one rational expression with another, we first invert for
changing division to multiplication and simplify the resulting product to the lowest
terms.

Example
s S Txy - 14y
Sphify T it oy
Solution
Txy 3 14y
P—4x+4 -4
-4
= L3 v L (changing division into multiplication)
X —4x+4 14y : g
Txy (x+2)(x-2) g
TG0 G-2) Ay (factorizing) .
2
= chgc i 2; ...... (reduced to lowest form)

'4.1.9- Evaluation of Algebraic Expression for some particular Real Number
Definition

If specific numbers are substituted for the variables in an algebraic expression,
the resulting number is called the value of the expression.

Example
3
Evaluate;l\T/_—}"_—:;)j ifx=—4andy=9
Solution

We have, by puttingx=-4 and y =9,
Ay +6 _3(—4A[9+6 3(16)(3)+6 150

T R 7 ey, VR [ e
EXERCISE 4.1 :
1. Identify whether the following algebraic expressions are polynomials
(Yes or No).
1
@ 3+7-5 (i) 32 -4 -x\fx+3

2 . 3%
(iii) **—3x+4/2 @) s=p+8
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2. State whether each of the following expressions is a rational expression or not.

3 o3
O 3nx (i) X +3[3

2

3x+5 2+3x—x
2
veen, X +6x+9 : 20x+3
(1i1) 7% @iv) R
3. Reduce the following rational expressions to the lowest form.
@ 120 )czy‘xz5 (ii) 8a(x+1)
30x’yz" 2% -1)
iy ddetn)’ = 4y W) ) (xz —2xy + gz)
(x=y) BNy )
x+2) (*-1) . E=dx+4
W et D () (- "521%
(i) 64x° — 64x (viiD) ox* — (x2 - 4)2
(8" +8) 2x +2) 443x-x
3
4.  Evaluate (a) 5,512 for
() x=3,y=-1,z=-2 () x=-1,y=-9,z=4
x2y3 e
(b) Tforx=4,y=—2,z=—-1
5.  Perform the indicated operation and simplify.
: 15 4 = ¢ el =1ty
e O T o T
i ;
e 2D XY : x y 2xy
x—2 x+2 3 1 1 2 4
(v) (vi)

P+6x+9 2°-18 x=158CF ¥ o1 207

6.  Perform the indicated operation and simplify.

i 5x+2 oo =12 18520

) . (FERgeE W L U640
6 6 4

Ty - T R

(lll) xz_y2+(x4+x2y2+y4) (IV) x2+2x+1.1—-x

x2+xy x2+xy ; r=x
yx+y) yx+y)  xy—2y

)
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4.2 Algebraic Formulae
4.2.1 Using the formulas @
() @+b)’+@-b"'=2a"+b* and (a+b) —(a—b)’=4ab

The process of finding the values of @’ +b* and ab is explained in the following
examples.

Example
Ifa+b=7anda-b=3, then find the value of (a) a’ + b° (b) ab

Solution
We are giventhat a+b=7 and a-b=3

(@) To find the value of (a” + bz), we use the formula
(@+b) +(a—b)Y =2(d*+ b
Substituting the values @ + b =7 and a — b = 3, we get
N’ +3)Y =2 +b)

= 49+9 =2(a’+b)
=5 S8 = v by .00 (simplifying)
=5 W sgal ... (dividing by 2)

(b) To find the value of ab, we make use of the formula
(a+b)’—=(a-b)’ =4ab

=> (= @) =dab o7 ... (substituting given values)
=5 49-9 =4ab

= 40 =4ab ... (simplifying)

= 10 sabl i ik (dividing by 4)

Hencea®+5°=29 and ab=10.
() @+b+c)i=a’+b*+c*+2ab+2bc + 2ca

This formula, square of a trinomial, involves three expressions, namely,

(a+b+c), (a +b +c¢ ) and 2(ab + bc + ca). If the values of two of them are known,
the value of the third expression can be calculated. The method is explained in the
following examples.

Example 1
If >+ b* + > =43 and ab + bc + ca = 3, then find the value of @ + b + c.
Solution
We know that
(a+b+c)2 =a2+b2+c2+20b+2bc+20a
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(a+b+c) =a +b° +c +2ab+ bc + ca)
(a+b+c)’ =43+2x3 (Puttinga’ +b° + ¢’ =43 and ab + bc + ca = 3)
(a+b+c) =49
a+b+c=i\/£_1§
Hence a+b+c=%7

L R VY

Example 2
Ifa+b+c=6anda2+b2+02=24,thenﬁndthevalueofab+bc+ca.
Solution
We have
(a+b+c)2=a2+b2+c2+2ab+2bc+2ca
(6)” = 24 + 2(ab + bc + ca)
= 36 =24+ 2(ab + bc + ca)

= 12=2(ab + bc + ca)
Hence ab+bc+ca=6

Example 3

Ifa+b+c=7andab +bc + ca =9, then find the value of a* + b” + ¢’.
Solution

We know that

(@a+b+c) =a +b +c +2ab+2bc+2ca

= (a+b+c)=d +b +c +2ab+bc+ca)

= DP=d+b++209)

= 49=d"+b +c*+18

= 3l=ad*+b’+¢

Hence a*+b* +c* =31
(iii) (@+b)’=d’+3aba+b)+b’
(@-b)=da’-3aba—b)-b’
Example 1
If 2x — 3y = 10 and xy = 2, then find the value of 8x* —27y".
Solution
We are given that 2x—3y=10
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o (2x-3y)’ =(10)’
= 8x =27y’ =3 x2xx 3y(2x—3y) = 1000
= 8x° — 27y’ — 18xy(2x — 3y) = 1000
= 8%’ —27y° — 18 x2x 10 = 1000
= 8x° — 27y’ — 360 = 1000
‘Hence 8x° — 27y3 = 1360
Example 2

1 1
If x + ~ = 8, then find the value of x +3
Solution

1
We have been given x + Py 8

1) 3

= (“’35) =(8)
1 1 1

= x3+;~3-+3xxx;(x+;) =512
; T | 1

= X +3+3x|x+7 ] =512
X X

sty
=2 X +?+3><8 S
: 11

e X +7+24 =51
31}

Hence X +? =488

Example 3

1
If x—— =4, then ﬁndxz’—%
X X

Solution

We have x——1-=4
X

: 1)
=5 (x—;) =64
— x3—l3—3(x——-1-) =64
X X
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1
= x3—?—3(4) =64
gtk
=5 x—-—=-12 =64
X
21 g
= X—-—73 =64+12
X
; ot
=5 x——= =76
X

(iv) @’ +b°=(atb) (@ Fab+b)

1 1
The procedure for finding the products of (x oo ;) and x” + =z F lis also

explained in the following examples.
Example 1
Factorize 64x° + 343y3
Solution
We have
64x° + 343y’ = (4x)’ +(Ty)’
= (4x +Ty) [(42)° = (4x) (Ty) + (Ty)']
= (4x + Ty) (16x° — 28xy + 49y")
Example 2 ,
Factorize 125x° — 1331y’

Solution
We have
1255° — 1331y° = (5x)° - (11y)° .
= (5x — 11y) [(5x)* + (5x) (11y) + (11y)]
= (5x — 11y) (255> + 55xy + 121y")
Example 3
Find the product (%,\ 3 %) (gxz b +%2_)
Solution

2..2)(4 0
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S 2T
27 8x°
Example 4
. 4 S Y26 15 1S
Find the product 5% % 5T +1—6x5+1
Solution
EipliE
T T ey
_(éx i) 16 25 ( s
=l g ¥l +16x2 rearranging
5x-2)|(52)+(3)(&)+ (]
G TN ) PG5 N &

() (L) s
=¥ 4x) 125 64x°
Example 5 :
Find the continued product of (x +y) (x — y) (x2 + xy + yz) (x2 —xy+ yz)
Solution
(x+3) (=) & +33 +)) (= xp + )
=@+y) (& —xy+)) (x—y) @ +xy+)")  (rearranging)
= +y) (' -y)= ) - 0 =2°-
EXERCISE 4.2
l. (@) Ifa+b=10anda-b=6,then find the value of (a* + b°).
(i) Ifa+b=5a~b=+/17, then find the value of ab.
Ifa®+b* +c* =45 and a + b + ¢ = -1, then find the value of ab + bc + ca.
Ifm+n+p=10and mn + np + mp = 27, thenﬁndthevalueofm2+n2+p2.
Hx2+y2+22=78 and xy + yz + zx = 59, then find the valuebf3c+y+z.

Ifx+y+z=12andx’ +y" + 72 =64, then find the value of xy + yz + zx.

e N

If x + y =7 and xy = 12, then find the value of x° v
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7. If3x+4y=11and xy = 12, then find the value of 27x° + 64y".
8. If x—y=4andxy=21, then find the value ofx?’—y3 ;
9. If 5x— 6y = 13 and xy = 6, then find the value-of 125x° — 216y".

1
10. Ifx+ % = 3, then find the value of X + —

11 Ifx—%=7, then find the value of x° —

M=

12 ( 3x + %) =35, then find the value 0f(27x +-—-)
13518 ( S5x —%) = 6, then find the value of( 125x° —

125x° )

1
14. Factorize () ¥ -y —x+y (i) 8%’ — .?:‘7},_3.

15. Find the products, using formulas.
0 @+ - +yh. () @-) e +xY +))
(i) (=) (x+y) 67 +7) (@@ +xy+)) &~y +5) (¢ =2y’ + 5
(iv) -1+ 1) @x* +22+ 1) @x' -2 + 1)

4.3 Surds and their Application
4.3.1 Definition
An irrational radical with rational radicand is called a surd.

Hence the radical % is a surd if
(i) ais rational, (ii) the result (/Z is irrational.

e.g., \/_ \/7 \/— \/_Oaresurds
But \/;c and \/2 + \/—1_7 are not surds because ® and 2 + \f_7 are not rational.

Note that for the surd \/;z n is called surd index or the order of the surd and the
rational number ‘a’ is called the radicand. \ﬁ is third order surd.

Every surd is an irrational number but every irrational number is not a surd.

e.g., the surd \B is an irrational number but the irrational number \/1_t is not a surd.
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4.3.2 Operations on surds
(a) Addition and Subtraction of Surds

Similar -surds (i.e., ‘surds having same irrational factors) can be added or
~ subtracted into a single term is explained in the following examples.

Exampl:a ;

Simplify by combining similar terms.
() 43 -3\27 +2[75. (i) /128 =250 +1/432
‘Solution :

()  43-3127+20[%
=43 -3\J9x 3 +2\/25 X 3 =4[3 = 31[9~/3 + 24/25 x1/3
=M3-R3+10\/3=4-9+10)"/3=53

(i) /128 —[250 + /432

=64 %2 -[125x 2 +[216 x 2

=@ x2-GPx2+/6P x2
=@ 267 2 + 67 2
=R2-5\2+6\2=(4-5+6)2=52

(b) Multiplication and Division of Surds

We can multiply and divide surds of the same order by making use of the
following laws of surds

and the result obtained will be a surd of the same order.
If surds to be multiplied or divided are not of the same order, they must be reduced to
the surds of the same order.
Example
Simplify and express the answer in the simplest form.

6
@ 14435 (i) \/?

342
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Solution
() 14435 =14 x35 =7 x2x 7 x5=1/(7)*x2x5

=/(7)? x 10 =1/(7)> x~[10 = 77[10
6
(i1) We have \/1_2

32

For \/3 ifi the L.C.M. of orders 2 and 3 is 6.
Thus3 = 3)"2 = 3) =[3* =27
and ,?VE £ (2)]/3 £ (2)2/6 =2 6 (2 % ,\/Z
B
TR miE o VO
Its simplest form is

TEREGEOE:

EXERCISE 4.3
1.  Express each of the following surd in the simplest form.
(1) 180 (i) 3y162
3 5
(iii) /128 i) “[oedy'?
2.  Simplify
1 3! 5
g M8 GRS (ii) \243 20y 2"
342 \63
413
(v) /125 (v) 21 xA[7xA3

3.  Simplify by combining similar terms.
() \45-320+ 45 (i) 412 + 527 = 34/75 +/300
Gii) /3 (2\3+3\3) (iv) 26\5-3\5)

4.  Simplify

@) GB+\3)3-13) () @f5+43)
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(i) (5+43)05-3) (iv) [\ﬁ+%)(\f2—\%§)
®  Gx+)EE =)@+ e +y)

4.4 Rationalization of Surds
(a) Definitions

(i) A surd which contains a single term is called a monomial surd. e.g., \/3, \/3 etc.

(ii) A surd which contains sum of two monomial surds or sum of a monomial surd
and a rational number is called a binomial surd.

e.g., \/3 +\f/ or \/§+5 or\/l——Setc.
We can extend this to the definition of a trinomial surd.

(iti) If the product of two surds is a rational number, then each surd is called the
rationalizing factor of the other.

(iv) The process of multiplying a given surd by its rationalizing factor to get a
rational number as product is called rationalization of the given surd.

(v)  Two binomial surds of second order differing only in sign connecting their
terms are called conjugate surds. Thus (\/; + \/Z) and (\/Zz - \/Z) are conjugate
surds of each other.

The conjugate of x + \/} isx— \/;)
The product of the conjugate surds \/;z + \/7) and \/; - \/77
Wa+~/b) Na-lb) = ay - by =a~b,

is a rational quantity independent of any radical.

Similarly, the product of a + b\/71-1 and its conjugate a — b\/; has no radical. For
example,

3+ \/_5-) 3- \/3) =3)*- (\/3)2 =9 —5=4, which is a rational number.
(b) Rationalizing a Denominator

Keeping the above discussion in mind, we observe that, in order to rationalize a
denominator of the form a + b\/,_r (or a - b\/,—r), we multiply both numerator and

denominator by the conjugate factor a — b\/;c (ora+ b\/;). By doing this we eliminate
the radical and thus obtain a denominator free of any surd.

: U 1 1
(c) Rationalizing Real Numbers of the Types By’ b\/; " \/; - \/;

1 X i
and their combinations, where x, y are
+1y

For the expressions :
1 s
e a0 bJx *\[x

natural numbers and a, b are integers, rationalization is explained with the help of
following examples.
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Example 1

58
Rationali inat
ationa 1‘ze the denominator 75
Solution

To rationalize the denominator, we multiply both the numerator and
denominator by the conjugate (7 +2\/— 5) of (7 — 2\/_ 3), i€,

58 7+2\/' 58(7 + 21/5)
T 2\/' Ton5 T+ (P = \5Y
_580+25)

49-20 ° (radical is eliminated in the denominator)

Example 2

2
Rationalize the denominator W
S+42

Solution

Multiply both the numerator and denominator by the conjugate (‘\[5 - '\ﬁ) of

(5 +1/2), to get
2 2 \B5=a2_ 26/5-42) _26/5-+/2)
Gz \5+v2 \N5-\2 (N3P-(2p 52
_265-42) _24/5-42)
3 3

Example 3

Simplify bt 3—5%- & fl%—

2;]3—;]6 3+4/2 46-1/2

Solution

First we shall rationalize the denominators and then simplify. We have

6 ::nils 9 f@) 211 B AR3 ;
23-6 3+2 642
6 23+y6 6 342 (No+12

“23-V6 2AB+6 B+N2 \B-A2 \f6 \fz 642
62\3+16) - \6(/3-2) _4\B(\/6+2) '
T W6 W3- (O - (2P
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_6@\3++6) \V6(\3-12) 43 W6+2)

12<6 3~2 6-2

_123+6\6 63162 4[3~/6+4[312
6 1 4
=23 +/6+3\2-22[3-3\2-1/6=0

Example 4
| 4+35
s 2 =X +y\5
Find rational numbers x and y such that 4-35 \E
Solution
We have

4+3\5 _4+35 4+3\/_ (4 + 3\[5)
4-35 4-3\5 4+35 @ -G\5"

_16+24\[5+45 61 +245
g 16—45 " L D0

e 7 29 29\/g =x+y\/5 (given)

Hence, on comparing the two sides, we get

Example 5
Ifx=3+ \/é, then evaluate

(i)x+% and (ii)x2+xl2

Solution
Since x= 3'+\/§ therefore,
L 1,338 3-8
x 3+\/§ 34V8 3-\8 (GF- By

hTOY
-9—_8“—3—\/§
6) x+% =3+/8+3-1/8=6

Gy (x+%)2=36

Mathematics 9
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| g |
or ¥+2xXx—+—5=36
AL

1
7 — —
or X +==34

EXERCISE 4.4

1.  Rationalize the denominator of the following.

s .- i oy 2ol . 1
O-FE T M R e
15 , 2 L\3-1 . A5+13
\/—3—1 A (Vl) \/5 '—\l§ (Vll) ‘\‘/-3 41 (Vlll) \/g _\/3
2. Find the conjugate of x +[y .
i) 3+7 Gi) 4=+5 = (Gii) 2+4/3 (v) 2+4/5
V) 5+[7 (vi) 4-+[15 (vi)) 7-+/6 (viii) 9 +1/2

1 1
3. () Ifx=2-3,find< Gi) Ifx=4-17,find5

1
(ii) Ifx=13+2, findx+7

4.  Simplify
0 1+3[2 1—3[ (i) | A 1
5+ el 2443 5B 2445
3
LI e e e

1 1)
5: (1) Ifx:2+\/§,ﬁndthevalueofx—;and(x-—;)

3 1
(i) Ifx =M’ﬁnd the value of x +-1—ch2 +— and X +l3
\]3 +\/§ x X x
[Hint: @ + b*= (@ +b)* —2aband @’ + b’ = (a + b)’ - 3ab(a + b)]

6. i : Pt \/§+11=a+b\]§.

Determine the rational numbers a and b if \ﬁ e + \/3_

REVIEW EXERCISE 4
1.  Multiple Choice Questions. Choose the correct answer.
(i) 4x+ 3y—2isan algebraic .........
(a) expression (b) sentence (C) equation (d) - inequation



(ii)

(iii)

(iv)

v)

The degree of polynomial 4x + 2x2y s gy

(@ 1 b 2 ) 3 (), 2\A%
a+bis equalto......... :

(@) (a—b)a" +ab+b%) () (a+b)d —ab+bd)
(©) (a-b)d -ab+b> (d) (a—b)d +ab-b>)

3 +\/§ )3 —\/5 )isequal to .........

(@ 7 (B <= {ey "1 ) a

Conjugate of surd a + \ﬁ) o LR 8 L

@ -a+\b () a-\b © a+\b (@ a-+b

1

(vi) a_b—a+bisequalto .........
2a 2b —2a -2b
(@) e A s P e i (&)
2
(vii) aa o - isequal to .........
(a) (a-b) ® (a+b’ () a+b d a-b
(viii) (\/Z - \/Z )(\/;z — \ﬁ) Yisequalto.........
@@ d+b° B a by a-b d a+b
2.  Fill in the blanks.
(1)  The degree of the polynomial xzy2 +3xy + y3 S0 ekt B
(i) o =4 = . b
(iii) x3+—13-=(x+l)( ......... )
X i 1
(iv) 2@ +b) = (@+b)’+ Coveennnn. ¥
1\2
(v) (x-—;) —F R i1
(vi) Order of surd i/;c 18
1
(Vii) 2 e Vg — cwesensens
]. " 2 1 o 4 1
3. IKx+—-=3,find )x"+= ()x +—3
x x %
1 5 2 1 : 4 1
4T x === find (e +? (i) x +?

X



Find the valueofx3+y3 andxyifx+y=5andx—-y=3.
If p=2+4/3, find

1

O pty @) p-y
5 3 g A
(i) p*+—3 () p~ 3

4 p
If g =5 + 2, find
O q+y @) g7
1 ! i
(1i1) q2+? (iv) qz—?
Simplify
@ \/a2+2+\/a2—2 (i) 1 1
1 11 s
\ \/a2+2—\/a2—2 a—\/a?'—x2 a+\/a2—x2

SUMMARY

An algebraic expression is that in which constants or variables or both are
combined by basic operations.

Polynomial means an expression with many terms.
Degree of polynomial means highest power of variable.

px)

Expression in the form 70 , (g(x) # 0) is called rational expression.

An irrational radical with rational radicand is called a surd.

In % , n is called surd index or surd order and rational number x is called
radicand.

A surd which contains a single term is called monomial surd.
A surd which contains sum or difference of two surds is called binomial surd.

Conjugate surd of \/;c + \E) is defined as \/; o \/;) .




Unit 5
FACTORIZATION

Unit OQutlines
5.1 Factorization
5.2 Remainder Theorem and Factor Theorem
5.3 Factorization of a Cubic Polynomial

Students Learning Outcomes

After studying this unit, the students will be able to:
* recall factorization of expressions of the following types.
o ka + kb + kc
o ac +ad + bc + bd
e dt2ab+V’
« &3-b
e dt2ab+b-¢
* factorize the expressions of the following types.
Type I
a'+a’b*+b* or a*+4b
Type II:
. X+px+g
Type III:
ax* +bx + ¢
Type IV:
(ax® +bx +¢) (axX + bx + d) + k
{ x+a)x+b)(x+c)(x+d)+k
(x+a)x+b)(x+¢) (x+d) + ki
Type V:
a’ +3a’h +3ab* + b’
a’-3a’b + 3ab’ - b’
Type VI: :
a+ b’
*  state and prove Remainder theorem and explain through examples.
* find Remainder (without dividing) when a polynomial is divided by a linear
polynomial.
* define zeros of a polynomial.
* state and prove Factor theorem.
* use Factor theorem to factorize a cubic polynomial.

97
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Introduction

Factorization plays an important role in mathematics as it helps to reduce the
study of a complicatéd expression to the study of simpler expressions. In this unit, we
will deal with different types of factorization of polynomials.

5.1 Factorization

If a polynomial p(x) can be expressed as p(x) = g(x)h(x), then each of the
polynomials g(x) and h(x) is called a factor of p(x). For instance, in the distributive
property

ab + ac = a(b + ¢),
a and (b + c) are factors of (ab + ac).

When a polynomial has been written as a product consisting only of prime
factors, then it is said to be factored completely.

(a) Factorization of the Expression of the type ka + kb + kc
Example 1
Factorize 5a—5b + 5c¢
Solution
S5a-5b+5c=5(a—-b+c)
Example 2 .
Factorize 5a — 5b — 15c¢
Solution :
5a —5b—15¢ =5(a—b—3c)
(b) Factorization of the Expression of the type ac + ad + bc + bd
We can write ac + ad + bc + bd as
(ac + ad) + (bc + db)
=a(c+d) + b(c+d)
=(a+b)(c+d)
For explanation consider the following examples.
Example 1
Factorize 3x—3a+xy—ay
Solution
Regrouping the terms of given polynomial
3x+xy—-3a—-ay =x(3+y)— a3+y) (monomial factors)
=GB+y) (x—a) (3 + y) is common factor



99 Mathematics 9

Example 2
Factorize pgr+qr —pr'—r
Solution
The given expression = r(pg + gr — pr— r*) (r is monomial common factor)
=rl(pq + qr) = pr—r] (grouping of terms)
=rlglp+r)—r(p+1)] (monomial factors)
=rp+n(g-r) (p + r) is common factor

(c) Factorization of the Expression of the type a’ +2ab + b’
We know that

(i) d*+2ab+b’=@+b)’=(@+b)a+b)
(i) a*—2ab+b’=(@—by=(a-b)a-b)
Now consider the following examples.

Example 1
Factorize  25x> + 16 + 40x.
Solution ;
25x% +40x + 16 = (5x)* + 2(5x) (4) + (4)°
' = (5x + 47
=(5x+4) 5x +4)
Example 2
Factorize 12x* — 36x + 27
Solution
122 = 36x +27 =3(4x*—12x+9)
=3(2x - 3)
=3(2x-3)(2x-3)

(d) Factorization of the Expression of the type dap?

For explanation consider the following examples.
Example :
Factorize (i) 4x*—(2y-2)* (i) 6x —96
Solution
G) 42y =20’ -@2y-2)
=[2x-(2y-2)] [2x + 2y - 2)]
=(2x-2y+2)(2x+2y-2)
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() 6x*-96  =6("'-16)
= 6[(%) - (4)’]
=6(x>—4) F +4)
= 6[(0)° — (2] (* + 4)
=6(x—2) (x+2) (F*+4)
(e) Factorization of the Expression of the types a’ +2ab +b* -
We know that :
A+2ab+b* - =(axb’—-(c)’=(axtb-c)atb+c)
For explanation consider the following examples.
Example
Factorize (i) ¥ +6x+9—-4y* (i) 1+2ab—a*-b’
Solution
i) P+6x+9-4y =(x+3°-(Q2y)’
=(x+3+2y)(x+3-2y)
() 1+2ab-a*-b* =1—(a*>-2ab+b)
=(1)*-(a-b)
=[1-(a-b)][l+(a-Db)]
=(1-a+b)(1+a->b)

EXERCISE 5.1
Factorize
1. () 2abc—4abx +2abd (D) 9xy — 124% + 18y?
(i) —3x%y —3x+9xy* (iv) 5ab’c® — 10a*b’c — 20a’bc?
V) 3yx-3y) =T (x=3y) (Vi) 20707 +5)+8x°(7 +5)
2. ({) Sax-3ay-5Sbx+ 3by @) 3xy+2y—12x-—8
(i) »*+3x? - 2% - 6y° iv) @ —-y)z+ (P -2
a’ b
3. () l144a*+24a+1 @) 525

@) (x+ y)2 —14z(x+y) + 497 @iv) 12x% - 36x + 27

4. & -1 () x(x=D-yr-1)
(i) 128am® — 242an* (iv) 3x-—243%°
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5. @ +-y*-6y-9 () »*-a*+2a-1
(i) 4?-y*-2y-1 (iv) -y —4x-2y+3
(v) 25x*—10x+ 1 - 362 (i) P-y —4dxz+47

(a) Factorization of the Expression of types at+a’b* +b* or o’ + '

Factorization of such types of expression is explained in the following
examples.

Example 1
Factorize 81x'+ 36xzy2 + 16y4
Solution
81x* + 36x2y2 + l6y4
= (9x°) + 720" + (4y?)? = 36x%y
= (9x + 4y")’ - (6xy)”
= (9x% + 4y + 6xy) (9x" + 4y* — 6xy)
= (9%° + 6xy + 4y)) (9x" — 6xy + 4y°)
Example 2
Factorize 9x" + 36y4
Solution
ox* +36y* =9x* + 36y + 36x%y° — 36x7)°
= (3x) +202) (6) + (6y)" - (6xy)°
= (32 +6)") - (6xy)°
= (3% + 6y° + 6xy)(3x” + 6y — 6xy)
= (3x” + 6xy + 6y°) (3x” — 6xy + 6)°)
(b) Factorization of the Expression of the type X+ px +q
For explanation consider the following examples.
Example
Factorize (i) ¥*-7x+12 (i) x*+5x-36
Solution
i) »F-Tx+12
From the factors of 12 the suitable pair of numbers is —3 and —4 since
(-3)+(4) =-7 and (-3)(4)=12
Hence x* —7x+12 =x*—3x—4x+ 12
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=x(x—-3)—4(x—3)
=x-3)(x-4)
(i) x*+5x-36
From the possible factors of 36, the suitable pair is 9 and —4 because
9+(—4)=5 and 9x(—4)=-36
Hence x> + 5x—36 =x"+9x—4x—36
=x(x+9)—-4(x+9)*
=x+9x-4
(¢c) Factorization of the Expression of the type ax’ +bx +c, a#0
Let us explain the procedure of factorization by the following examples.
Example |
Factorize (i) 9x*+21x—8 (i) 2% —8x—42 (iii) 10a*—41xy +21y*
Solution
“@) 9% +21x~8
In this case, on comparing with ax’ + bx + c, ac=09) (-8)=-72

From the possible factors of 72, the suitable pair of numbers (with proper sign)
is 24 and -3 whose

sum = 24 + (-3) =21, (the coefficient of x)
and their product = (24) (-3) =-72=ac
Hence 9x* +21x—8
=0x" +24x—3x—8
=3x(3x+8)— (3x+8)
=3Bx+8)(3x-1)
(i) 2x°—8x—42=2("—4x-21)
Comparing X’ —4x—21 withax® + bx + ¢
we have ac = (+1) (-21)=-21

From the possible factors of 21, the suitable pair of numbers is —7 and +3 whose
sum =—7 + 3 =—4 and product = (-7) (3) =-21 '

Hence ¥ —4x-21
=2 +3x-Tx-21
=x(x+3)-7(x+3)
=(x+3)(x-7)
Hence 20 —8x— 42 =2(x* —4x—21) =2(x + 3) (x = 7)
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(iii) 10x* —41xy + 21y?
This type of questions on factorization can also be done by the above procedure
of splitting the middle term.

Here ac=(10)(21)=210
Two suitable factors of 210 are —35 and —6
Their sum = -35 -6 =41
and product = (-35) (-6) =210
Hence 10x* — 41xy + 21y?
= 10x* - 35xy — 6xy + 21y?
= 5x(2x — 7y) —3y(2x — Ty)
= (2x—Ty) (5x - 3y)

(d) Factorization of the following types of Expressions
(ax* +bx +c) (ax* +bx +d) +k
x+a)x+b)(x+c)x+d)+k
(x+a) x+b) (x +¢) (x +d) + kx?

We shall explain the method of factorizing these types of expressions with the
help of following examples.

Example 1
Factorize (x> —4x—5) (x> —4x—12)— 144
Solution
(P —dx—-5) (P —4x—12)- 144
Let y=x"—4x. Then
-5 @-12)-144 =y*—17y-84
=y’ —2ly+4y—84
=y(y—21) + 4(y - 21)
=(y-21) (y+4)
=2 —4x-21) (2 —4x+4) (sincey=x2—4x)
= (%~ Tx+3x-21) (x =20
=[x(x=7)+3(x-7] (x-2)>
=@x-7(x+3)x-2)(x-2)
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Example 2

Factorize (x+ 1) (x +2) (x+3) (x+4)— 120
Solution

We observe that 1 +4 =2 + 3.
It suggests that we rewrite the given expression as
[+ 1) (x+4)] [(x+2) (x+3)]-120
(% +5x+4) (o + 5x +6) - 120
Let x*+5x=y, then
we get(y+4) (y+6)—120
=y’ + 10y +24 - 120
=y* + 10y — 96
=y* + 16y — 6y — 96
=y(y+16)—6(y + 16)
=(y+16) (y-6)
=(? + 5x + 16) (% + 5x - 6) sincey=x2+5x

= +5x+16) (x +6) (x— 1)
Example 3

Factorize (x°— 5x + 6) (x*+ 5x + 6) — 2x°
Solution

(x2 —5x+6) (x2+ S5x+6)-— 2%°
= [¢* = 3x — 2x + 6][x° + 3x + 2x + 6] — 22
= [x(x — 3) — 2(x = 3)][x(x + 3) + 2(x + 3)] — 2
=[(x=3) = DI[(x +3) (x +2)] - 26
=[(x=2) (& + DI(x = 3) (x +3)] - 2¢°
=(x2——4) (x2—9)-—2x2
=x" — 132" + 36 — 24
=x'-15x*+36
=x'—12x"-3x*+ 36
=" -12) -3 - 12)
=(*=12) (* =3)
= [0’ = @\3 )1 [0 - 43 )]
=@-23)@+2\3) (x=3) (x +13)



105 Mathematics 9

(e) Factorization of Expressions of the following Types
a’ + 3a’b + 3ab* + b*
a’ - 3a’h + 3ab* - b*
For explanation consider the following examples.
Example
Factorize x° — 8y® — 6x%y + 12xy”
Solution
X — 8y’ — 6x%y + 12x)°
= (0’ -2’ -3 2y + 3 2y)°
= (0’ = 3(0° (29) + 3(0) 2y - ()’
=(x-2)’
=(x-2y) (x—2y) (x—2y)
(f) Factorization of Expresions of the following types a’ + b°
We recall the formulas,
@ +b*=(a+b) (@*—ab +b?)
@ —b’=(a-b) (@® +ab +b?)
For explanation consider the following examples.

Example 1
Factorize 27x° + 64y’
Solution
27x° + 64y° = (3x)° + (4y)?
= (3x +4y) [(30) - (3x) (4y) + (4y)’]
= (3x + 4y) (9% — 12xy + 16y?)
Example 2
Factorize 1-— 125x°
Solution

1-125¢ =(1)*-(5x)°
=(1-5x) [(1)* + (1) (5%) + (5x)7]
= (1 - 5x) (1 +.5x + 25>
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EXERCISE 5.2
Factorize
1. @G 2+ xi -3 (ii) 3x* + 12y (i) a*+ 3a°b? + 4b*
(v) 4x*+8l1 v) 42425 (vi) B +4’+16
2 Gy L+ 14x 348 () x—-21x+108
(i) x*-11x—42 (iv) ¥ +x-132
3. ki) es i8R #1245 (i) 30+ 7x-15
(iii) 24x* —65x+21 (V)= /527 = Y6x~ 21
V) 4% —17xy + 4 (vi) 3x*—38xy— 13y?
1) '
(vii) 5x* + 33xy — 14y° (viii) (Sx - ;) + 4(5x = %) +4,x#0

4. (G @P+5x+4)(*+5x+6)-3
() (P-4x)(P*-4x-1)-20
(i) x+2)(x+3)(x+4)(x+5-15
(iv) (x+4)(x—5)(x+6)(x—7)—504
V) G+DE+2)x+3)@x+6)-3x

5:900G) X +48x~ 1274 - 64 () 8x° + 60x* + 150x + 125
(iii) »*—18x* + 108x—216 (iv) 8x° - 125y — 60x%y + 150xy”
6. () 21+8&° (i)  125x° - 216y°
(iii) 64x° +27y° (iv) 8x + 125y

5.2 Remainder Theorem and Factor Theorem
5.2.1 Remainder Theorem

If a polynomial p(x) is divided by a linear divisor (x — a), then the remainder is

p(a).
Proof :

Let g(x) be the quotient obtained after dividing p(x) by (x — a). But the divisor
(x — a) is linear. So the remainder must be of degree zero i.e., a non-zero constant, say
R. Consequently, by division Algorithm we may write

px)=(x—a)gx)+R

This is an identity in x and so is true for all real numbers x. In particular, it is
true for x = a. Therefore,
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pl@=(a—a)ga)+R=0+R=R
i.e., p(a)=the remainder. Hence the theorem.

Note: Similarly, if the divisor is (ax — b), we have
px) =(ax—-b) gx) +R

Substituting x = 5 so that ax — b = 0, we obtain

p(g-)=0-q(g)+R=O+R=R
Thus if the divisor is linear, the above theorem provides an effitient way of

finding the remainder without being involved in the process of long division.

5.22 To find Remainder (without dividing) when a polynomial is divided by a
Linear Polynomial

Example 1
Find the remainder when 9x” — 6x + 2 is divided by
@@ x—-3 (@) x+3 (@i 3x+1 (@(v) x
Solution
Let p(x)=9x*—6x+2
(1) When p(x) is divided by x — 3, by Remainder Theorem, the remainder is
R=p(3)=93)*-6(3) +2 =65
(i) When p(x) is divided by x + 3 = x — (-3), the remainder is
R =p(-3)=9(-3)>- 6 (-3) +2 =101 '
(iii) When p(x) is divided by 3x + 1, the remainder is

reA 4o ) o) 2o

(iv) When p(x) is divided by x, the remainder is
R =p(0) =9(0)* - 6(0) +2 =2
Example 2

Find the value of & if the expression x° + kx* + 3x — 4 leaves a remainder of —2
when divided by x + 2.

Solution
Let p(x) = x> + kx?+ 3x — 4

By the Remainder Theorem, when p(x) is divided by x + 2 = x — (-2), the
remainder is

P(=2) =(=2)% + k(-2)® + 3(-2) - 4.
=—8+4k-6-4
=4k—18
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By the given condition, we have
p(-2)=-2 = 4k~18=-2 = k=4
5.2.3 Zero of a Polynomial
Definition

If a specific number x = a is substituted for the variable x in a polynomial p(x)
so that the value p(a) is zero, then x = a is called a zero of the polynomial p(x).

A very useful consequence of the remainder theorem is what is known as the
factor theorem.

5.2.4 Factor Theorem
The polynomial (x — a) is a factor of the polynomial p(x) if and only if p(a) = 0.
Proof

Let g(x) be the quotient and R the remainder when a polynomial p(x) is divided
by (x — a). Then by division Algorithm,

p(x)=(x—-a)gx)+R
By the Remainder Theorem, R = p(a).
Hence p(x) = (x — a) g(x) + p(a)
(1) Now if p(a) =0, then p(x) =(x — a) g(x)
i.e., (x—a)is afactor of p(x)

(i) Conversely, if (x — a) is a factor of p(x), then the remainder upon dividing p(x)
by (x — a@) must be zero i.e., p(a) =0

This completes the proof.

Note: The Factor Theorem can also be stated as, “(x — a) is a factor of p(x) if and
only if x = a is a solution of the equation p(x) = 0”.

The Factor Theorem helps us to find factors of polynomials because it

_determines whether a given linear polynomial (x — a) is a factor of p(x). All we need
is to check whether p(a) = 0.

Example 1
Determine if (x — 2) is a factor of x° — 4x? + 3x + 2.
Solution
For convenience, let
px)=x -4 +3x+2
Then the remainder for (x — 2) is
P2)=(2)’ - 4(2)* +3(2) +2
=8-16+6+2=0
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Hence by Factor Theorem, (x — 2) is a factor of the polynomial p(x).

Example 2

Find a polynomial p(x) of degree 3 that has 2, —1, and 3 as zeros (i.e., roots).
Solution

Since x = 2, —1, 3 are roots of p(x) =0

so by Factor Theorem (x — 2), (x + 1) and (x — 3) are the factors of p(x).

Thus p(x) =a(x—-2) (x+1) (x—3)
where any non-zero value can be assigned to a.

Taking a = 1, we get

pX)=(x—-2)(x+1) (x—3)
=x—4x*+x+6 as the required polynomial.

EXERCISE 5.3
1.  Use the remainder theorem to find the remainder when
(i) 3 -102+13x-6 is divided by (x —2)
() 4°-4x+3 is divided by (2x — 1)
(i) 6x* +2x° —x+2 is divided by (x + 2)
(iv) (x~—1)’+6(3 +4x)*-10 is divided by (2x + 1)
V) X-37+4x-14 is divided by (x +2)

¢ () If (x + 2) is a factor of 3x* — 4kx — 4k%, then find the value(s) of k.
(i) If (x—1)is a factor of x* — kx* + 11x — 6, then find the value of k.

3. Without actual long division determine whether
(i) (x—2)and (x — 3) are factors of p(x) = x> — 12x* + 44x — 48.

(i) (x—2), (x+ 3) and (x — 4) are factors of g(x) = 2L S¥L 6.

4.  For what value of m is the polynomial p(x) = 4x> — 7x* + 6x — 3m exactly
divisible by x + 2?

5.  Determine the value of k if p(x) = kx* + 4x> + 3x — 4 and
g(x) = x> — 4x + k leaves the same remainder when divided by (x - 3).

6.  The remainder after dividing the polynomial p(x) = X +ax’ +7 by (x + 1) is 2b.
Calculate the value of a and b if this expression leaves a remainder of (b + 5) on
being divided by (x — 2).

7.  The polynomial x* + Ix* + mx + 24 has a factor (x + 4) and it leaves a remainder
of 36 when divided by (x — 2). Find the values of / and m.
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8.  The expression Ix’ + mx’ — 4 leaves remainder of —3 and 12 when divided by
(x — 1) and (x + 2) respectively. Calculate the values of / and m.

9.  The expression ax’ — 9 + bx + 3a is exactly divisible by x> ~5x + 6. Find the
values of a and b.
5.3 Factorization of a Cubic Polynomial

We can use Factor Theorem to factorize a cubic polynomial as explained
below. This is a convenient method particularly for factorization of a cubic
polynomial. We state (without proof) a very useful Theorem.

Rational Root Theorem
Let apx"+ al)c”_1 +--+a,x+a,=0, a,#0

be a polynomial equation of degree n with integral coefficients. If p/g is a rational
root (expressed in lowest terms) of the equation, then p is a factor of the constant term
a, and g is a factor of the leading coefficient a,,

Example

Factorize the polynomial x* —4x* + x + 6, by using Factor Theorem.
Solution

We have P(x) =x’ —4x* +x +6.

Possible factors of the constant term p = 6 are 1, 2, +3 and +6 and of leading
coefficient g = 1 are £1. Thus the expected zeros (or roots) of P(x) = 0 are

Z— =11, 42, 3 and 16. If x = a is a zero of P(x), then (x — a) will be a factor.

We use the hit and trial method to find zeros of P(x). Let us try x = 1.
Now P(1)=(1)*-4(1)+1+6
'=1-4+1+6=4%0

Hence x = 1 is not a zero of P(x).
Again P(-1)= (-1’ -4(-1’-1+6

=—1-4-14+6=0
Hence x = —1 is a zero of P(x) and therefore,
x—(=1)=(x+ 1) is a factor of P(x).
Now PQ2)=(2)>-4Q2)>+2+6

=8-16+2+6=0 = x=2isaroot.
Hence (x — 2) is also a factor of P(x).
Similarly P(3)=(3)*-4(3)*+3+6
=27-36+3+6=0 = x=31isazeroof P(x).

Hence (x — 3) is the third factor of P(x).
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Thus the factorized form of
P()=x -4 +x+6
is Px)=(x+1)(x-2)(x=13)

EXERCISE 5.4
Factorize each of the following cubic polynomials by factor theorem. :
1.  X©=-22-x+2 2. X-=2x+40 3. r—62+3x+10
4.  P+x*—-10x+8 § PL2Pe5x46 6. xSt~

7. A 12 ¢4 S L e PO

REVIEW EXERCISE 5
1.  Multiple Choice Questions. Choose the correct answer.

(i) The factors of ¥—5x+6are......

@ x+1,x-6 b)) x-2,x-3
) x+6,x-1 d x+2,x+3.
(i) Factors of 8% + 27y3 e o
(@) (2x+3y), (4" +9") (b)  (2x-3y), (4x" - 9"

©) @x+3y),@x-6xy+9%") () (2x—3y), (@ +6xy+9)
(iii) Factors of Do e, B

(@ (x+1),3x-2) ® (x+1),(3x+2)

© - &= 1);@r=2) d &-1),0Bx+2)
(iv) Factors of at—4abtare ......

(@) (a—b),(a+b),(@+4b)  (b) (d*-2b), (@ +2b)

(© (@-b).(@+b).@—4b") () (a—2b),(a+2b)
(v) What will be added to complete the square of 94" — 12ab? ......

(a) -16b° (b) 16b° (c) 4b° d —4p’
(vi) Find m so that L +4x+misa complete square ......

@ 8 ) =R ey d 16
(vii) Factors of 5¢ - 17xy - 12y2 e

(@) (x+4y), (5x+3y) () (x-4y), (5x-3y)

(€) (x—4y), (5x+3y) (d  Gx-4y), (x+3y)
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(viii) Factors of 27x°— —13- are i
X

(a) (3x—i‘),(9x2+3+%) (b) (3x+3lc-j,(9x2+3+§)
© (3x—%),(9x2—3+§) ) (3x+%),(9x2—3f;12-)

2. Completion Items. Fill in the blanks.
Q) EEF O = sssess
G b= 10 i

(1ii) 4a* + dab + GEGTI L ) is a complete square

2 2

Gvy -2 sk
y

X

W) G+ N =2+ ) = ceneaiis

(vi) Factored form of 0 TR TR

(vii) If x— 2 is factor of p(x) = x> +2kx+8, thenk=-..cve-..
3.  Factorize the following.

() X +8x+16-4y (i) 4x*—16y°
(iii) 9x*+27x+8 (iv) 1-647
(v) 8x - % (vi) 2y*+5y-3
27y
(vii) X’ +x*—4x—4 (viii) 25m°n® + 10mn + 1

(ix) 1-12pg+ 36p2q2
SUMMARY

If a polynomial is expressed as a product of other polynomials, then each
polynomial in the product is called a factor of the original polynomial.

The process of expressing an algebraic expression in terms of its factors is
called factorization. We learned to factorize expressions of the following types:

° ka + kb + kc

° ac + ad + bc + bd
o d+2ab+ b

° a-b :
e (dx2ab+b)-¢

R
° a*+db>+b* or a* +4b°
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H X +px+gq

. ax’ + bx +c

° (ax2+bx+c)(ax2+bx+d)+k

° x+a)(x+b)(x+c)(x+d) +k

e (+a)x+b)x+o)x+d) +kx’

s @ +3a’b +3ab’ + b’

e a-3db+3ab’-b’

e a+b

If a polynomial p(x) is divided by a linear divisor (x — a), then the remainder is
p(a).

If a specific number x = a is substituted for the variable x in a polynomial p(x)
so that the value p(a) is zero, then x = a is called a zero of the polynomial p(x).

The polynomial (x — a) is a factor of the polynomial p(x) if and only if p(a) = 0.
Factor theorem has been used to factorize cubic polynomials.




Unit 6
ALGEBRAIC MANIPULATION

Unit Outlines :
6.1 Highest Common Factor and Least Common Multiple
6.2 Basic Operations on Algebraic Fractions .
6.3 Square Root of Algebraic Expression

Students Learning Outcomes

After studying this unit, the students will be able to:

* find Highest Common Factor and Least Common Multiple of algebraic
expressions.

* use factor or division method to determine highest common factor and Least
Common Multiple.

know the relationship between H.C.F and L.C.M.

*  solve real life problems related to H.C.F and L.C. M.

* use highest common factor and least common multiple to reduce fractional
expressions involving +,—,X,+.

*  find square root of algebraic expressions by factorization and division.

Introduction

In this unit we will first deal with finding H.C.F. and L.C.M. of algebraic
expressions by factorization and long division. Then by using H.C.F. and L.C.M. we
will simplify fractional expressions. Toward the end of the unit finding square root of
algebraic expression by factorization and division are discussed.

6.1 Highest Common Factor (H.C.F.) and Least Common Multiple
(L.C.M.) of Algebraic Expressions

6.1.1(a) Highest Common Factor (H.C.F.)

If two or more algebraic expressions are given, then their common factor of
highest power is called the H.C.F. of the expressions.
(b) Least Common Multiple (L.C.M.)

If an algebraic expression p(x) is exactly divisible by two or more expressions,
then p(x) is called the Common Multiple of the given expressions. The Least
Common Multiple (L.C.M.) is the product of common factors together with non-
common factors of the given expressions.

114
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6.1.2(a) Finding H.C.F.
We can find H. C. F. of given expressions by the following two methods.
(i) By Factorization (ii) By Division
Sometimes it is difficult to find factors of given expressions. In that case,

method of division can be used to find H. C. F. We consider some examples to
explain these two methods.

(i) H.C.F. by Factorization
Example

Find the H. C. F. of the following polynomials.

P-4, +4x+4,22+x-6

Solution

By factorization,

F-4=(x+2)(x-2)

C+4x+4=(x+2)>

27 +x—6=2x>+4x—3x— 6= 2(x + 2) ~3(x+2)

‘ =(x+2) (2x-3)

Hence, H. C.F. = x + 2
(ii) H.C.F. by Division
Example

Use division method to find the H. C. F. of the polynomials

pR)=xX -7 +14x-8 and gx)=x-Tx+6

Solution
1
X=Tx+6 | -T2+ 14x-8
+x - Tx +
b T
= Tk 21— 14

Here the remainder can be factorized as
~T2 +21x— 145702 -3x+2)
We ignore —7 because it is not common to both the given polynomials and
consider ¥ - 3x+2.
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x+3

22 =3I AR R 6

AR e
_.+ p—

T 0x+ 6
- i
— + o
0
Hence H. C. F. of p(x) and g(x) is oo g
Observe that

(i) In finding H. C. F. by division, if required, any expression can be multiplied by
a suitable integer to avoid fraction.

(ii) In case we are given three polynomials, then as a first step we find H. C. F. of
any two of them and then find the H. C. F. of this H. C. F. and the third
polynomial.

(b) Finding L.C.M. by Factorization
Working Rule to find L.C.M. of given Algebraic Expressions
(i) Factorize the given expressions completely i.e., to simplest form.

(i) Then the L.C.M. is obtained by taking the product of each factor appearing in
any of the given expressions, raised to the highest power with which that factor
appears.

Example
Find the L.C.M. of p(x) = 12(x’ —y’) and g(x) = 8(x’ — xy°)
Solution
By prime factorization of the given expressions, we have
pe) =12 =3) =2 x3x (x - y) (¥ + xy +y)
and g(x) =80’ —10) =8x(x" - 3" = 2x(x + y) (x - y)
Hence L.C.M. of p(x) and g(x), '
2 x3xx(x+y) (x—y) (F +xy +7) = 24x (x +3) (& —y")
6.1.3 Relation between H.C.F. and L.C.M. : ‘
Example
By factorization, find (i) H.C.F. (i) LCM. of p(x) = 12()65 —x*) and

qx) = 8(x* - 3x’ +2x%). Establish a relation between p(x), g(x) and H.CF. and
L.C.M. of the expressions p(x) and g(x). PN
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Solution

Firstly, let us factorize completely the given expressions p(x) and g(x) into
irreducible factors. We have

px) =126° —xY =12 k-1 =2x3xx* x=-1)
and g(x) =8G' -3 +2) =8 (- +2)=22 P (x-1)(x-2)
H.CF.of p(x) and g(x) =2"x"(x—1)=4x" (x—1)
L.C.M. of p(x) and g(x) =2’x3 xx'(x—1)(x-2)
Observe that .
px) gx) =123  (x =) x 8> (x=1) (x=2)
=96:x° (x— 1)’ (x = 2) FeRE R ) e 6)
and (L.C.M.) (H.C.F.)
=2 x3xx' (x=1) (x=2)] [4* (x - 1)]
=[24x" (x = 1) (x = 2)] [4x* (x = 1)]
SN oy e B e T (ii)
From (i) and (ii) it is clear that

L.C.M. X H.C.F. = p(x) X q(x)

Hence, if p(x), g(x) and one of H.C.F. or L.C.M. are known, we can find the unknown
by the formulae,

L Roa<BEXed) . gopi peIxXek)

H.C.F. L.C.M.
II. IfL.CM., H.C.F. and one of p(x) or g(x) are known, then
L.CM. x H.C.F.
p(x) = g(x) ’
L.CM. x H.C.F.
q(x) = p(x)

Note: L.C.M. and H.C.F. are unique except for a factor of (-1).

Example 1
Find H.C.F. of the polynomials,
p(x) = 20(2x° + 3x° — 2x)
g(x) = 9(5x* + 40x)
Then using the above formula (I) find the L.C.M. of p(x) and ¢g(x).



Algebraic Manipulation 118

Solution
We have

p(x) =20(2x° + 3x° — 2x) = 20x (2x° + 3x— 2)
= 20x(2x” + 4x — x — 2) = 20x[2x(x + 2) — (x + 2)]
=20x(x+2) 2x—1D)=2"x5xx(x+2) 2x—-1)
g(x) = 9(5x" + 40x) = 45x(x’ + 8)
=45x (x+2) (= 2x+4)=5X 3 Xxx(x+2) &* - 2x + 4)
Thus H.C.F. of p(x) and g(x) is

=5x(x+2)

Now, using the formula L.CM. =B%{%%@

we obtain

L oM, = 22X 5 X x( +2)(2x = 1) X SX3°X x(x + 2)(* = 2x + 4)

A Sx(x+2) -
=4X5X9IxXx(x+2) 2x—1)(*=2x+4)
= 180x (x +2) 2x— 1) ° — 2x +4)
Example 2

Find the L.C.M. of
p(x) = 6x° —7x* — 27x + 8 and g(x) = 6x° + 17x°* + 9x — 4
Solution

We have, by long division,
1.1

6" =72 —27x+ 8 ) 6 +17x + 9x —4

6x° —7x° —27x +8

24x° +36x - 12
But the remainder 24x” + 36x — 12
= 122" + 3x - 1)
Thus, ignoring 12, we have
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3x—8
2% 43x—1 ) 6°=T-2Tx+8

6x° +9x° —3x
-+

—16x*-24x+8

—16x* —24x +8
+ + -

0

Hence H.C.F. of p(x) and g(x) is =2x"+3x—1
By using the formula, we have

o _p(x) X g(x)
LCM. S HCE,
_ (68 =72 = 27x + 8) (6x° + 176" + 9x—4)
2% #3x~1
_6x3—7x2,—27x+8 3 2
S 4 X (6x" + 17x"+9x—4)

= (3x—8) (6x° + 17x" + 9x — 4)

6.1.4 Application of H.C.F. and L.C.M.
Example :

The sum of two numbers is 120 and their H.C.F. is 12. Find the numbers.
Solution

Let the numbers be 12x and 12y, where x, y are numbers prime to each other.

Then 12x + 12y =120

ie, x+y=10

Thus we have to find two numbers whose sum is 10. The possible such pairs of
numbers are (1, 9), (2, 8), (3,7), (4, 6), (5, 5) :

The pairs of numbers which are prime to each other are (1, 9) and (3, 7)

Thus the required numbers are

12,912, ' 3%92, T2
ie, 12,108 and 36, 84.
EXERCISE 6.1

1.  Find the H.C.F. of the following expressions.

()  39x7y’zand 91x°y%7 (i) 102xy%, 85x%yz and 187xyz?
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2

10.

11.

6.2

Find the H.C.F. of the following expressions by factorization.
(i) P+5x+6, xX-4x-12

() x*-27, PF+6x-27, 2x°—18

Gii) X¥*—2%+x, F*+2x-3, X +3x-4

(iv) 18 -9 +8x), 24(x*-3x+2)

(v) 36(3x*+5¢ -2, 54Q27x*-x)

Find the H.C.F. of the following by division method.

@ P£+3P-16x+12 , Xr+2—-10x+8

) x*+x5-2%4x—31 - ;i SXE3EEITIr46

@ii) 20 —4x*—6x , X4+xt-32+3

Find the L.C.M. of the following expressions.

(i)  39x"y’z and 91x°y%7 (i) 102xy%z, 85x%yz and 187xyz*

Find the L.C.M. of the following expressions by factorization.

(G **-25x+ 100 and x> —x—20

() P+ax+4,2=-4,22+x-6

(i) 2(¢* -y, 32 + 26y - xy* - 2y)

(iv) 4(*-1),6(C —x*—x+1)

For what value of k is (x + 4) the H.C.F. of x* + x — (2k + 2) and 2x* + kx — 12 ?
If (x + 3) (x — 2) is the H.C.F. of p(x) = (x + 3) (2x* — 3x + k) and

g(x) = (x—2) (3x* + Tx — 1), find k and L.

The L.C.M. and H.C.F. of two polynomials p(x) and g(x) are 2(x* = 1) and
x+1) G hd) respectively. If p(x) = L +x>+x+1,find q(x).

Let p(x) = 1062 — 9) (x* — 3x + 2) and g(x) = 10x(x + 3) (x — 1)* If the H.C.F.

of p(x), g(x) is 10(x + 3) (x — 1), find their L.C.M.

Let the product of L.C.M and H.C.F of two polynomials be

(x+ 3)2 (x—2) (x + 5). If one polynomial is (x + 3) (x — 2) and the second
polynomial is 4 kx + 15, find the value of k.

Wagqas wishes to distribute 128 bananas and also 176 apples equally among a
certain number of children. Find the highest number of children who can get the
fruit in this way. :

Basic Operations on Algebraic Fractions

We shall now carryout the operations of addition, difference, product and

division on algebraic fractions by giving some examples. We assume that all fractions
are defined.
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Example 1
A%, o x+3 e % x+1
+ + 2
PPl F-3x+2 F=4x+3 x2—5x+6’x¢1’ )
Solution

x+3 x+2 x+1
2 *+ i
X —3x+2 x —-4x+3 x —-5x+6

x+3 x+2 x+1
P *73 e
X —2x—x+2 x —-3x-x+3 x°=3x-2x+6
i x+3 x+2 4 x+1
xx—-2)-1x-2) x(x-3)-1(x-3) x(x-3)-2(x-3)
x+3 - x+2 : x+1

TG-2G-1) x-3)G-1) G-3)x-2)
_x A3 x=N+ @202}t @+ Dx < 1)
(=T ZRE~ 3]
=x2—9+x2—4+xz—1
(x=1) &= 2) (x=3)
s 32’ - 14
=121 (x—3)
Example 2

3 2
X -8 x +6x+8
E X

xpress the product TR S

as an algebraic expression reduced to

lowest form, x #2, -2, 1
Solution
By factorizing completely, we have
©-8 xX+6x+8
¥4 Saen
=2+ 22X+ D)X+ (x+4)
i (x-2) (x+2) X (x = 1)
Now the factors of numerator are (x — 2), (x> + 2x + 4), (x +2) and (x + 4) and
the factors of denominator are
(x—2), (x+2) and (x— 1)*
Therefore, their H.C.F. is (x — 2) X (x + 2).
By cancelling H.C.F. i.e., (x — 2) (x + 2) from (i), we get the simplified form of
(& +2x +4) (x + 4)
@=1)

given product as the fraction
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Example 3
X+ x4 x—1
Divide 0 by R X and simplify by reducing to lowest forms.
Solution
2 3
We have x+x+1. x.-1

P9 (Xrdr+3
(x +x+1) (x —4x+3)
(x -9 (x——l)

_(x +x+1) (x —x—3x+3)

= B, T

@Az D=3 =D T ]

T x+)E-NE-D P +x+1) x+3°

...... (inverting)

(splitting the middle term)

xX#-3

EXERCISE 6.2
Simplify each of the following as a rational expression.
Xex—6 X +2-24
2 2
x =9 X —x-12

1.

5 [x+1_x—1_ 4x ] 4x
' xevl o dl. Akl wat§
L 1 AL g E oy 2 2

x —-8x+15 xX' —4x+3 x"—6x+3
i (x+22)(x+3)+(x+2)(22x2—32)
. x’-9 x-4)(x"—x—-6)
5. x+3 1 4x

+ s
2 +9x+9 2(2x-3) 4x*-9

1 a+1
6. A—A,whereA 5

7 [ —1+ 2 ]_[x+l+ 4 ]
g Y= L3 X X+2 45
8.  What rational expression should be subtracted from
2 +2x—1 x—1

to get ?
Py S A L W
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Perform the indicated operations and simplify to the lowest form.

P+x—6 -4

< ¥ xteiatin
x—8 X ¥6x+8

- x2—4xx2—2x+1

1L ;4—'8x % 2Zx—l & 12c+3
2x*+5x-3 x+2x+4 x -2

1. 2y22+7y—4+ tyz—l
3y"—13y+4 6y +y-—-1

N

X —ep Xt 4y X—y Xty

6.3 Square Root of Algebraic Expression
Definition

As with numbers we define the square root of a given expression p(x) as
another expression g(x) such that g(x) . g(x) = p(x).

As 5 x 5 =25, so square root of 25 is 5.

It means we can find square root of the expression p(x) if it can be expressed-as
a perfect square.

In this section we shall find square root of an algebraic expression
(i) by factorization
(i) by division
Example 1
Use factorization to find the square root of the expression
4% —12x+9
Solution We have, 4x” — 12x +9
= 4% —6x—6x+9=2x(2x - 3) - 32x—3)
=(2x—3) 2x-3) = (2x - 3)’
Hence ‘\/ 4x* - 12x+9
=+ (2x-3)
Example 2

1 1
Find the square root of xzt?+ 12 (x+;)+ 38, x#0
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Solution
1
We have x2+—2+12(x+1)+38

X ok
L2y % +2+12 (x + %) +36 , (adding and subtracting 2)

1Y 1
=(x+;) +2(x+;)(6)+(6)2

1 2

= [i(x+-x-+6)] : sincea2+2ab+b2=(a+b)2

1
-Hence the required square root is + (x tok 6)
(ii) By Division )
When it is difficult to convert the given expression into a perfect square by

factorization, we use the method of actual division to find its square root. The method
is similar to the division method of finding square root of numbers.

Note that

We first write the given expression in descending order of powers of x.
Example 1

Find the square root of 4x* + 12x° +x* — 12x + 4
Solution

We note that the given expression is already in descending order. Now the

square root of the first term i.e., \/4 *= 2x%. So the first term of the divisor and

quotient will be 2x in the first step. At each successive step, the remaining terms will
be brought down.

O Wr -1
2xz) 4 +12° + 42— 12x+ 4
+4x*
4x" + 3x ) 12 + % — 12x + 4
+12x° +9x°
4x2+6x—2) =%~ 12x+4
:,:8x2¢12xi'4
0

Thus square root of given expression is +(2x* + 3x — 2)
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Example 2

Find the square root of the .expression
k Goa ¥ o bl
45 +8=+16+122+9%
y2 y X x2
Solution
We note that the given expression is in descending powers of x.

|35

Now 4 _x_2 =) g . So proceeding as usual, we have

y
% .,
23 #2487
, . s ¥ St
2
+4%
y
4£+2> 8% +16
y y
X
+8% + 4
y .
4f+4+32) 124122 492
y X x x2
2
+12+122 9%
x &
0

Hence the square root of given expression is
+ (2 28910 X)
y x

Example 3

To make the expression x'—10x" +33x* - 42x+20 a perfect square,
(i) what should be added to it?

(ii) what should be subtracted from it?

(iii) what should be the value of x?
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Solution
X-5x+4
e ¥ 1028+ 334 — 42x+ 20
i.x4

| 2x2—5x> ~10x° + 3347

F 10x° £25x°
2x2—10x+4> 8x” — 42x + 20
+8x* F40x+ 16
- 2x + 4

For making the given expression a perfect square the remainder must be zero.
Hence

(i)  we should add (2x — 4) to the given expression
(ii) we should subtract (—2x + 4) from the given expression

(iii) we should take —2x + 4 = 0 to find the value of x. This gives the required value
of xie., x=2.

EXERCISE 6.3
1.  Use factorization to find the square root of the following expressions.
Q) 4 —12xy+9y
¢ 1
) #-1+=73 @x#0)
4x

1 1 1
(i) Tgxz -Exy+§-6-.y2

(iv) 4(a+b) -12(a’ - b)) +9a-b)’
4x° - 12.x3y3 + 9y6
ox* + 24x%” + 16y"

(vi) (x+%)2—4(x-i) x#0)
(vii) (x2+;15)2—4(x+;1c‘)2+12 (x#0)

(viii) (2 +3x +2) (% + 4x +3) (¥ + 55+ 6)
(ix) OF+8x+7) (2 —x—3) (2 + 11x—21)

)
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Use division method to find the square root of the following expressions.
() 4+ 12xy+9y° + 16x+ 24y + 16

(i) x*— 102 +37%* - 60x + 36

(i) 9x*—6x°+7x% - 2x+1

(iv) 4+25x" = 12x-24x° + 16x*

2 2
) i;—lo’;‘+27—1o§+f5 (x#0,y#0)

Find the value of k for which the following expressions will become a perfect
square.
() 4x*-127+37%-42%+k (i) 5 -4 +10-kx+9
Find the values of / and m for which the following expressions will become
perfect squares.
0 F+a’+168+Ix+m () 49x* — 700 + 1097 + Ix—m
To make the expression 9x* — 12x* + 22x° — 13x + 12, a perfect square
(i) what should be added to it?
(ii) what should be subtracted from it?
(iii) what should be the value of x?
REVIEW EXERCISE 6 -

1. Choose the correct answer,

(i)

(i)

(iii)

(iv)

V)

(vi)

H.CF. of p°q - pg® and p°¢* - p*Gis ...

@ pe@’-q) ®) pep-gq)

© PdPp-9 @ pep®-q)

H.CF. of 5x%” and 20y’ is ...

(@) 52 (b) 20xy° (©) 100x%° (d) 5xy
HCF.ofx—2and 2 +x-6is......

@ XP+x-6 (b) x+3 () x-2 d) x+2
HCF.a*+b’ and a* — ab + bis ...... '

@ a+b (b) da*-ab+b?

() (a-b) (d) a*+b?

HCF.of ?-5x+6and *—x—6is ......

(@ x-3 (b) x+2 ) P-4 d x-2
HCF.ofa>- b anda® - bis ......

@ e ' ®) a+b

(c) da*+ab+b d) a*-ab+b?
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(vii) HCF.of ¥ +3x+2, 2 +4x+3,and X¥* + Sx +4is ......

(@ =x+1 ®d @+DH(x+2)

) x+3 d @+4)@x+1)
(viii) L.C.M. of 15x%, 45xy and 30xyz is ....... .

(@ 90xyz (b) 90x%yz (c) 15xyz (d) 15x%yz
(ix) L.CM.ofd*+b?and a* - b*is ....... :

(@) a*+b () a@-b* () a*-b* (d a-b
(x)  The product of two algebraic expressions is equal to the ...... of their H.C.F.

and L.C.M.

(a) Sum (b) Difference

(c) Product (d) Quotient
(xi)  SImplify a3 4 3= = e

ot " G 4a-b 4a+b b

@, oz ®igply @ a7 @ gpIp

a +5a—14 a+3

(xii) Simplify s 18 X oS it
a+7 a+17 a+3 a—2
W 2T W N © 2 6 @ 433
a - b3 a +ab+ b’
(xiii) Slmphfy &b + RN Bt -
1 1 a-b a+b
) = Sp 6 = s @ YL 52
L bl ) ( P ) £
(xiv) Simplify ( D -1 1 ik o) =
<, 5 4 o X
@. x4y (b) x+y (eyoi @ 7
(xv) The square root of a*> —2a + 1 is .......
(@ tf(@+1) () £@-1) (© a-1 (d a+1
(xvi) What should be added to complete the square of x* + 64‘? ......
(@ 8 (b) -8 (©) 16x @ 42

; b 1 :
(xvii) The square root of x* + Ar2is...

@ (x+3) ® i(x“é) © (x-1) @ i(xz--x%j
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Find the H.C.F. of the following by factorization.

8x* — 128, 124’ - 96

Find the H.C.F. of the following by division method.
y3+3y2—3y—9, y3+ 3y2—8y—24

Find the L.C.M. of the following by factrization.

126" - 75, 6x° —13x 5, 4x" - 20x + 25

If H.C.F of x* + 3x° + 5x* + 26x + 56 and x* + 2’ — 4x” — x + 28 is
x* +5x + 7, find their L.C.M.

Simplify
: 3 3
@ r+xr+x+1 r-PEesy
(i) a+b i} a’ —ab
a@—-b> a*—-2ab+b

Find square root by using factorization.

1 1
(x2+‘§)+ 10 (x+“‘) +27 (x#0)
X X

Find square root by using division method.

2
%+&+13—%)X

92
+2% (1,y#0)
y - 4

SUMMARY

We learned to find the H.C.F. and L.CM. of algebrmc expressions by the
methods of factorization and division.

We established a relation between H.C.F. and L.C.M. of two polynomials p(x)
and g(x) given by the formula

L.CM. xH.C.F. = p(x) X g(x)
and used it to determine L.C.M. or H.C.F. etc.
Any unknown expression may be found if three of them are known by using
the relation

L.CM x H.C.F = p(x) X g(x)
H.CF. and L.C.M. are used to simplify fractional expressions involving basic
operations of +, —X,
Determination of square root of algebraic expression by factorization and
division methods has been defined and explained.




Unit 7
LINEAR EQUATIONS AND INEQUALITIES

Unit Qutlines
7.1. Linear Equations :
7.2. Equations Involving Absolute Value
7.3. Linear Inequalities
7.4. Solving Linear Inequalities

Students Learning Outcomes

After studying this unit the students will be able to:
* recall linear equation in one variable.
* solve linear equation with rational coefficients.

* reduce equations, involving radicals, to simple linear form and find their
solutions.

define absolute value.

solve the equation, involving absolute value, in one variable.

define inequalities ( >, <) and (2, <).

recognize properties of inequalities (i.e. trichotomy, transitive, additive and
multiplicative).

* solve linear inequalities with rational coefficients.

L S RO RSl

Introduction

In this unit we will extend the study of previously learned skills to the solution
of equations with rational coefficients of Unit 2 and the equations involving radicals
and absolute value. Finally, after defining inequalities, and recalling their trichotomy,
transitive, additive and multiplicative properties we will use them to solve linear
inequalities with rational coefficients.

7.1 Linear Equations

7.1.1 Definition
A linear equation in one unknown variable x is an equation of the form
ax+b=0, where a,be Randa#0.

A solution to a linear equation is any replacement or substitution for the
variable x that makes the statement true. Two linear equations are said to be
equivalent if they have exactly the same solution.

130
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7.1.2 Solving a Linear Equation in One Variable

The process of solving an equation involves finding a sequence of equivalent
equations until the variable x is isolated on one side of the equation to give the
solution.

Technique for Solving

The procedure for solving linear equations in one variable is summarized in the
following box.

* If fractions are present, we multiply each side by the L.CM. of the
denominators to eliminate them.

* To remove parentheses we use the distributive property.
* Combine alike terms, if any, on both sides.

* Use the addition property of equality (add or subtract) to get all the vanables on
left side and constants on the other side.

*  Use the multiplicative property of equality to isolate the variable.
* _Verify the answer by replacing the variable in the original equation.

Example 1
Solve the equati Eolnd ol
olve the equation gt

Solution
Multiplying each side of the given equation by 6, the L.C.M. of denominators 2,
3 and 6 to eliminate fractions, we get

Ix—2(x—-2) =25
= x-2x+4=25

= Tx =21
= x=3
Check
Substituting x-= 3 in original equation,
3 220125
A sl
: i l _2
236
i T

WL e which is true
Since x = 3 makes the original statement true, therefore the solution is correct.
Note: Some fractional equations may have no solution.
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Example 2
s a3

Solve =y T y#1

y—-1
Solution

To clear fractions we multiply both sides by the L.C.M. =y — 1 and get
3-2(y—1) =3y
= 3-2y+2'=3p

> =S5y =+5
= =1
Check
Substituting y = 1 in the given equation, we have
<3115 SR A
1-1 T 1-1
3 3
O oh
But -

0 is undefined. So y = 1 cannot be a solution.

Thus the given equation has no solution.
Example 3

Solve i = X

3 x—1

=00 G 3 |
Solution

To clear fractions we multiply each side by 3(x — 1) with the assumption that
x—1#0 ie, x#1, and get

x-=1D@Bx-1)—6x =3x(x—-1)
=3 —4x+1—-6x =3x°—3x

= —10x+1 =-3x
= —7x =-1
1
= xX=5
Check

: 1 B i ;
On substituting x = 7the original equation is verified a true statement. That

e " 1
means the restriction x # 1 has no effect on the solution because =

7¢1-

g .
Hence our solution x = 7is correct.
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7.1.3 Equations Involving Radicals but Reducible to Linear Form
Definition ‘

Raising each side of the equation to a certain power may produce a -
nonequivalent equation that has more solutions than the original equation. These
additional solutions are called extraneeus solutions. We must check our answer(s) for
such solutions when working with radica¥equations.

When raising each side of the equation to a certain power may produce a
nonequivalent equation that has more-solutions than the original equation. These
additional solutions are called extraneous solutions. We must check our answer(s) for
such solutions when working with radical equations.

Note: An important point to be noted is that raising each side to an odd power will
always give an equivalent equation; whereas raising each side to an even power might
not do so.

Example 1
Solve the equations

@ \2x—3-7=0 (b) PBr+5=x-1

Solution
(a) To isolate the radical, we can rewrite the given equation as

\/2x—3 =7

— RN ek P P g (squaring each side)
= 2 =52 =>laxs 26
Check
Let us substitute x = 26 in the original equation. Then
226)-3-7=0
52-3-7=0
\J49-7 =0
=Y
Hence the solution set is {26}.
(b) We have
\3[3x +5 = . 1 e T (given)
= x4 J=x-1 RN (taking cube of each side)
= 2x=-6 = x=-3
Check

We substitute x = —3 in the original equation. Then
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PH+s =Y5-1 = Y=<

Thus x = -3 satisfies the original equation.

Here %/——4 is a real number because we raised each side of the equation to an
odd power.

Thus the solution set = {—3}
Example 2
Solve and check: \/5x -7 —[x + 10=0

Solution

When two terms of a radical equation contain variables in the -radicand, we
express the equation such that only one of these terms is on each side. So we rewrite
the equation in this form to get

\5x-7 =[x+ 10
Xl mx+10, . (squaring each side)

4x =17 = x=7
Check ‘

L 5 08n g :
Substituting x = 7~ in original equation.

\S5x-7-4x+10 =0
17 17
\/5(7)—7 —\/-74-+10 =0
57 57
VB2 -

0 =0
ie, x= % makes the given equation a true statement.

Thus solution set = {%41}

Example 3 -
Solve x+ 7 +\x +2=46x+ 13




135 Mathematics 9

Solution

Vx+7+x+2=1/6x+13
Squaring both sides we get

x+7+x+2+2\/(x+7)(x+2)=6x+13'

= 2VX+9%x+14 =4x+4
= L+ +14 =2c+2
Squaring again :
F+9x+14=4"+8x+4
3x*—x-10=0
3x*—6x+5x—10=0
3x(x-2)+5(x-2)=0
(x-2)(3x+5)=0

5
x=2,—§

TR TR T TR

: 5
On checking, we see that x = 2 satisfies the equation, but x = — 3 does not

o \ . ] 57
satisfy the equation. So solution set is {2} and x = — 3 s an extraneous root.

EXERCISE 7.1
1. Solve the following equations. 3
B 2 d 1 i) e i
Al e i W% € =3 odmi - =L
TNG2D o8 “Wig 1 2
(i11) z(x‘g)+§=g+§(5—3x) (v) x+3=2 x—g)—6x
Rk s B s
) 6 x=1-7% (v1)_3x 5 2 x—2’x¢2
MO Shrson: B beglhion 2
Vel PP A o T TRt SR 1 P s e £
: 2 by il 2 2 p 1
. MRS W T R B BT 65 6il

2. Solve each equation and check for extraneous solution, if any.

G) \PBx+d=2 Gi) A2x—4-2=0
Gii)\x—3-7=0 (v) 2\T+4=5
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W) 2x+3=1x—2 (vi) A2 —1=21—28

1 5
(Vi) \2r+6 -2 —5=0 (viii) \ (3o g =2 E s

7.2 Equation Involving Absolute Value

Another type of linear equation is the one that contains absolute value. To solve
equations involving absolute value we first give the following definition.

7.2.1 Definition
The absolute value of a real number ‘a’ denoted by lal, is defined as

a, ifa>0
lat = {
-a, ifa<0 ,
eg., |61=6 , 10l=0 and |-61=—(-6)=6
Some properties of Absolute Value

If a, b € R, then

i) lal=0 @) l—-al=lal

. al .lal
Gi)labl=lal-1bl (iv) 5 —lbl,b;éO

7.2.2  Solving Linear Equations Involving Absolute Value
Keeping in mind the definition of absolute value we can immediately say that
|x|=3isequivalenttox=3 or x=-3,
because x = +3 or x = -3 make | x | = 3 a true statement.

For solving an equation involving absolute value, we express the given
equation as an equivalent compound sentence and solve each part separately.

Example 1
Solve and check, 12x +3l=11
Solution

By definition, depending on whether (2x + 3) is positive or negative the given
equation is equivalent to

+2x+3)=11 or (2x+3)=11
In practice, these two equations are usually written as
2x+3 =+11 ‘or 2x+3 =-11
2 =8 or  2x=-14
x =4 or x =-7
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Check
Substituting x = 4, in the original equation, we get
12(4) +31 =11
1.e., 11 =11, Lire
Now substituting x =-7, we have
2(-7)+3l =11
=11}l =11
11 =1 sfmie

Hence x =4, — 7 are the solutions to the given equation.
or  Solution set = {-7, 4}

Note: For an equation like 3lx — 11 — 6 = 8, do not forget to isolate the absolute value
expression on one side of the equation before writing the equivalent equations. In the
equation under consideration we must first write it as

Ix - 11=14/3
Example 2
Solve 18x — 3| = l4x + 5l
Solution
Since two numbers having the same absolute value are either equal or differ in
sign, therefore, the given equation is equivalent to
8x—-3=4x+5 or 8x—3 =—(4x+5)
4x =8 or 12x =-2
x52 or x =-1/6

: : 1
On checking we find that x =2, x = — 5 both satisfy the original equation.

Hence the solution set = { - % 2 }

Sometimes it may happen that the solution(s) obtained do not satisfy the
original equation. Such solution(s) (called extraneous) must be rejected. Therefore, it
is always advisable to check the solutions in the original equation.

Example 3
Solve and check 13x+ 10l=5x+6

Solution :
The given equation is equivalent to

+(Bx+10) =5x+6
1.6 3x+10 =5x+6 or 3x+10 =—(5x+6)
-2x =—4 or 8 =-16
X =) or X =-2
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On checking in the original equation we see that x = —2 does not satisfy it.
Hence the only solution is x = 2.

EXERCISE 7.2

1. Identify the following statements as True or False.

' (D) d= 0 hasioPe one sOIIHON; 15 .2 it rertitsiii: SBEATUNBIE ) e
(i) All absolute value equations have two solutions. ...
(iii)) The equation | x| = 2 is equivalent tox=2orx=-2. @ ...
(iv) The equation Ix — 4l = -4 has no solution.. =~ = -~ ...
(v) The equation |2x — 3l =5 isequivalentto2x-3=5o0or2x+3=5.  ......

2. Solve for x

1
(1) A3x-51=4 (i) §|3x+2l—4=11
(i) 12x+ 5l=11 ; @iv) 13+ 2xl=16x—7I
1
V) x+21-3=5-Ix+2I (vi) 5!x+3|+21=9
2 3-5x i 2 x+5
(vii) I m Sasg (viii) |2—x =40

7.3 Linear Inequalities

In Unit 2 we discussed an important comparing property of ordering real
numbers. This order relation helps us to compare two real numbers ‘@’ and ‘b’ when
a # b. This comparability is of primary importance in many applications. We may
compare prices, heights, weights, temperatures, distances, costs of manufacturing,
distances, time etc. The inequality symbols < and > were introduced by an English
mathematician Thomas Harriot (1560 — 1621).

7.3.1 Defining Inequalities

Let a, b be real numbers. Then a is greater than b if the difference a-bis
positive and we denote this order relation by the inequality a > b. An equivalent
statement is that in which b is less than a, symbolised by b < a. Similarly, if a — b is
negative, then a is less than b and expressed in symbols as a < b.

Sometimes we know that one number is either less than another number or
equal to it. But we do not know which one is the case. In such a situation we use the
symbol “<” which is read as “less than or equal to”. Likewise, the symbol “>” is used
to mean “greater than or equal to”. The symbols <, >, < and > are also called
inequality signs. The inequalities x > y and x<y are known as strict (or strong)
inequalities whereas the inequalities x <y and y <x are called non-strict (or weak).
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If we combine a < b and b < ¢ we get a double inequality written in a compact
form as a < b < ¢ which means “b lies between a and ¢” and read as “a is less than b
less than ¢”. Similarly, “a < b < ¢” is read as “b is between a and c, inclusive.”

A linear inequality in one variable x is an inequality in which the variable x
occurs only to the first power and has the standard form

ax+b<0, a#0
where a and b are real numbers. We may replace the symbol < by >, < or 2 also.

7.3.2 Properties of Inequalities
The properties of inequalities which we are going to use in solving linear
inequalities in one variable are as under.
1 Law of Trichotomy
For any a, b € R, one and only one of the following statements is true.
a<b ot a=b or a>b '
An important special case of this property is the case for b = 0; namely,
a<0 or a=0 or a>0foranyae R.
2 Transitive Property A
Leta,b,c e R.
(i) Ifa>bandb>c,thena>c
(i) Ifa<bandb<c,thena<c

3 Additive Closure Property Fora, b,c e R,

(i) Ifa>b,thena+c>b+c
Ifa<b,thena+c<b+c

(i) Ifa>0andb>0,thena+b>0
Ifa<0andb<0,thena+b<0

4 Multiplicative Property
Leta,b,c,de R

(i) Ifa>0andb>0,thenab >0, whereasa<0andb<0=ab>0

(i) Ifa>bandc> 0, then ac > bc
orif a< b and ¢ > 0, then ac < bc

(iii) Ifa> b and c <0, then ac < be
orifa < b and c <0, then ac > be

The above property (iii) states that the sign of 1nequa11ty 1s reversed if each side
is multiplied by a negative real number.

(iv) Ifa>bandc>d, then ac > bd
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7.4. Solving Linear Inequalities

The method of solving an algebraic inequality in one variable is explained with
the help of following examples.

- Example 1
Solve 9 -7x> 19 — 2x, where x € R.
Solution
9-7x >19-2x
Q=3 >0, . S lues (Adding 2x to each side)
e || MO T (Adding -9 to each side)
- S gl O h (Multiplying each side by = 1)
Hence the solution set = {x | x < — 2} 3
Example 2
Solvelx-QSx +'1‘ wherex € R.
e gy 3
Solution
1 2 1
=

To clear fractions we multiply each side by 6, the L.C.M. of 2 and 3 and get

i % 1
6[2*‘3]“[“3]

or 3x—4<6x+2

or 3x<6x+6
or -3x £6
or x 2-2

Hence the solution set = {x | x > -2}.
Example 3

ox
Solve the double inequality — 2 < 3 1, where x e R.

Solution
The given inequality is a double inequality and represents two separate
inequalities
1 -2x a2
-2< 3 and — 3 <1
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or —-6<1=2xt<3
or —-T7< -2x <2

L 1
or 2 > X > -
L€ gl o 0 23S

So the solution setis {x|— 1 <x < 3.5}.

Example 4
Solve the inequality 4x — 1 <3 <7 + 2x, where x € R.

Solution ,

The given inequality holds if and- only if both the separate inequalities
4x—1<3and 3 <7 + 2x hold. We solve each of these inequalities separately.

The first inequality 4x—1<3

gives SRR T o Ty N e e e e e e (1)
and the second inequality 3 <7 +2x yields —4 < 2x
i.e., —2<x which implies x > -2 & T A (i1)

Combining (i) and (ii), we have —2<x<1
Thus the solution set = {x | -2 < x<1}.

EXERCISE 7.3
1. Solve the following inequalities.
i 3x+1<5x-4 (i) 4x-103<21x-1.8
1 1 P 1
(iii) 4—5x2—7+zx (1v)x—2(5—2x)26x—3-2-
X422 " 2r4+1
W = 3+ Seecs] (vi) 3Q2x+ 1) = 22+ 5) < 5 (3x - 2)
i N 1
(vil) 3x-1)-(x-2)>-2(x+4) (viii) 2§x+§(5x—4)>—§(8x+7)

2. Solve the following inequalities.

() —~423x+5cg (i) —5s4_23x<1

50 .
(i) —6< =<6 (iv)3277"z1
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-

(v) 3x-10<5<x+3 (vi) -3 <4

(vii) 1-2x<5-x<25-6x (viii) 3x-2<2x+1<4x+17
REVIEW EXERCISE 7

1.  Choose the correct answer.
(i)  Which of the following is the solution of the inequality 3 —4x <117 ......

(@ -8 (b) -2 ) - %‘ (d) None of these
(i) A statement involving any of the symbols <, >, <or2 iscalled ......

(a) equation (b) identity

(c) inequality " (d) linear equation

3
(i), X = ------ is a solution of the inequality -2 < x < -
3

fa).; =3 ® 3 © O @ 3
(iv) If x is no larger than 10, then ......

(@ x=>8 b)) x<10 (c); x=10) (d x>10
(v) If the capacity c of an elevator is at most 1600 pounds, then ......

(@) ¢<1600 (b) ¢=1600 (c) c¢<1600 (d) c¢>1600
(vi) x=0 is a solution of the inequality ......

@ x>0 b)) 3x+5<0

) x+2<0 d x-2<0

2. Identify the following statements as True or False.
(i) The equation 3x — 5 =7 — x is a linear equation.
(ii) Th equation x — 0.3x = 0.7x is an identity.
(iii) The equation —2x + 3 = 8 is equivalent to—2x=11. . ...
(iv) To eliminate fractions, we multiply each side of an equation by the L.C.M.

of denominators. <

(v) 4(x + 3) =x + 3 is a conditional equation.
(vi) The equation 2(3x + 5) = 6x + 12 is an inconsistent equation.

------
......

......

2
(vii)To solve 3X= 12, we should multiply each side by %

(viii) Equations having exactly the same solution are called equivalent
equations.

(ix) A solution that does not satisfy the original equation is called extraneous
solution.
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3. Answer the following short questions.

@
(it)
(iii)

@iv)

Define a linear inequality in one variable.
State the trichotomy and transitive properties of inequalities.

The formula relating degrees Fahrenheit to degrees Celsius is F = %C + 32.

For what value of C is F < 0?

Seven times the sum of an integer and 12 is at least 50 and at most 60. Write
and solve the inequality that expresses this relationship.

Solve each of the following and check for extraneous solution, if any.

() \2t+4=+1-1 (i) \Bx—1-21/8-2x=0

Solve for x

(1) Bx+14-2=5x (i1) %Ix—3l=%|x+2l

Solve the following inequality

@) —%x+5$1 (ii) a5 pheml 5 §

5

SUMMERY
Linear Equation in one variable xisax+ b=0 wherea,be R,a#0.

‘Solution to an equation is that value of x which makes it a true statement.

Two linear equations aré\cgl}ed equivalent if they have exactly the same solution.
An inconsistent equation is that whose-solution set is ¢.

Additive property of equality: .

If a=b, then a+c=b+c

and a—c=b-c,Va,b,ce R

Multiplicative property of equality: If a = b, then ac = bc

Cancellation property: Ifa+c=b+c,thena=»5b
Ifac=bc,c#0thena=b,Va,b,ce R :

To solve an equation we find a sequence of equivalent equations to 1solate the
variable x on one side of the equality to get solution.

A radical equation is that in which the variable occurs under the radical. It must
be checked for any extraneous solution(s).

Absolute value of a real number a is defined as

a, ifa20
lal=
| —a, ifa<0
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ai Properties of Absolute value:
If a, b € R, then
@i lalz20
@) l-al=lal
(iii) labl=lal-1b|
(iv) |%|=% , b#0
(v) lxl=aisequivalenttox=aorx=-a
* Inequality symbols are <,>,<,2
A linear inequality in one variable xis ax+b<0, a#0
* Properties of Inequality:
(a) Law of Trichotomy
Ifa,be Rthena<bh or a=b or a>b
(b) Transitive law
Ifa>band b>c,thena>c
(c) Multiplication and division:

() fa>bh,c>0, thenac>bcand%>€:

(ii) Ifa> b, ¢ < 0, then ac < be and%<g




Unit 8

LINEAR GRAPHS & THEIR APPLICATION

Unit Outlines

8.1 Introduction

8.2 Cartesian Plane

8.3 Conversion Graphs

8.4 Graphical Solution of Equations in two variables.

Students Learning Outcomes

*
*

R W PN

After studying this unit, the students will be able to:

* identify pair of real numbers as an ordered pair.

recognize an ordered pair through different examples.

describe rectangular or Cartesian plane consisting of two number lines
interesting at right angles at the point O.

identify origin (O) and coordinate axes (horizontal and vertlcal axes or x-axis
and y-axis) in the rectangular plane.

locate an ordered pair (a, b) as a point in the rectangular plane and recognize.

) a as the x-coordinate (or abscissa),

e b as the y-coordinate (or ordinate).

draw different geometrical shapes (e.g., line segment, triangle and rectangle
etc.) by joining a set of given points.

construct a table for pairs of values satisfying a linear equation in two variables.
plot the pairs of points to obtain the graph of a given expression.

choose an appropriate scale to draw a graph.

draw a graph of

o an equation of the form y = ¢,

° an equation of the form x = a,

° an equation of the form y = mux,

. an equation of the form y = mx + c.

* draw a graph from a given table of (discrete) values.
* solve appropriate real life problems.
* interpret conversion graph as a linear graph relating to two quantities which are

in direct proportion.

* read a given graph to know one quantity corresponding to another.
* read the graph for conversions of the form.

© miles and kilometers,

145
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© acres and hectares,
° degrees Celsius and degrees Fahrenheit,
° Pakistani currency and another currency, etc.
* solve simultaneous linear equations in two variables using graphical method.-

8.1 Cartesian Plane and Linear Graphs

8.1.1 An Ordered Pair of Real Numbers

An ordered pair of real numbers x and y is a pair (x, y) in which elements are
written in specific order,
ie., (i) (x,y)isan ordered pair in which first element is x and second is y.

such that (x, y) # (y, x) where, x #y.

(i) (2, 3) and (3, 2) are two different ordered pairs.

(iii)) (x,y)=(m,n) onlyifx=mandy=n.
8.1.2 Recognizing an Ordered Pair

In the class room the seat of a student is the example of an ordered pair. For

example, the seat of the student A is 5th place in the 3rd row, so it corresponds to the
ordered pair (3, 5). Here 3 shows the number of the row and 5 shows its seat number
in this row.

Similarly an ordered pair (4, 3) represents a seat located to a student A in the
examination hall at the 4th row and 3rd column i.e., 3rd place in the 4th row.
8.1.3 Cartesian Plane

A cartesian plane establishes one-to-one correspondence between the set of
ordered pairs R X R = {(x, y) | x, y € R} and the points of the Cartesian plane.
In plane two mutually perpendicular straight lines are drawn. The lines are

called the coordinate axes. The point O, where the two lines meet is called origin.
This plane is called the coordinate plane or the Cartesian plane.

8.1.4 Identification of Origin and Co- J
ordiante Axes b £ -

The horizontal line XOX’ is called the
x-axis and the vertical line YOY’ is called the
y-axis. The point O where the x-axis and y-
axis meet is called the origin and it is denoted i
by O(0, 0). X op, 9 | [X

We have noted that each point in the
plane either lies on the axes of the coordinate
plane or in any one of quadrants of the plane
namely XOY, YOX’, X'OY’ and Y'OX Y 1
respectively called the first, second, third and Y
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fourth quadrant of the plane subdivided by the coordinate axes of the plane.
They are denoted by Q-I, Q-II, Q-III and Q-IV respectively.
The signs of the coordinates of the points (x, y) are shown below;

Y-
IL ol
£ey A" fut ¥
5 3t o x>0
Y PO y»0
X[ (8] X
QHH QTR
Xk X0
YKO YO0

e.g., 1. The point (-3, 1) liesin Q-III. 2. The point (2, —3) lies in Q-IV.

3. The point (2,5)liesinQ-I. - 4. The point (2, 0) lies on x-axis.
8.1.5 Location of the point P(a, b) in the Plane corresponding to the Ordered
Pair (a, b)
Let (a, b) be an ordered pair of R X R.
A
Y —+
A
5 1P, 3)
T ]
3
y s
T o] N1
\ 4
-
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In the reference system, the real number a is measured along x-axis, OA = a
units away from the origin along OX (if @ > 0) and the real number b along y-axis,
OB = b units away from the origin along OY (if » > 0). From B on OY, draw the line
parallel to x-axis and from A on OX draw line parallel to y-axis. Both the lines meet
at the point P. Then the point P corresponds to the ordered pair (a, b).

In the graph shown above 2 is the x-coordinate and 3 is the y-coordinate of the
point P which is denoted by P(2, 3).

In this way coordinates of each point in the plane are obtained.

The x-coordinate of the point is called abscissa of the point P(x, y) and the
y-coordinate is called its ordinate.

1.  Each point P of the plane can be identified by the coordinates of the pair (x, y)
and is represented by P(x, y).

2.  All the points of the plane have y-coordinate, y = 0 if they lie on the x-axis.
i.e., P(=2, 0) lies on the x-axis.
3.  All the points of the plane have x-coordinate x = 0 if they lie on the y-axis,
i.e., Q(0, 3) lies on the y-axis.
8.1.6 Drawing different Geometrical Shapes in Cartesian Plane
We define first the idea of collinear points before going to form geometrical

shapes. .L
(a) Line-Segment , +Y Q(6,6)
Example 1:

Let P(2, 2) and Q(6, 6) be two points.
1.  Plot points P and Q.
2. By joining the points P and Q, we get the line ‘B(2,2)

segment PQ. It is represented by PQ. 0 : r_

Example 2:

Plot points P(2, 2) and Q(6, 2). By joining
them, we get a line segment PQ parallel to
X-axis,

where ordinate of both points is equal.

(2,2) (6;2)
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Example 3:
o B 5 4 ¢

Plot points P(3, 2) and Q(3, 7). By joining Y}- Q+~"’ 4
them, we get a line segment PQ parallel to
y-axis. ;

In this graph abcissas of both the points are

ual.
eq P\-’9 ir)
<5 ):( 3

(b) Triangle
Example 1: TS

Plot the points P(3, 2), Q(6, 7) and 6 7)
R(9, 3). By joining them, we get a triangle
PQR. : 1/ ‘\

/ N
A
—t ol R
P(3/2) 943
5 } 3l

Example 2: i

For points O(0, 0), P(3, 0) and R(3, 3), 3 R(3,3)
the triangle OPR is constructed as shown by
the side.

o®, 9 palo)| X

4-4‘
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(c) Rectangle
Example: ]}:Y
Plot the points P(2, 3), Q(2, 0), S(-2, 0) —2,3) P2,3]
and R(-2, 3). Joining the points P, Q, S and R, 90°
we get a rectangle PQSR. NS oy
Along y-axis, . : 2 X ’
2 (length of square) = 1 unit e )
9p° % 1
[' R ’0) O Q( ,0' &
--Y

8.1.7 Construction of a Table for Pairs of Values satisfying a Linear Equation
in Two Variables.
Let 2x+y=1 1)
be a linear equation in two variables x and y.

The ordered pair (x, y) satisfies the equation and by varying x, corresponding y
is obtained.

We express (i) in the form

(ii)
The pairs (x, y) which satisfy (ii) are tabulated below.
X y x, y)
~1 3 (-1,3) |atx=-1,y=(-2)(-D+1=2+1=3
0 1 0,1) |atx=0, y=(-2)0)+1=0+1=1
1 =1 (1,-1) l|atx=1, y=(2)D)+1=—2+1=-1
3 -5 (3,-5) |atx=3, y=—6+1==5

Similarly all the points can be computed, the ordered pairs of which do satisfy
the equation (i).
8.1.8 Plotting the points to get the graph

Now we plot the points obtained in the table. Joining these points we get the
graph of the equation. The graph of y = —2x + 1 is shown on the next page.



151 Mathematics 9

KT
{ |) 3
\4 i« b 4 -
(1,8)
(UB)
-3|-2|-1 1253
X O . X
=0
o (3]=5)
Y’..

8.1.9 Scale of Graph

To draw the graph of an equation we choose a scale e.g., 1 cm represents 5
meters or 1 small square length represents 10 or 5 meters. It is selected by keeping in
mind the size of the paper. Some times the same scale is used for both x and y
coordinates and some times we use different scales for x and y-coordinate depending
on the values of the coordinates.

8.1.10 Drawing Graphs of the following Equations
(@) y=c, where cis constant.

(b) x=a, where a is constant.

(¢) y=mx, where m is constant.

(d) y=mx+ c, where m and c both are constants.

By drawing the graph of an equation is meant to plot those points in the plane,
which form the graph of the equation (by joining the plotted points).

(a) The equation y = ¢ is formed in the plane by the set,
S = {(x, ¢): x lies on the x-axis}  RxR. _
The procedure is explained with the help of following examples.
Consider the equation y =2
The set S is tabulated as;

PR N N3P aon b gl eileif v T
A E TR 2T U HSsTa] ¢ 5
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The points of S are plotted in the plane.

A

Y=

Be Hs By B3 B, By A

A
\A
I

A
'y

Y

-

4

s
\

Similarly graph of y= —4 is shown as:

e

So, the graph of the equation of the type y = c is obtained as:
(i) the straight line
(i) the line is parallel to x-axis
(iii) the line is above the x-axis at a distance ¢ units if ¢ > 0
(iv) the line (shown as y = —4) is below the x-axis at the distance c units as ¢ < 0
(v) the line is that of x-axis at the distance ¢ units if c = 0

(b) The equation, x = a is drawn in the plane by the points of the set
S={(a,y):ye R}
The points of S are tabulated as follows:

X ligaeltjalle | ia
Y e dl=2/l«11@ Flc] 2|8 ||4

Q
Q
Q
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The points of S are plotted in the plané as, ... (a,-2), (a,-1), (a,0), (a, 1),
(@?2), ...etc.

The point (a, 0) on the graph of the equation x = a lies on the x-axis while (a, y)
is above the x-axis if y > 0 and below the x-axis if y < 0. By joining the points, we get
the line.

The procedure is explained with the help of following examples.
Consider the equation x =2
Table for the points of equation is as under:

x 2 2 2 2 2 2 o
y o -2 -1 0 1 2
Thus, graph of the equation x = 2 is shown as:
; ) =
/ YT - ]
J R
A et
Pr
P;
- O G
Pz
Ps
4
va [
Y W

Similarly graph for equation x = —2 is shown as:

v
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So, the graph of the equation of the type x = a is obtained as:
(i) the straight line
(i) the line parallel to the y-axis
(iii) the line is on the right side of y-axis at distance “a” units if a > 0.
(iv) the line x = -2 is on the left side of y-axis at the distance a units as a < 0.
(v) theline is y-axis ifa=0.
(c) The equation y = mx, (for a fixed m € R) is formed by the points of the set
W= {(x,mx): xe€ R}
ie., W={.., (-2,-2m), (-1, -m), (0, 0), (1, m), (2, 2m), ... }.
The points corresponding to the ordered pairs of the set W are tabulated below:
X b -2 |-1] 0 ek
¥, fisEsas N\2m|-m| O | m|2m|.......

The procedure is explained with the help of following examples.
Consider the equation y=x, wherem=1
Table of points for equation is as under:

x -2 | -1 0 1 2
y -2 | -1 0 1 2
The points are plotted in the plane as follows:
, X s
2 2, Z)
1
: 159}
& 1 ol I x|
11, 1)
—2,12) v’
Y

By joining the plotted points the graph of the equation of the type y = mx is,
(1)  the straight line
(i1) it passes through the origin O(0, 0)
(iii) m is the slope of the line

(iv) the graph of line splits the plane into two equal parts. If m = 1 then the line
becomes the graph of the equation y = x.
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(v) If m=—1 then line is the graph of the equation y = —x.
(vi) the line meets both the axes at the origin and no other point.
(d) Now we move to a generalized form of the equation, i.e.,
y=mx+c, where m,c#0.
The points corresponding to the ordered pairs of the set
S = {(x, mx + ¢): m, ¢ (#0) € R} are tabulated below

e N A 1 2 A 1B 9 o B 1] £2dss
y | ¢ | m+c|2m+c | 3mtc | ...... mx+c
The procedure is explained with the help of following examples.
Consider the equation
y=x+1, wherem=1,c=1
We get the table
X XA 1 2 3
W 2 3 4
These points are plotted in plane as below:
“A = ‘m-l-c
303, 4)
B)
X )
P(0) 1)
- 2 >
K’ R, X
Y’
\4

We see that

(i) y=mx+ crepresents the graph of a line.

(ii) It does not pass through the origin O(0, 0).

(iii) It has intercept c units along the y-axis away from the origin.

(iv) m is the slope of the line whose equation is y = mx + c. |
In particular if ;

(i) ¢=0,theny = mx passes through the origin.

(i) m=0,then the line y = c is parallel to x-axis.
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8.1.11 Drawing Graph from a given Table of Discrete Values

If the points are discrete the graph is e
just the set of points. The points are not
joined.
For example, the following table of (13.8) 3 &
discrete values is plotted as: 21
x| 3 | 3wplagipicy X 321‘0”3 >
So, the dotted square shows the graph 3

of discrete values.

8.1.12 Solving Real Life Problems

K
We often use the graph to solve the real life ¥
problems. With the help of graph, we can e
determine the relation or trend between the both A= ;
quantities. l
We learn the procedure of drawing graph of lf
real life problems with the help of following L1
examples. ' 1
. Example:
Equation y = x + 16 shows the relationship between 6
the ages of two persons i.e., if the age of one person 12
is x, then theage of other person is y Draw the graph. T
" Solution A4 3 xm
We know that y=x+16 O] 4 81216 x| |
A i

Table of points for equation is given as:

x 0 4 8 12 16
y 16 20 24 28 32
By plotting the points we get the graph of a straight line as shown in the figure.
EXERCISE 8.1
1.  Determine the quadrant of the coordinate plane in which the following points
lie: P(—4, 3), Q(-5, -2), R(2, 2) and S(2, -6).
2.  Draw the graph of each of the following.
@ =2 i) x=-3 (i) y=-1
(iv) y=3 (v) y=0 (vi) x=0

(yii) y=3x (viii) —y = 2x (ix) %:x




157 Mathematics 9

(x) 3y=5z (xi) 2x-y=0 (xii) 2x=y=2
(xiii) x—3y+1=0 (xiv) 3x-2y +1=0
3. Are the following lines (i) parallel to x-axis (ii) parallel to y-axis?

) 2x-1=3 @ x+2=-1 (i) 2y+3=2
iv) x+y=0 v) 2x—2y=0
4.  Find the value of m and c of the following lines by expressing them in the form
y=mx +c.
(@ 2x+3y-1=0 (b) x-2y=-2 (©) 3x+y-1=0
d 2x-y=7 (e) 3-2x+y=0 ® 2x=y+3
5. Verify whether the following point lies on the line 2x —y + 1 = 0 or not.
@ | 2.3 @G  (0,0) @) © (-1,1)
i) (2,95 v 63

8.2 Conversion Graphs
8.2.1 To Interpret Conversion Graph
In this section we shall consider conversion graph as a linear graph relating to
two quantities which are in direct proportion.
Let y = fix) be an equation in two variables x and y.
We demonstrate the ordered paj?s which lie on the graph of the equation
= 3x + 3 and are tabulated below: _
X 0 -1 =2...
y R P 0 -3...
&y | ...0,3) | -1,0) | (<2,-3)...
By plotting the points in the plane corresponding to the ordered pairs (0, 3),
(-1, 0) and (-2, -3) etc. we form the graph of the equation y = 3x + 3.

A
-fﬂ= x +(3

- 'l<‘

e D AE
=)
o~

-1,0)
) PITEPE X
A
(=2, 3) 3
4
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8.2.2 Reading a given Graph
From the graph of y = 3x + 3 as shown above:

(i) for a given value of x we can réad the corresponding value of y with the help of
equation y = 3x + 3, and

(ii) for a given value of y we can read the corresponding value of x, by converting

1
equation y = 3x + 3 to equation x =  Lade 1 and draw the corresponding

conversion graph.
In the conversion graph we express x in terms of y as explained below.
y=3x+3

= y—-3=3x+3-3
= Jy=3=3x of Ix=y-3

= X=3y- 1, where x is expressed in terms of y.

We tabulate the values of the dependent variable x at the values of y.

y i 0 s
X vzl —F 1

x| 3.0 1 0,-1). | 61
The conversion graph of x with respect to y is displayed as below:

A

= (6, 1) Wx=%y—l
g ¥ [330 - / »
Y 40123 4 5 ¢ v

YI

Y

8:2.3 Reading the Graphs of Conversion
(a) Example: (Kilometre (Km) and Mile (M) Graphs)

To draw the graph between kilometre (Km) and Mile (M), we use the
following relation:

One kilometre = 0.62 miles, (approximately)
and one mile =1.6km  (approximately)
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(i) The relation of mile against kilometre is given by the linear equation,
y=0.62 x, '

If y is a mile and x, a kilometre, then we tabulate the ordered pairs (x, y) as
below;

=k 1 2 3 4 ...
y | 0] 062 | 124 | 1.86 | 2.48 ...
The ordered pairs (x, y) corresponding to y = 0.62x are represented in the

Cartesian plane. By joining them we get the desired following graph of miles against
kilometers.

A

Y
%
K *0.62 x
= r 4
: (4, 2:48)
N /'//"5, 36) ]
! (2.1.24)
1 / :
AMEED
IR d : ik
X o 51T X

®

' For each quantity of kilometre x along x-axis there corresponds mile alohg :
y-axis.
(i) The conversion graph of kilometer against mile is given by

y=16x (approximately)
If y represents kilometres and x a mile, then the values x and y are tabulated as:
X 0 1 2 3 4...
y 0 1.6 X2 4.8 64 ...
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We plot the points in the xy-plane corresponding to the ordered pairs.
(0, 0), (1, 1.6), (2, 3.2), (3, 4.8) and (4, 6.4) as shown in figure.

A
Y--
! A= 1.6x
% /lal6.4)
% 3/4.8
o )(I’) 2D\
) (Zi5%)
7
A
2
y(_x)1 (i’i )
i //
s —>
X O 1 7 4 X
<t x
vi
17

By joining the points we actually find the conversion graph of kilometres
against miles.
(b) Conversion Graph of Hectares and Acres
(i)  The relation between Hectare and Acre is defined as:

Hectare - @ Acres
25

= 2.5 Acres (approximately)
. In case when hectare =x and acre =y, then relation between them is given
by the equation, y =25x

If x is represented as hectare along the horizontal axis and y as Acre along y-
axis, the values are tabulated below:

X 0 1 0. 3 7 iy
y 0 X A i B 7 e

The ordered pairs (0,0), (1, 2.5), (2,5) etc., are plotted as points in the xy-plane
as below and by joining the points the required graph is obtained:
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(ii)) Now the conversion graph Acre = 21—5 Hectare is simplified as,

(¢c) Conversion Graph of Degrees Celsius and Degrees Fahrenheit

@

...Y
3 /
3 )
4 /
N L1
-1 | AP, 2.5)
"
X o Tl 2 Pk
*Y

Acre = E Hectare
25

= 0.4 Hectare (approximately)

If Acre is measured along x-axis and hectare along y-axis, then

y=0.4x
The ordered pairs are tabulated in the following table:
X 0 1 s S g
y 0 0.4 0.8 gt

, " The correspondmg ordered pairs (0 0), (1, 0. 4) 2, 0. 8) etc., are plotted in the.
xy- plane, join of which w111 form the graph of (b)-n as a conversion graph of (b)-i

A
.
% =04
,z; LaX
t 8) 53, 12)
S /‘
1,0.4)
R rof 1 2 3 X
VI
Y

The relation between degree Celsius (C) and degree Fahrenheit (F) is given by
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F=2C+32
5
The value of F at C = 0 is obtained as
F=%x0+32=0+32= 32
Similarly,
F'=%x10+32=18+32=50,

F=%x20+32=36+32=68,

F=%x100+32=180+32=212

We tabulate the values of C and F.

C 0° 10° 20° 50° 100° ...
F 3% 50° 68° 2z Z13% ..,
The conversion graph of F with respect to C is shown in figure.
phochuiliak
V4

22D IER
S
‘&

A
4

¢’ Jolo 0 | ¢

10° = length of square
Note from the graph that the value of C corresponding to (i) F = 86° is C = 30°
and (ii) F = 104° is C = 40°.
(i) Now we express C in terms of F for the conversion graph of C with respect to F
as below: ;

C= % (F-32)
The values for F = 68° and F = 176° are
5 2 “
C=-9-(68—32)=-9- X 36 =20
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and C= g (176 -32) = —g— (144)=5x16=80°
Find out at wha{t temperature will the two readings be same?
(38 F= % C+32

= (%_1)c=—32 = §C=432 = 0=

To verify at C = —40, we have
F= %x(—40) +32= 9(-8) + 32 =-72 + 32 =—40°

=028
4

—40

(d) Conversion Graph of US$ and Pakistani Currency
The Daily News, on a particular day informed the conversion rate of Pakistani
currency to the US$ currency as,
1 US$ = 66.46 Rupees
If the Pakistani currency y is an expression of US$ x, expressed under the rule
y = 66.46 x = 66x (approximately)
then draw the conversion graph.
We tabulate the values as below.
Xiilvw 1 < 3 4...
y F 2400 132 198 264 ... .
Plotting the points corresponding to the ordered pairs (x, y) from the above

table and joining them provides the currency linear graph of rupees against dollars as
shown in the figure.

A

h ¥4
XL

—336

-
N
N

132)

=N

i,
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1 3 :
Conversion graph x = 567 of y = 66x can be shown by interchanging x-axis to

y-axis and vice versa.

EXERCISE 8.2

1.  Draw the conversion graph between litres and gallons using the relation
9 litres = 2 gallons (approximately), and taking litres along horizontal axis and
gallons along vertical axis. From the graph, read

(i) the number of gallons in 18 litres
(ii)) the number of litres in 8 gallons.

2. On 15.03.2008 the exchange rate of Pakistani currency and Saudi Rlyal was as
under:

1 S. Riyal = 16.70 Rupees

If Pakistani currency y is an expression of S. Riyal x, expressed under the rule
y = 16.70x, then draw the conversion graph between these two currencies by
taking S. Riyal along x-axis.

3. Sketch the graph of each of the following lines.

@ x-3y+2=0 b) 3x-2y-1=0 € 2p=x+2=0
(d y-=2x=0 (e) .3y—1=0 ® y+3x=0
@ 2x+6=0

4.  Draw the graph for following relations.
(i) One mile=1.6 km (ii)) One Acre = 0.4 Hectare
(i) F= % C+32 (iv) One Rupee = _8% $

8.3 Graphical Solution of Linear Equations in two Variables

We solve here simultaneous linear equations in two variables by graphical
method.

Let the system of equations be,

2x =y =3 be Gl Lt BCos il kool ity 4 (L. 1)
SRR h o e i s i B e NS e e 1y s SO (ii)
Table of Values
1
y=2x-3 y=—3x+l

L0 Fho . RN LN
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A
‘I’
1
YE3t! . 2—y=3
.7
e »|P [0, 1)
2 00w
oy ’ Q3,0 |
B 'K, 101 ¥ : \‘j -
3 Q(1.5,0)
s_-')
o,
I
\ 4

The solution of the system is the point R where the lines 7 and /" meet at, i.e.,
R(1-7, 0-4) such that x = 1.7 and y = 0-4.
Example

Solve graphically, the following linear system of two equatlons in two variables
x and y;

QR ORI ot R A S e s A @)
x=y=21 R s (i1)
Solution
The equations (i) and (ii) are represented graphically with the help of their
points of intersection with the coordinate axes of the same co-ordinate plane. - ,

The points of intersections of the lines representing equation (i) and‘(‘u) are
given in the following table:

e

=——X+— =x=2

y 2x > i
X TS ) PN [ % cidy (Ot 2
v e T34 | 5 ¥idio amd b8t

The points P(0, 1-5) and Q(3, 0) of equation (i) are plotted in the plane and the
corresponding line ¢ : x + 2y = 3 is traced by joining P and Q.

Slmllarly, the line ¢': x — y = 2 of (ii) is obtained by plotting the points
P (0, —2) and Q'(2, 0) in the plane and joining them to trace the line ¢’ as below:
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A
-
xt2y=
/ % x—yE2)
2 Is@s, 0.3)
P(0, 1.5)1
brat DG 0)f
X ORI K
t Q20
AP0, 72
3
\ 4

The common point S(2.3, 0.3) on both the lines Zand ¢'is the required

solution of the system.

EXERCISE 8.3

Solve the following pair of equations in x and y graphically.

A
3
-

®

(i1)

(111)

@iv)

)

(vi)

x+y=0and2x—y+3=0 2. x—-y+1=0andx—-2y=-1
2x+y=0and x+2y=2 4, x+y-1=0andx-y+1=0
2x+y—-1=0and x=—y

- REVIEW EXERCISE 8
Choose the correct answer.
If(x—1,y+1)=(0,0), then (x, y) is

@ (1D (b)Y Y8, 1) 'O eyt ) R
If (x, 0) = (0, ), then (x, y) is |

(@ (1) () (1,0) (© (0,0 @ @O
Point (2, —3) lies in quadrant

(@ I (b) I (c) II d 1v
Point (-3, -3) lies in quadrant

(@ I (b) I (c) M @ 1Iv
Ify=2x+1,x=2thenyis

(a 2 (b) 3 (c) 4 r S
Which ordered pair satisfies the equation y = 2x?
)by AL D) @ ©1

Identify the following statements as True or False. :
(i) Thepoint O(0, 0)is in quadrantTIl. = e
(i) Thepowe Pt 0)liesonx-axis, -~ ./~ o i oGaii o a s,
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(1) The giaphiof %'=""2"s a-Vertical TgeMwwie s Ty 1o ToDar-iantiee Cioy
(iv) 3 —y=0is a horizontal line. il
(v) The point Q(=1y2pis jnquadestlE s ryeristiws 0
(vi) The point R(-1,-2) is in quadrantIV. ~ ...
(vil) 'y = x is@ Baepniwhich origindicst § £ VRIS M Y 3 0 UL
(viii) The point P(lid)diesenthe ine x +y=0. ' =~ 4.7 G0 L.
(x) TheépoimeSihisliedmquadrant L. ¢ "Rt g et
(x)  Thepoint RO, Dliesonthex-axis.. = - | "7 pegiited) s}
Draw the following points on the graph paper.

(-3,-3), (-6,4), 4,-5), (5,3)

Draw the graph of the following

i x=-6 i) oy =T

5 : 9
)= ) @iv) y=- 3
V) y=4x (vi) y=-2x+1
Draw the following graph.
1 y=0.62x () - y=2.5x
Solve the following pair of equations graphically.

1

@ x-y=1, R
(i) -x=3y ; 2x-3y=-6

I 1
(111) §(x+y)=2, 5(x—y)=—1

SUMMARY

An ordered pair is a pair of elements in which elements are written in specific
OROEE .

The plane formed by two straight lines perpendicular to each other is called
cartesian plane and the lines are called coordinate axes.

The point of intersection of two coordinate axes is called origin.

There is a one-to-one correspondence between ordered pair and a point in
Cartesian plane and vice versa.

Cartesian plane is also known as coordinate plane.

Cartesian plane is divided into four quadrants.

The x-coordinate of a point is called abcissa and y-coordinate is called ordinate.
The set of points which lie on the same line are called collinear points.
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INTRODUCTION TO
COORDINATE GEOMETRY

Unit OQutlines

9.1 Intreduction
9.2 The Distance Formula
9.3 Collinear Points

9.4 Mid Point Formula

Students Learning Outcomes

*
*

* % ¥ *

After studying this unit the students will be able to:
- define coordinate geometry.

derive- distance formula to calculate distance between two points given in
Cartesian plane.

use distance formula to find distance between two given points. .

define collinear points. Distinguish between collinear and non-collinear points.
use distance formula to show that given three (or more) points are collinear.
use distance formula to show that the given three non-collinear points form

. an equilateral triangle,

® an isosceles triangle,

. a right angled triangle,

@ a scalene triangle.

use distance formula to show that given four non-collinear points form

° a square,

° a rectangle,

e a parallelogram.

recognize the formula to find the midpoint of the 11ne joining two g1ven points.

apply distance and mid-point formulae to solve/verify different standard results
related to geometry.

9.1 Distance Formula
9.1.1 Coordinate Geometry

The study of geometrical shapes in a plane is called plane geometry. Coordinate

geometry is the study of geometrical shapes in the Cartesian plane (coordinate plane).

168
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We know that a plane is divided into four quadrants by two perpendicular lines
called the axes intersecting at origin. We have also seenthat there is one to one
correspondence between the points of the plane and the ordered pairs in R X R.

9.1.2 Finding Distance between two points A Qb 323
Let P(x;, y;) and Q(xy, y) be two YT 22
points in the coordinate plane where d i§ &5 d vy -
the length of the line segment PQ. i.e., 11;;" : Neop, 1)
|PQ| Ix2 *xll X2, Y1
The line segments MQ and LP ¢
parallel to y-axis meet x-axis at points M i v,
and L, respectively with coordinates
M(xp,0) and L(xy,0). . ey — x5 ¢
The line- segment PN is parallel to X O<_x _»L(xl’o) M(x,0) X
x-axis. | WA 5 “
In the right triangle PNQ, E;Y,

INQI = Iy, —y;| and IPNI=lxy—x;l.
Using Pytllag(:}as Theorem
" IPQI% = 1PNI% + 1N/

= =l -xl -y,

\

|2

= _c_1'=i‘\ch2—xl|2+ly2—y1l2

Thus  d=1/by —x;12 + lyy — y;2
9.1.3 Use of Distance Formula

, since d> 0 always.

The use of distance formula is explained in the following examples.

Example 1

Using the distance formula, find the distance between the points.
(1) P(1, 2) and Q(0, 3) (i) S(-1, 3) and R(3,-2)

(iii) U(O, 2) and V(-3, 0)

~ Solutions

@ 1PQ =fl0-17 + (3-2) -
e
) 1SR —J(3—(+1)) +(-2- 3y

= VB+IF +(-5F = V16425 = r

(v) P’(1,1D)and Q'(2,2)
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Gii) 1OVl = /(-3-0) +(0—2) ‘
= V(=3P +(-2) = V9+4 = 13
Gv) IPQ1 =\2=-1P?+@2=1)

Tri=y2

EXERCISE 9.1
1.  Find the distance between the following pairs of points.
(@ A, 2),B(1,2) (b) A(2,-6),B(3,-6)
(© A8, 1),B(6,1) d) A(4, 2),B(-4,-3)
(e) AQ,-11),B@3,-4) (H A(,0), B, -5)

2.  Let P be the point on x-axis with x-coordiante a and Q be the point on y-axis
with y-coordinate b as given below. Find the distance between P and Q.
@) a=9, b= (i) a=2,6=3 (iii) a=-8,b=6
(iv) a=-2,b=-3 (V) a=+2,b=1 (Vi) a=-9,b=—4

9.2 Collinear Points
9.2.1 Collinear or Non-collinear Points in the Plane

Two or more than two points which lie on the same straight line are called
collinear points with respect to that line; otherwise they are called non-collinear.

Let m be a line, then all the points on line m are collinear.

In the given figure the points P and Q are collinear with respect to the line m
and the points P and R are not collinear with respect to it.

R
<« : > m
P Q

9.2.2 Use of Distance Formula to show the Collinearity of Three or more

Points in the Plane

Let P, Q and R be three points in the plane. They are called collinear

if [PQI + IQRI = IPRI, otherwise they are non-collinear.
Example

Using distance formula show that the points
(1) P(=2,-1),Q(0, 3) and R(1, 5) are collinear.
(i) The above points P, Q, R and S(1, —1) are not collinear.
Solution
(i) By using the distance formula, we find

IPQI=\/(0+2)*+(3+1>=4+16=120=2/5
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IQRI=/(1-0)*+ (53’ =1+ 4 =[5
and [PRI=\/(1+2+(5+1)>=/9+36=1/45=35
Since IPQI + IQRI = 21/5 +1/5 = 3\/5 = IPR|,
therefore, the points P, Q and R are collinear
@) IPSI=\/(-2— 1%+ (=1 + 12 =[(-3)>+0=3

Since 1QSI=1/(1 - 0)>+ (-1 — 3’ =A[T+ 16 =/17,
and IPQI + QS| # [PSI

therefore the points P, Q and S are not collinear and hence, the points P, Q, R
and S are also not collinear.

A closed figure in a plane obtained by joining ¢
three non-collinear points is called a triangle.
In the triangle ABC the non-collinear points A, Triangle
B and C are the three vertices of the triangle ABC.
The line segments AB, BC and CA are called s1des of A B

the triangle.

9.2.3 Use of Distance Formula to Different Shapes of a Triangle

We expand the idea of a triangle to its different kinds depending on the length
of the three sides of the triangle as:

(i) Equilateral triangle (i1) Isosceles triangle
(iii) Right angled triangle (iv) Scalene triangle
We discuss the triangles (i) to (iv) in order.
(i) Equilateral Triangle
If the lehgths of all the three sides of a triangle are same, then the triangle is
called an equilateral triangle.
Example

The triangle OPQ is an equilateral triangle since the points O(0,0), P(%, 0]

ROV
d Q| —=,—= | are not collinear, where
(2\/5 zﬁ]
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i R R (1 2) BY
d POl =
W \/(m ﬁ)*[zf J sz 23 )
- ‘
8 8 8

ie., |OPI=I1QOI=IPQIl= 12 a real number and the points O(0, 0),

Q(—l— —i_%—) and P (L O) are not collinear. Hence the triangle OPQ is

Aoieya J2
equilateral. &
Y+
Q(zli 22
<100, 0) R
o P ,0)
A 4

(ii) An Isosceles Triangle

, An isosceles triangle PQR is a triangle which has two of its sides with equal
length while the third side has a different length.

Example

N

The triangle PQR is an isosceles triangle as for the non-collinear points
P(-1, 0), Q(1, 0) and R (0, 1) shown in the following figure,

4
Y+
R(D, 1

A

X' P, Q(1} 0)\x
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PQl = /(1—(~1)?+(0-0) = J1+1) +0 =& =2
IQRI = /(0=1) +(1=0) = (-1 +1* =vI+1 =2
IPRI =V/(0—(-1))*+(1-07 =+i+1 =42

Since IQRI = [PRI = /2 and IPQI = 2 # +/2 so the non-collinear points P, Q, R
form an isosceles triangle PQR.
(iii) Right Angle Triangle

A triangle in which one of the angles has measure equal to 90° is called a right
angle triangle.

Example

Let O(0, 0), P(-3, 0) and Q(0, 2) be three non-collinear points. Verify that
triangle OPQ is right-angled.

Visual Proof of Pythagoras’ Theorem

10QI = \/ (0 O (2 O)2 \/2_2 9 Inrll‘ihﬁtlzﬂng]lggllﬂglléA?ZBC
0PI =\/(=3)°+ 0 =+[9 = 3 ]
) |
PQI= (3] + (-2 =+0¥2 =413 8
Y# = m:ysrnzf;‘nnc
Death c. 500 BC - 490 BC
Scale:|1.5: 1
B l-C
D, 2)
//
¥ < I— :
X'|P(3,0) o(D, X
'y Here 1.5 square block
= 1 unit length

Now 10QF* +10PF = (2)* + (3)* = 13 and IPQ* = 13

Since 10QP* + 0PI = IPQI* , therefore ZPOQ = 90°

Hence the given non-collinear points form a right triangle.
(iv) Scalene Triangle

A triangle is called a scalene triangle if measures of all the three sides are
different.
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Example

Show that the points P(1, 2), Q(=2, 1) and R(2, 1) in the plane form a scalene
triangle.

Solution

IPQI =/(=2 = 1> + (1 = 2)> =\/(-3)? + (-1’ =A[9 + 1 =410
IQRI=\[2 + 27+ (1 -1 =\[# + 0 =42 =14
and IPRI=A[2 =1’ + (1 -2 =12+ (1> =1*+ 1’ =12

Y-v-
2 P(1}, 2)
L
-y
QLD i
- ol T 2 1x
vi
Y

Hence IPQl =+/10, IQRI =4 and IPRI =12
The points P, Q and R are non-collinear since, [PQI + IQRI > [PRI
Thus the given points form a scalene triangle.
9.2.4 Use of distance formula to show that four non-collinear points form a
square, a rectangle and a parallelogram
We recognize these three figures as below.

D " C -
s , R - £
%0 .90 / v /Z
A g B RS ) , B
* Square Rectangle Parallelogram

(a) Using Distance Formula to show that given four Non-collinear Points
form a Square

A square is a closed figure in the plane formed by four non-collinear points
such that lengths of all sides are equal and measure of each angle is 90°.
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Example

If A2, 2), B(2, -2), C(-2, —2) and D(-2, 2) be four non-collinear pomts in the
plane, then verify that they form a square ABCD.

Solution
Since  IABl =1/(2-2)"+(=2-2)’=1/0* + (=4’ =A[16 =4
IBCl =4/(=2-2)* +(=2 +2)* =\[(=4)* + 07 \/_6 =4
ICDI =\/(-2 = (-2) + 2 (-2))°
=\(=2+2’+(2+2°=1/0+16 =[16=4
IDAI =2 +2)*+ @2 —-2)>=\(+4)* +0=1/16 =4,

pal
D(-2}2) . A2, 2)
///
//
//
I /, L
X <10 ,
///
//
//
C(-2, -2) B(2,2) .
‘ Y’"" 3

hence |ABI = [BCl = ICD{ = IDAI = 4.
Also IAC =(=2 - 2)* +(=2 — 2)* =\[(—4)® + (=4’ =[16 + 16 =32 = 42
Now IABF® + BCP = (4)° + (4> =32, and IACP = (41[2)*= 32

Since IABI* + [BCI* = |IACP, therefore ZABC = 90°

Hence the given four non-collinear points form a square.

(b) Using Distance Formula to show that given four Non-Collinear Points form
a Rectangle
A figure formed in the plane by four non-collinear points is called a rectangle
if,
(i)  its opposite sides are equal in length;
(ii)) the angle at each vertex is of measure 90°.
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Example ;
Show that the points A(-2, 0), B(-2, 3), C(2, 3) and D(2, 0) form a rectangle.

Solution
Using distance formula,

IABI =/(2+2+(3-0=+0+9=19=3
DC =\ (2-2+(3-0=0+9=1/9=3
IADI =2 +27+(0-0)*=~[16+0=4

BCI =\2+27+(3B-37=16+0=116=4

A
Y..
(=2,3) 5 C(2, 3)
7
s } /,
- ’/
-
ail ’/ 90[: >
X[ AG2, 0) O 1 2p2,0)|X
‘I"
A 4

Since IABI=IDCI=3 and |ADI=IBCl=4,

therefore, opposite sides are equal.

Also IACI=\[(2 + 2 + B30/’ =~[16+9=1/25=5

Now IADP + IDCP® = (42 + (3)> = 25 , and = IACF = (5)* =25
Since IADF® + IDCF =IACP, '

therefore m ZADC = 90°
Hence the given points form a rectangle.

(¢) Use of Distance Formula to show that given four Non-Collinear Points
Form a Parallelogram

Definition
A figure formed by four non-collinear points in the plane is called a
- parallelogram if
(i) its opposite sides are of equal length
(ii) its opposite sides are parallel
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Example
Show that the points A(-2, 1), B(2, 1), C(3, 3) and D(-1, 3) form a
parallelogram.

Solution

D(11,3) i3

A2,/ B(2, 1)

\ 4

A

By distance formula,

IABI =\(2+2)+(1-1)’=/4*+0=~16=4

ICDI =\(B3+ 1%+ (3-37=42+0=1/16=4

IADI =\/(-1+2?+(3- 1)’ =12+ 22 =1 +4=15

IBCl =\(B-22+3B-1’=12+22=1/5
Since IABI=ICDI=4 and I|ADI=IBCl =4[5,

Hence the given points form a parallelogram.



Introduction to Coordinate Geometry 178

EXERCISE 9.2

Show whethef the points with vertices (5; -2), (5, 4) and (-4, 1) are vertices of
an equilateral triangle or an isosceles triangle?

2. Show whether or not the points with vertices (-1, 1), (5, 4), (2, =2) and (-4, 1)
form a square?

3 Show whether or not the points with coordinates (1, 3), (4, 2) and (-2, 6) are
vertices of a right triangle?

4.  Use the distance formula to prove whether or not the pomts (1, 1), (-2, -8) and
(4, 10) lie on a straight line?

5.  Find k, given that the point (2, k) is equidistant from (3, 7) and (9, 1).

6.  Use distance formula to verify that the points A(0, 7), B(3,-5), C(-2, 15) are
collinear.

7. Verify whether or not the points O(0, 0), A(\E o ) B(\ﬁ , —1) are the vertices
of an equilateral triangle.

8. Show that the points A(—6, —5), B(5, =5), C(5, —8) and D(—6, —8) are vertices of
a rectangle. Find the lengths of its diagonals. Are they equal?

9.  Show that the points M(-1, 4), N(=5, 3), P(1 — 3) and Q(5, —2) are the vertices
of a parallelogram.

10.  Find the length of the diameter of the circle having centre at C(-3, 6) and
passing through P(1, 3).

9.3. Mid-Point Formula Ay

9.3.1 Recognition of the Mid-Point

points on the x-axis. Then the origin
O(0, 0) is the mid-point of P and Q, since

’s

- P1(0, 3)

Let P(-2, 0) and Q(2, 0) be two 3
e A

IOPI = 2 = 10QI and the points P, O y' «—4——+4+—+——F——+—+—+>x

and Q are collinear. P2,00 [0 1 Q@0

of the points P{(0, 3) and Q;(0, —3) since

points P;, O and Q; are collinear.

Similarly the origin is the mid-point '

OP =" "=
1 I0Q;| and the 401(0,-3)

Vy'

Recognition of the Mid-Point Formula
for any two Points in the Plane

Let P;(x;, y1) and Py(x,, y;) be any two points in the plane and R(x, y) be

mid-point of points P; and P, on the line-segment P;P, as shown in the figure below.
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A _
P, Gy,
¥ 2( 2 J’Z)
M(xlay) R(xsy)
v e NG )
¥
: Pl(pr’1)
2, [¢) X X Xy i
‘_—X—XI — (—Xz—x—)
vy' 7.

If line-segment MN parallel to x-axis, has its mid-point R(x, y),
then, x) —X=x~ x4

X1+ X

= A=A

¥1¥3
Y= )

™

Similarly,

X1 +xy y1+y2
2 b 2

Thus the point R(x, y) = R ( ) is the mid-point of the points

Py(x1, y1) and Py(xz, y7).
9.3.2 Verification of the Mid-Point Formula

X1 +x 2 y +y' 2
IP{RI ;\/(—lz—z—xl) +(1_2_2_y1)
3 (xZ—xljz ()’2*)’1)2
= 2 Bl
| < s 1
=§\/(x2—x1) + (2 =y1) =75 P|P)l
X1+ x 2 yi+y 2
and IP,R] =\/( = z—x;gj +(1—2—2—y2)
_ (x1+x2—2x2j2 (}’1+Y2—2J’2)2
i ) 0 2
. (xu—xz)z ()’1—}’2)2
e 2 gt W
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sl o]

1
=5\ *2 —x1)°+ O —y)’

1
= |P2R| = |P1R| = 5 |P1P2|

xp+x +y :
1 3 < : u ) 2) is the mid-point of the line segment

Thus it verifies that R(
P;RP, which lies on the line segment since,
IP;RI + [P,RI = PPyl

If P(x;, y1) and Q(x, y2) are two points in the plane,
then the mid-point R(x, y) of the line segment PQ is

Xp+x3 y1+)2
R(x,y)=R( R )

Example 1 .

Find the mid-point of the line segment joining A(2, 5) and B(-1, 1).
Solution -

If R(x, y) is the desired mid-point then,

Z=vEekd 541 6
=§ and y=T=§=

X = )

Hence R(x,y)=R (% it )
Example 2 .

Let P(2, 3) and Q(x, y) be two points in the plane such that R(1, —1) is the mid-
point of the points P and Q. Find x and y.

Solution
Since R(1, —1) is the mid-point of P(2, 3) and Q(x, y) then,
x+2 y+3
= 3 and -1= i
=D = - D = 2=y+ 3
— s i), = y==5
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Example 3

Let ABC be a tnangle as shown below If M, M; and M3 are the middle points
of the line-segments AB, BC and CA respectively, find the coordinates of M;, M, and
M3j. Also determine the type of the triangle M;M;M3.

— S {

Solution Sidwit o/ Challenge! |
Mid-point of AB = M, ( ; ——) =M(1,5) | IsAM: MzMz., also a right
2 2 ‘ angled triangle?
Mid-point of BC = MZ(S ’;5 8; 2) Ma(5, 5) | SO 7
_B(,8)
M, M,
A2 M —cG,2)
and Mid-point of AC = M3 (22—3 2—;—%] M;s(1, 2)
The triangle M;M,M3 has sides with length,
MMyl = (5-17 +(5-5) =42 +0=4 ... (i)
MMl = (1-5)° +(2-5) =/(4) +(=3)?
=16+9 = Jz— =5 e, N S (ii)
and IM;M3l = /(1-1)’ S e b R (i)

All the lengths of the three 81des are different. Hence the triangle M;M,;M3 is a
Scalene triangle.

Example 4
Let O(0, 0), A(3, 0) and B(3, 5) be three points in the plane. If M; is the
mid-point of AB and M, of OB, then show that IM;M,l= ?1): I0AL.
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Solution

@

(i1)
(iii)

By the distance formula the distance

0AI =\J3= 07+ (0-0y =[3*=3

The mid-point of AB is

3+3 5 d
Y-

Now the mid-point of OB is My = M, (3—-‘-9 §+—0) (3 : 2)
2 2 g 4 )
Y
A B(3,5)
(312, 5/2)
M, M; (3, 5/2)
R 0(0,0) AGO)
v

Hence

IM;M,| = (3—3 ——— ‘— +0 —+0 B oAl
2 B 2

Let P(x}, y;) and Q(xy, y») be ainy two points and their midpoint be

X £ +
M( 112)62,)’12)’2 ) Then M

is at equal distance from P and Q
ie., [PMI=IMQIl
is an interior point of the line segment PQ.
every point R in the plane at equal distance from P and Q is not their mid-point.
For example, the point R(0, 1) is at equal distance from P(-3, 0) and Q(3, 0) but
is not their mid-point
ie, IRQI=A(0-3)Y +(1-07=Al(=32 +(1)* =9 +1 =10
IRP1=/(0 +3)* +(1 — 0> =1[32 + 1> =410
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@iv)

(@)

(ii)

(iii)

(iv)

and mid-point of P(-3, 0) and Q(3, 0) is

-3+3 0+0
where x = 2+ =0 and y=T=0.

The point (0, 1) # (0, 0).
There is a unique midpoint of any two points in the plane.

EXERCISE 9.3

Find the mid-point of the line segment joining each of the following pairs of
points

(@ A(G,2),B(7,2) (b) A(2,-6), B(3,-6)
c) A8 1Y NG ) (d) A(4,9), B(-4,-3),
(e) AQ@3,-11),B(3,-4) (H) A0, 0), B(0,-5)

The end point P of a line segment PQ is (-3, 6) and its mid-point is (5, 8). Find
the coordinates of the end point Q.

Prove that mid-point of the hypotenuse of a right triangle is equidistant from its
three vertices P(-2, 5), Q(1, 3) and R(<1, 0).

If O(0, 0), A(3, 0) and B(3, 5) are three points in the plane, find M; and M, as
mid-points of the line segments AB and OB respectively. Find IM{M,l.

Show that the diagonals of the parallelogram having vertices A(1, 2), B(4, 2),
C(~1, -3) and D(—4, -3) bisect each other.

[Hint: The mid-points of the diagonals coincide]

The vertices of a triangle are P(4, 6), Q(-2, —4) and R(-8, 2). Show that the
length of the line segment joining the mid-points of the line segments PR, QR is
0

REVIEW EXERCISE 9
Choose the correct answer. :
Distance between points (0, 0) and (1, 1) is

@ 0 (b) 1 © 2 @2
Distance between the points (1, 0) and (0, 1) is

@ . 0 (b) 1 © 2 (d)2
Mid-point of the points (2, 2) and (0, 0) is

0 ALY (b) (1,0) (© 0,1) (d) (=1,-1)

Mid-point of the points (2, —2) and (-2, 2)is
@ (2,2 ®) 2,-2) (o) €0:8) (@) (1, 1)
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)

(vi)

A triangle having all sides equal is called

(a) Isosceles (b) Scalene

(c) Equilateral (d) None of these
A triangle having all sides different is called

(a) Isosceles . (b) Scalene

(c) Equilateral (d) None of these

Answer the following, which is true and which is false.
(i) A line has two end points.

(i) A line segment has one end point.

(iii) A triangle is formed by three collinear points.
(iv) Each side of a triangle has two collinear vertices.
(v) The end points of each side of a rectangle are collinear. = ......
(vi) All the points that lie on the x-axis are collinear. ...,
(vii) Origin is the only point collinear with the points of both the axes

sepafatelyier &8 DS 10 A7) & PRIEsii s san g 107 g bas sn |,
Find the distance between the following pairs of points.
@ (6,3),(3,-3) (@) (7,5,1,-1 @iii) (0, 0), (-4,-3)

Find the mid-point between following pairs of points.

Define the following

(i) Co-ordinate Geometry (ii) Collinear points
(iii) Non-collinear points (iv) Equilateral Triangle
(v)  Scalene Triangle (vi) Isosceles Triangle
(vil) Right Triangle (viii) Square

SUMMARY
If P(x1, y1) and Q(x, y») are two points and d is the distance between them, then
d= ‘\/E] —X2|2 + Iy; = y2|2
The concept of non-collinearity supports formation of the three-sided and four-
sided shapes of the geometrical figures.

The points P, Q and R are collinear if IPQI + IQRI = |PRI
The three points P, Q and R form a triangle if and only if they are non-collinear
i.e., IPQl + IQRI > [PRI

If IPQI + IQRI < [PRI, then no unique triangle can be formed by the points P, Q
and R. : ' :

Different forms of a triangle i.e., equilateral, isosceles, right angled and scalene
are discussed in this unit.

Similarly; the four-sided figures, square, rectangle and parallelogram are also

discussed.




Unit 10

CONGRUENT TRIANGLES

Unit Qutlines

10.1. Congruent Triangles

Students Learning Outcomes

After studying this unit, the students will be able to:

*

prove that in any correspondence of two triangles, if one side and any two
angles of one triangle are congruent to the corresponding side and angles of the
other, then the triangles are congruent.

prove that if two angles of a triangle are congruent, then the sides opposite to
them are also congruent.

prove that in a correspondence of two triangles, if three sides of one triangle are
congruent to the corresponding: three sides of the other, the two triangles are
congruent.

prove that if in the correspondence of two right-angled triangles, the
hypotenuse and one side of one are congruent to the hypotenuse and the

‘corresponding side of the other, then the triangles are congruent.

10.1. Congruent Triangles
Introduction

In this unit before proving the theorems, we will explain what is meant by 1 — 1

correspondence (the symbol used for 1 — 1 correspondence is «—) and congruency
of triangles. We shall also state S.A.S. postulate.

Let there be two triangles ABC and DEF. Out of the total six (1 — 1)

correspondences that can be established between AABC and ADEF, one of the
choices is explained below.

In the correspondence AABC «— ADEF it means

LA «— /D (ZA corresponds to £D)
LB «— LE (£B corresponds to ZE)
LC«— LF (£C corresponds to ZF)

185
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AB «— DE ‘ (AB corresponds-to DE)

BC «— EF (B_C corresponds to EF)
CA «— FD ((_375; corresponds to F_IS)

Congruency of Triangles

Two triangles are said to be congruent written symbolically as, =, if there exists
a correspondence between them such that all the corresponding sides and angles are
congruent i.e.,

AB =DE ZA=/D
KEALBC=ER ooiland <o et
CA =FD /C=/F
then AABC = ADEF
A D

B/\C E/\F
Note:

(i) These triangles are congruent w.r.t. the above mentioned choice of the
(1 — 1) correspondence.

. (ii)) AABC=AABC
(iii) AABC = ADEF < ADEF = AABC
(iv) If AABC = ADEF and AABC = APQR, then ADEF = APQR.

In any correspondence of two triangles, if two sides and their included angle of
one triangle are congruent to the corresponding two sides and their included angle of
the other, then the triangles are congruent.

In AABC «— ADEF, shown in the following figure,
A D

AB=DE - ;
if { ZA=/D //Q\\ //Q\\
AC =DF B Con F

then AABC =ADEF (S.A.S. Postulate)




187 Mathematics 9

Theorem 10.1.1

In any correspondence of two triangles, if one side and any two angles of
one triangle are congruent to the corresponding side and angles of the other,
then the triangles are congruent. (A.S.A = A.S.A.)

A
B +H+ C
Given
In AABC «— ADEF

£B=/E, /BC=EF W 2OEUE
To Prove

AABC = ADEF
Construction

Suppose AB #DE. Take a point M on DE such that AB = ME . Join M to F

Proof

Statements Reasons

In AABC «— AMEF

AB &@MBEY S @ aeet (i) | Construction
BC = Bp (i) | Given
235 R e (iii)) | Given ,
- AABC = AMEF S.A.S. postulate
So, ZC=AMFE (Corresponding angles of congruent
triangles)
But ZC=Z/ZDFE Given
£DFE = ZMFE Both congruent to ZC

ThlS is possible only if D and M are the
same points, and ME = DE

So,

AB =DE

Thus from (ii), (iii) and (iv), we have

AABC = ADEF

AB = ME (construction) and
ME = DE (proved)

S.A.S. postulate




Congruent Triangles 188

Corollary

In any correspondence of two triangles, if one side and any two angles of
one triangle are congruent to the corresponding side and angles of the other,
then the triangles are congruent. (S.A.A. = S.A.A.)

Given
In AABC «— ADEF

BC=EF, ZA=/D, /B=/E

A 1 B
To Prove B € F 3
AABC = ADEF
Proof
Statements ’ Reasons
In AABC «— ADEF

/B=/ZE Given

BC=EF Given

ZC=/F LA = /D, /B = ZE, (Given)

AABC = ADEF AS.A.=AS.A.
Example

If AABC and ADCB are on the opposite sides
of common base BC such that*

AL 1 BC,DM 1 BC and

AL = ]ﬁ/l, then BC bisects AD.

Given

AABC and ADCB are on the opposite sides of
ﬁjsuchthatﬁlﬁ?,‘ﬁ&lﬁl,ﬁzﬁfl,and D
AD is cut by BC at N.
To Prove

AN = DN
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Proof
Statements . Reasons
In  AALN «— ADMN
24 Reuil 1
AL =DM Given
ZALN = ZDMN Each-angle is right angle
ZANL = /DNM i | Vertical angles .-
AALN = ADMN S.AAA. =S.AA.
Hence AN = DN : ;( orresponding sides of = As.
EXERCISE 10.1
1.  Inthe given figure, =
AB =CB, /1 = /2.
Prove that : % E D
AABD = ACBE. F
A %

2. From a point on the bisector of an angle, perpendiculars are drawn to the arms
of the angle. Prove that these perpendiculars are equal in measure.

3. Inatriangle ABC, the bisectors of Z/B and ZC meet in a point I. Prove that I is
equidistant from the three sides of AABC.

- Theorem 10.1.2

If two angles of a triangle are congruent, then the sides opposite to them
are also congruent. A

Given
In AABC, /B = ZC
To Prove

AB =AC
Construction

OF—-=-=====

Draw the bisector of ZA, meeting BC at the point D. =
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Proof
Statements Reasons
In AABD «— AACD
AD = AD Common
ZB= ZAC Given
ZBAD = ZCAD Construction
AABD = AACD S. A A =S.AA.
Honce AB aANe (Correspondmg sides of congruent
triangles)
Example 1

If one angle of a right triangled triangle is of 30°, the hypotenuse is twice
as long as the side opposite to the angle.
Given

In AABC, m£B =90° and

mzG=30°
To Prove

mAC = 2mAB
Construction

At B, construct ZCBD of 30°. Let BD cut AC at the point D.
Proof '

Statements Reasons
In " AABD:mZA =60° mZABC =90°, mZC = 30°
mZABD = mZABC-m~ZCBD
=100 mZABC =90°, mZCBD = 30°
mZADB = 60° Sum of measures of Zs of a A is 180°
AABD is equilateral Each of its angles is equal to 60°
AB=BD=AD Sides of equilateral A
In ABCD,BD=CD ZC = ZCBD (each of 30°),
Thus mAC = mAD + mCD
= mAB + mAB A—Ds‘@and(_fﬁsﬁ)zA_B
=2(mAB)
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Example 2 A

If the bisector of an angle of a triangle bisects
the side opposite to it, the triangle is isosceles.

Given
In AABC, AD bisects ZA and BD = CD
To Prove I u
P ~ B Tt D T . C
AB = AC : v
/
Construction ‘ E i
——— i o /
Produce AD to E, and take ED = AD : P
Joint C to E. ://
Proof E
Statements Reasons
In AADB «— AEDC .
AD =ED Construction
ZADB = ZEDC Vertical angles
BD =CD : Givgn
AADB = AEDC S.A.S. Postulate
o SR & rrid MR ISIgRe MU 10 I | Corresponding sides of = As
and ZBAD=ZE Corresponding angles of = As
But /BAD = ZCAD Given
: ZE = ZCAD Each = ZBAD
e o AR AR RO © o il II | ZE= ZCAD (proved) .-
Hence AB = AC From I and II
EXERCISE 10.2

1. Prove that any two medians of an equilateral triangle are equal in measure.

2. Prove that a point, which is equidistant from the end points of a line segment, is
on the right bisector of the line segment.
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Theorem 10.1.3

- In a correspondence of two triangles, if three sides of one triangle are
congruent to the corresponding three sides of the other, then the two triangles
are congruent. (S.S.S.=S.S.S.)

A D

Given
Inn AABC «<— ADEF
EED_E,B_CEﬁand(—SKEF_ﬁ
To Prove
AABC = ADEF

Construction
Suppose that in ADEF the side EF is not smaller than any of the remaining two

sides. On EF construct a AMEF in which, ZFEM = /B and ME = AB . Join D and
. M. As shown in the above figures we label some of the angles as 1, 2, 3 and 4.

Proof

Statements . Reasons
In AABC «— AMEF
BC =FEF .| Given
/B = /ZFEM Construction
AB =ME Construction
AABC = AMEF S.A.S. postulate
anicsiat G & s wtetion Y ) (cprrespondmg sides of congruent
triangles)
Also CASIRE S Rhah. = = 1 (i) | Given
fM=FD {From (i) and (ii)}
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In AFDM
L= ZETS S (iii) | FM = FD (proved)

Similarly Z1 = P R @iv)

mZ2 + mél =ms4 + m/3 {from (iii) and (iv)}

mZEDF = m/EMF
Now, in ADEF «~— AMEF

FD = FM Proved
and m ZEDF = m ZEMF Proved

DE = ME Each one = AB

ADEF = AMEF S.A.S. postulate
Also AABC = AMEF TN o (1L I D
Hence AABC = ADEF Each A AMEF (proved)

Corollary

- A

If two isosceles triangles are formed on the same side of their common

base.

Given

AABC and ADBC are formed on the

same side of BC such that

AB AC DB = DC ADmeets BC atE

To Prove
BE =CE, AE L BC

base, the line through their vertlces Would be the nght bisector of their common

Statements Reasons
Pl s T R R
AB'=AC f(}lven
DB = DC E. leen
AD = AD Common
AADB = AADC §S =838 T
L= A Corresponding angles of = As .




Congruent Triangles 194

In AABE «— AACE
AB=AC Given
Ll=/2 Proved
AE = AE ., | Common
AABE = AACE i S.A.S. postulate
BE=CE Corresponding sides of = As
A LS BN N e I Corresponding angles of = As
mZ3 + mZ4 = 180° vl II Supplementary angles Postulate

: mZ3 =ms4 =90° From I and II
Hence AE 1 BC
Corollary: An equilateral triangle is an equiangular triangle.
| EXERCISE 10.3 z

1 Intheﬁgure,A-—BEIf,A_Dsl_BE. N
Al
. : N

D,
Prove that ZA = ZC, ZABC = ZADC. B
P

2 In the figure, I?\IEW,M_NEI}.
Prove that ZN = /P, /ZNML = ZPLM.

L M

3.  Prove that the median bisecting the base of an isosceles triangle bisects the
vertex angle and it is perpendicular to the base.
Theorem 10.1.4
®  If in the correspondence of the two right-angled triangles, the hypotenuse
and one side of one triangle are congruent to the hypotenuse and the
corresponding side of the other, then the triangles are congruent.  (H.S = H.S).

A DP‘\
M . E : | TS
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Given
In AABC «— ADEF

£ZB=/E (right angles)

CA=FD , AB=DE

To Prove
AABC = ADEF

Construction

Produce FE to a point M such that EM = BC and join the points D and M.
Proof

Statements Reasons
mZDEF + mZDEM = 180° (i) | (Supplementary angles)
Now: mADER ='9025 s it sieer @ii) | (Given)
& - mZDEM= X)° {from (i) and (ii) }
In AABC «— ADEM
BC =EM (construction)
ZABC = ZDEM (each Z equal to 90°)
AB =DE (given) ‘
. AABC = ADEM S.A.S. postulate
and ZC=/M (Corresponding angles of congruent
triangles)
CA = MD (Corresponding sides of congruent
triangles)
But CA=FD (given)
. MD=FD each is congruent to CA
In ADMF
£LF= /M ] MD = FD (proved)
But ZC=4ZM (proved)
£LC=/F (each is congruent to ZM)
In AABC «— ADEF
AB =DE (given)
ZABC = ZDEF (given)
20 =8 : (proved)
Hence AABC = ADEF (S.A . A.=S.AA)
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Example ;

If perpendiculars from two vertices of a triangle to the opposite sides are
congruent, then the triangle is isosceles. "
Given

In AABC, BD_.LAC,CE.LAB
such that I—ST)EEE

To Prove 5 -
AB=AC
Proof B C
Statements Reasons
In ABCD «— ACBE 4
/BDC = /BEC BD 1L AC, CE L AB (given)
) = each angle = 90°.
BC=BC Common hypotenuse
BD =CE Given
ABCD = ACBE H.S.=HS.
ZBCD = ZCBE | Corresponding angles of = As.
Thus ZBCA = ZCBA
Hence AB = AC In AABC, ZBCA = ZCBA
EXERCISE 10.4 B
1. In APAB of figure, PQ L AB and PA =PB, prove
that AQ = BQ and ZAPQ = ZBPQ.
A B
Q
D 9

2. In the figure, n/C = mZD = 90° and

BC = AD. Prove that AC = 1_3T), and
ZBAC = ZABD. Al : B
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Dp C

In the figure, mZB = m«D = 90° and AD = BC.
Prove that ABCD is a rectangle. o B

REVIEW EXERCISE 10 .
Which of the following statements “are true and which are falsg?

(i) A ray has two end points. G e T
(ii) In a triangle, there can be o(nlymone right angle. M i
(iii) Three points are said to be collinear, if they lie on same line. ...
(iv) Twoparallel lineSintersect atapoint. . 2O " ..
(v) Two lines can intersect only at one point. .
(vi) A triangle of congruent sides has non-congruent angles. ...

If AABC = ALMN, then M
(D m2NEE DT
)N S
(i) mZAz=............ C 30°
60° ,
0 90° 0
s 300 il oo
A B s N
If AABC = ALMN, then find the unknown x.
§ M E
30° 40°
60°
xO

40° 809
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Find the value of unknowns for the given

congruent triangles. (5x + 5)°

w1l
B sm—3D2m+6 C

If APQR = A ABC, then find the unknowns

SUMMARY

In this unit we stated and proved the following theorems:

*

‘In any correspondence of two triangles, if one side and any two angles of one

triangle are congruent to the corresponding side and angles of the other, the two
triangles are congruent. (A.S.A. = A.S.A))

If two angles of a triangle are congruent, then the sides opposite to them are
also congruent.

In a correspondence of two triangles, if three sides of one triangle are congruent
to the corresponding three sides of the other, then the two triangles are
congruent (S.S.S.=S.S.S)).

If in the correspondence of the two right-angled triangles, the hypotenuse and
one side of one triangle are congruent to the hypotenuse and the corresponding
side of the other, then the triangles are congruent. (H.S.= H.S.).

Two triangles are said to be congruent, if there exists a correspondence between
them such that all the corresponding sides and angles are congruent.




Unit 11

PARALLELOGRAMS AND TRIANGLES

Unit Qutlines
11.1. (i) Parallelograms and
(ii) Triangles

Students Learning Outcomes

After studying this unit, the students will be able to:
* prove that in a parallelogram
° the opposite sides are congruent,

U the opposite angles are congruent,
. the diagonals bisect each other.

* prove that if two opposite sides of a quadrilateral are congruent and parallel, it
is a parallelogram. ‘

*  prove that the line segment, joining the midpoints of two sides of a triangle, is
parallel to the third side and is equal to one half of its length.

* prove that the medians of a triangle are concurrent and their point of
concurrency is the point of trisection of each median.

* prove that if three or more parallel lines make congruent segments on a
transversal, they also intercept congruent segments on any other line that cuts
them. :

Introduction

Before proceeding to prove the theorems in this unit the students are advised to
recall definitions of polygons like parallelogram, rectangle, square, rhombus,
trapezium etc. and in particular triangles and their congruency.

Theorem 11.1.1

In a parallelogram
(i) Opposite sides are congruent.
(ii) Opposite angles are congruent.
(iii) The diagonals bisect each other.

Given

In a quadrilateral ABCD, AB Il DC, BC Il AD and the diagonals AC, BD meet
each other at point O.

Al

199
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To Prove
(). AB=BC AD -RE
(il)) ZADC = ZABC, ZBAD = ZBCD .
(iii) OA =0C, OB = 0D
Construction
In the figure as shown, we label the angles as £1, £2, £3, £4, £5 and £6.
Proof

Statements Reasons
(i) In AABD «— ACDB
Za= /1 ' alternate angles
BD =BD ' _ Common
£L2=/3 alternate angles
AABD = ACDB AS.A.=ASA.
So, AB=DC, AD =BC giz;r;sgs(;nding sides of congruent
and ZA=/C (corresponding angles of congruent
triangles)
(i1) Since
Ldrsd A snairigng: AR . a5 (a) | Proved
andes /Y £35q an o ansimgens (b) | Proved
" mZl+mZ2=ms4+ms3 | from (a)and (b)

or mZADC = mZABC
or ZADC = ZABC .
and £ZBAD = /BCD Proved in (1)
(iii) In ABOC «— ADOA

BC = AD proved in (i)
5= /6 vertical angles
£L3=/2 Proved
ABOC = ADOA (A AS.=A A.S)
Hence OC = OA. OB = OD (corresponding sides of congruent

triangles)

Corollary ,
Each diagonal of a parallelogram bisects it into two congruent triangles.
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Example .
The bisectors of two angles on the same side of a parallelogram cut each

other at right angles.

Given
A parallelogram ABCD, in which

AB IIDC, AD I BC.
The bisectors of ZA and ZB cut each
other at E.

To Prove

D C

mZE =90°

Construction
Name the angles Z1 and £2 as shown in the figure.

Proof .
Statements . Reasons
' 1
R m/1 =5 mZBAD,
1 1
=5 (m£BAD + mZABC) ms2= 3 mZABC
1 : s
=75 (180°) Int. angles on the same side of AB
=90° , j which cuts Il segments AD and BC
are supplementary.
Hence in AABE, mZE = 90° mZ1 + mZ2 = 90° (proved)
EXERCISE 11.1
1. One angle of a parallelogram is 130°. Find the measures of its remaining
angles.

2. One exterior angle formed on producing one side of a parallelogram is 40°.
Find the measures of its interior angles.

Theorem 11.1.2
D

If two opposite sides of a quadrilateral 3 } C
are congruent and parallel, it is a 3N
parallelogram. _ M
Given i 3

In a quadrilateral ABCD, A : 2% &

AB =DC and AB I DC
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To Prove
ABCD is a parallelogram.

Construction

Join the point B to D and in the figure, name the angles as indicated:

L1, £2, /3 and £4

Proof
Statements Reasons

In AABD «— ACDB

AB = IY?, given

L2=/1 alternate angles

BD =BD common
~. AABD =ACDB S.A.S. postulate
Now Z4=/3 sivgnon- . .. (i) | (corresponding angles of congruent

triangles)
ADIBC AD2BC - (i) | from (i)
! AD=BC T % L (iii) | corresponding sides of congruent As
Ao ABIDE > 51t 6o zoiana 165 (iv) | given
Hence ABCD is a parallelogram from (ii) — (iv)
EXERCISE 11.2

1. Prove that a quadrilateral is a parallelogram if its

(a) opposite angles are congruent.

2.  Prove that a quadrilateral is a parallelogram if its opposite sides are congruent.

Theorem 11.1.3

The line segment, joining the mid-points of two sides of a triangle, is

(b) diagonals bisect each other.

parallel to the third side and is equal to one half of its length.
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Given

In AABC, the mid-points of AB and AC are L and M respectively.

To Prove
LM IBC and miM=7

Construction

Join M to L and produce ML to N such that ML = LN.
Join N to B and in the figure, name the angles £1, £2 and £3 as shown.

Proof

Statements

Reasons

In ABLN «— AALM

and

But NB I AM

Thus NB || MC
MC = AM
NB = MC
BCMN is a parallelogram
BC IILM or BC Il NL
BC=NM
miM = 5 mNM

Hence mLM = % mBC

Given
vertical angles

Construction

S.A.S. postulate

(corresponding angles of congruent
triangles)

(corresponding sides of congruent
triangles)

From (i), alternate £s
(M is a point of AYJ)
Given

{from (ii) and (iv)} -
from (iii) and (v)

(opposite sides of a parallelograrh
BCMN)

(opposite sides of a parallelogram)

Construction

{from (vi) and (vii)}

Note that instead of producing ML to N, we can take N on LM produced.
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Example

The line segments, joining the mid-points of the sides of a quadrilateral,

taken in order, form a parallelogram.
Given

A quadrilateral ABCD, in which P is the
mid-point of AB, Q is the mid-point of
EE, R is the mid-point of C_D, S.is the
mid-point of DA.

P is joined to Q, Q is joined to R,

R is joined to S and S is joined to P.

To Prove PQRS is a parallelogram.

Construction Join A to C.
Proof
' Statements Reasons
In ADAC,
SRIIAC S is the mid-point of DA
eene robing 36 S
mSR =5 mAC R is the mid-point of CD
In ABAC,
PQIIAC P is the mid-point of AB
SR e R
mPQ =3 mAC Q is the mid-point of BC
SR Il PQ Each Il AC
mSR = ml—’a Each = % mAC
Thus PQRS is a parallelogram

SR Il PQ, mSR = mPQ (proved)

EXERCISE 11.3

1. Prove that the line-segments joining the mid-points of the opposite sides of a
quadrilateral bisect each other. : :

Prove that the line-segments joining 'the mid-points of théi"bppoﬁite sides of a

rectangle are the right-bisectors of each other.
[Hint: Diagonals of a rectangle are congruent.]

Prove that the line-segment passing -through the mld-pomt of one 31de and

parallel to-another side of a triangle also bisects'the third side.
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Theorem 11.1.4
The medians of a triangle are concurrent and their point of concurrency is
the point of trisection of each median.

Given
AABC

To Prove

The medians of the AABC are concurrent
and the point of concurrency is the point of
trisection of each median.

Construction
Draw two medians BE and CF of the AABC which intersect each other at point

G. Join A to G and produce it to point H such that AG = GH. Join H to the points B
and C. ‘

AH intersects BC at the point D.

Proof
Statements Reasons
In AACH,
GE | HC (_}_ and E are mid-points of sides AH and
AC respectively
o5y BELEIEE /' - S~ (i) | Gis a point of BE
Similarly CEIHB ... (ii)
BHCG is a parallelogram from (i) and (ii)
L NOhd S s
and mGD = 3 mH .. o s (ii1) | (diagonals BC and GH of a
parallelogram BHCG intersect each
BD =CD other at point D).
AD is a median of AABC
Medians AD, BE and CF pass through (G is the intersecting point of BE and CF
the point G e
and AD pass through it.)
Now' GH SR nee ot TRREF. < (iv) | construction
b | . I
mGD = 3 mA from (iii) and (iv)
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and G is the point of trisection of AD
ISP S < S e )

Similarly it can be proved that G is also

the point of trisection of CF and BE

EXERCISE 11.4

1.  The distances of the point of concurrency of the medians of a triangle from its
vertices are respectively 1.2 cm, 1.4 cm and 1.6 cm. Find the lengths of its
medians.

2. Prove that the point of concurrency of the medians of a triangle and the triangle
which is made by joining the mid-points of its sides is the same.

Theorem 11.1.5

If three or more parallel lines make congruent segments on a transversal,
they also intercept congruer.t segments on any other line that cuts them.

A Lit QS\R B

| 75
Given
O O O :
ABIICDII EF
The transversal LX intersects AB CD and EF at the points M, N and P

respectively, such that MN = NP - The transversal QY intersects them at points R, S
and T respectively.

To Prove
RS =ST
Construction _
From R, draw RU Il LX, which meets CD at U. From S, draw SV Il LX which

meets EF at V. As shown in the figure let the angles be labelled as
Z1, £2, /3 and ZA4.



207 Mathematics 9

Proof
Statements Reasons
MNUR is a parallelogram RU Il X (construction)
AB I CD (given)

MN = RU (i) | (opposite sides of a parallelogram)
Similarly,

NP = SV : (ii)
But MN = NP (iiii) | Given

RU =SV {from (i), (ii) and (iii)}

A >
Also RU Il SV each is Il LX (construction)

Ll=2Z2 Corresponding angles
and Z3=/4 Corresponding angles
In ARUS «— ASVT,

RU =SV Proved

Ll=ZL2 Proved

L3=/4 Proved

ARUS = ASVT S.AA.=S.AA.

o NN T (corresponding sides of congruent

Hence RS = ST ' triangles)

Note: This theorem helps us in dividing line segment into parts of equal lengths. It is
also used in the division of a line segment into proportional parts.

Corollaries

(i) A line, through the mid-point of one side, parallel to another side of a
triangle, bisects the third side.

Given | Y M

In AABC, D is the mid-point of AB. SR ETPST INTT s
DE Il BC which cuts AC at E. /\
To Prove D G
AE=EC / \

Construction B ¢
o -
Through A, draw LM |l BC.
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Proof

Statements Reasons

ie.,

i) sasae) (il 8 o
Intercepts cut by LM, DE , BC on AC Intercepts cut by parallels LM, DE,
are congruent.

BC on AB are congruent (given)

AE =EC.

(i1)

(1ii)

The parallel line from the mid-point of one non-parallel side of a trapezium to
the parallel sides bisects the other non-parallel side.

If one side of a triangle is divided into congruent segments, the line drawn from

the point of division parallel to the other side will make congruent segments on
third side.

EXERCISE 11.5
In the given figure, e A g X
IR = I = R = T o / 34
AXIBY ICZ IIDU | EV PRAEET ) MIN Y,
and AB =BC=CD = DE. <t //C N Z;
— U
If mMN = 1 cm, then find the length of <+ [D |
S : S 8.
LN and LQ. b Ty T

Take a line segment of length 5.5 cm and
divide it into five congruent parts.

[Hint: Draw an acute angle ZBAX. On AX take AP
=PQ=QR=RS =ST.

Join T to B. Draw lines parallel to TB from the points
P,Q,Rand S.] e T R R

REVIEW EXERCISE 11

Fill in the blanks.

(i) Ina parallelogram opposite sides are .............

(i1) In a parallelogram opposite angles are .............

(iii) Diagonals of a parallelogram ............ each other at a point.

(iv) Medians of a triangle are .............

(v) Diagonal of a parallelogram divides the parallelogram into two
triangles.

In parallelogram ABCD ,
(i) mAB...... mDC (i) mBC ...... mAD
(iii)mLl = ...... (iv) m£L2=......

............
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m° : n°
Find the unknowns in the given figure. ]
T57 R R L R
D C

Gm+10)°  1x°

If the given figure ABCD is a
parallelogram, then find x, m.
52

A

The given figure LMNP is a parallelogram. 4m+n
Find the value of m, n.

8m 4n
In the question 5, sum of the opposite angles of the parallelogram is 110° ﬁnd
the remaining angles.

SUMMARY
In this unit we discussed the following theorems and used them to solve some

exercises. They are supplemented by unsolved exercises to enhance applicative skills
. of the students.

*

In a parallelogram

(i) Opposite sides are congruent.
(i) Opposite angles are congruent.
(iii) The diagonals bisect each other.

If two opposite sides of a quadrilateral are congruent and parallel, it is a
parallelogram. -

The line segment, joining the mid-points of two sides of a triangle, is parallel to
the third side and is equal to one half of its length.

The medians of a triangle are concurrent and their point of concurrency 1s the
point of trisection of each median.

If three or more parallel lines make congruent segments on a transversal, they
also intercept congruent segments on any other line that cuts them.




Unit 12

LINE BISECTORS AND ANGLE BISECTORS

Unit Qutlines ¢
12.1.(i) Bisector of a Line Segment
(ii) Bisector of an Angle

Students Learning Outcomes

After studying this unit, the students will be able to:

* prove that any point on the right bisector of a line segment is equidistant from
its end points.

prove that any point equidistant from the end points of a line segment is on the
right bisector of it.

*  prove that the right bisectors of the sides of a triangle are concurrent.
* prove that any point on the bisector of an angle is equidistant from its arms.

prove that any point inside an angle, equidistant from its arms, is on the bisector
of it.

prove that the bisectors of the angles of a triangle are concurrent.

Introduction

In this unit we will prove theorems and their converses, if any, about right
bisector of a line segment and bisector of an angle. But before that it will be useful to
recall the following definitions:

Right Bisector of a Line Segment

A line is called a right bisector of a line segment if it is perpendicular to the
line segment and passes through its mid-point. .
A

Bisector of an Angle Lo
A ray is called a bisector of line segment if it divides the angle into /] r\P
two equal parts. A ray BP is called the bisector of ZABCif Pisa ,/ | %,
point in the interior of the angle and mZABP = m /PBC. 4 ;]
Theorem 12.1.1 e A
Any point on the right bisector of a line segment is i a5
equidistant from its end points. ALy vy
Given .
A line LM intersects the line segment AB at the point
s TR A D e PES M-
C such that LM L AB and AC = BC . P is a point on LM. v

210
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To Prove
PA=PB
Construction
Join P to the points A and B.
Proof
- Statements Reasons
In AACP «<— ABCP
AC=BC given
£ACP = £ZBCP given PC L AB, so that each £ at C
=OhE
PC =PC ' common
AACP = ABCP S.A.S. postulate
R (corresponding sides of congruent
Hence PA =PB triangles)
Theorem 12.1.2

{Converse of Theorem 12.1.1}

Any point equidistant from the end points of a line segment is on the right
bisector of it. -

a)

Given

AB is a line segment. Point P is such that PA=PB.

To Prove
The point P is on the right bisector of AB .

Construction A
Joint P to C, the mid-point of AB .

Proof

Of=—————————

Statements Reasons
In AACP «— ABCP

PA=PB given
PTZ =PC common
A—C - ﬁl construction

AACP = ABCP S.5.5.=S.S.S.
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LACPE SBUE. Coles ik (1)

But mZACP + mZBCP = 180°..... (ii)
mZACP = m£BCP = 90°

PR R (iii)
BRg-ERER (iv)
- PCisa right bisector of AB

i.e., the point P is on the right bisector of

AB.

(corresponding angles of congruent
triangles)

Supplementary angles

from (f) and (ii)

mZACP = 90° (proved)
construction

from (iii) and (iv)

. EXERCISE 12.1
1. ' Prove that the centre of a circle is on the right bisectors of each of its chords.

2. Where will be the centre of a circle passing through three non-collinear points?

And why?

3.  Three villages P, Q and R are not on the same line. The people of these villages
want to make a Children Park at such a place which is equidistant from these
three villages. After fixing the place of Children Park, prove that the Park is

equidistant from the three villages.

Theorem 12.1.3

The right bisectors of the sides of a triangle are concurrent.

Given
AABC

To Prove

The right bisectors of AB , BC and CA are

concurrent.

Construction

Draw the right bisectors of AB and BC which meet each other at the poinf 0.

JoinOto A, B and C.
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Proof
Statements Reasons
i - .. | (Each point on right bisector of a
DA =0B ISR ) segment is equidistant from its end
points)
CoEE e (i) | asin (i)
OR=OC T & AAZ: (iii) | from (i) and (ii)
Point O is on the right bisector of
S W R (iv) | (Ois equidistant from A and C)
But point O is on the right bisector
of AB and of BC ... (V) [ construction
Hence the right bisectors of the three :
sides of a triangle are concurrent at O. TR ey S (Y)}

Observe that

(a) The right bisectors of the sides of an acute triangle intersect
each other inside the triangle.
(b) The right bisectors of the sides of a right triangle intersect
each other on the hypotenuse.
(c) The right bisectors of the sides of an obtuse triangle intersect
each other outside the triangle.

Theorem 12.1.4

Any point on the bisector of an angle is equidistant from its arms.

Given

_)
A point P is on OM , the bisector of ZAOB.

To Prove

g e . . . - -% -ﬁ
PQ =PR i.e., P is equidistant from OA and OB .

Construction

A ¢ — >
Draw PR L OA and PQ L OB

-
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Proof
Statements Reasons
In APOQ «— APOR
OP = OP common
ZPQO = ZPRO construction
ZPOQ = ZPOR given
APOQ = APOR S.A.AA.=S.AA.
Hence PQ=PR (cprrespondmg sides of congruent
triangles)

Theorem 12.1.5 (Converse of Theorem 12.1.4)
Any point inside an angle, equidistant from its arms, is on the bisector of it.

Given
Any point P lies inside ZAOB such that

Hew: i ey — =)
PQ=PR , where PQ L OB and PR L OA .

To Prove
Point P is on the bisector of ZAOB.
Construction ;;
Join P to O.
Proof
Statements Reasons
In APOQ «<— APOR
ZPQO = ZPRO given (right angles)
PO =PO common
PQ=PR given
APOQ = APOR H.S.=H.S.
Hence ZP0OQ = ZPOR (corresponding angels of congruent
, triangles)
i.e., P ison the bisector of ZAOB.

EXERCSISE 12.2
1. In a quadrilateral ABCD, AB = BC and the right bisectors of AD , CD meet

each other at point N. Prove that BN is a bisector of ZABC.

2.  The bisectors of ZA, £B and ZC of a quadrilateral ABCP meet each other at
point O. Prove that the bisector of ZP will also pass through the point O.
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3.  Prove that the right bisectors of congruent sides of an isoscles triangle and its
altitude are concurrent.

4.  Prove that the altitudes of a triangle are concurrent.

Theorem 12.1.6
The bisectors of the angles of a triangle are concurrent.

Given
AABC

To Prove
The bisectors of ZA, /B and ZC are concurrent.

Construction
Draw the bisectors of ZB and ZC which

intersect at point I. From I, draw 1F L AB ; IDLBCandIE 1L CA.

Proof

Statements - Reasons
T (Any point on bisector of an angle is
) : equidistant from its arms)
Similarly,
ID=IE
IE = IF - { " HBachs 1P, proved.

So, the point I is on the bisector of ZA

Also the point I is on the bisectors of

ZARC AN B, T (i1) | Construction
Thus the bisectors of ZA, /B and ZC
are concurrent at I. {from (i) and (ii)}

Note: In practical geometry also, by constructing angle bisectors of a triangle, we
shall verify that they are concurrent.

‘EXERCISE 12.3

1. Prove that the bisectors of the angles of base of an isoscles triangle intersect
each other on its altitude.

2. Prove that the bisectors of two exterior and third interior angle of a triangle are
concurrent.
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If the given triangle ABC is equilateral triangle and AD is

' REVIEW EXERCISE 12
Which of the following are true and which are false?
(i) Bisection means to divide into two equal parts. ...

(i) Right bisection of line segment.means to draw perpendicular which
passes through the mid-point of line segment. ...

(iii) Any point on the right bisector of a line segment is not equidistaht from
o e SR ) S R R OURERR £

(iv) Any point equidistant from the end points of a line segment is on the right
bisectonGiit. AT - eouahalidin siles b <o oy an ot

(v) The right bisectors of the sides of a triangle are not concurrent.  ......
(vi) The bisectors of the angles of a triangle are concurrent. ...
(vii) Any point on the bisector of an angle is not equidistant from its arms.......

(viii) Any point inside an angle, equidistant from its arms, is on the bisector
of it. i Pt M 47 R

If (EIS) is right bisector of line segment AB , then

(i) mAQ=......... Q
Define the following 1p
(i) Bisector of a line segment \ 4

(i) Bisector of an angle

bisector of angle A, then find the values of unknowns x°,
y° and z°.

In the given congruent triangles LMO and LNO,  2x+6,
find the unknowns x and m.

e 0 a
ot C
CD is right bisector of the line segment AB. §
) mAB =6 cm, then find the mAL and mLB . A—+ L + 7B
@) If mBD = 4 cm, then find mAD . ‘ 1 o ¥




217 Mathematics 9

SUMMARY
In this unit we stated and proved the following theorems:
*  Any point on the right bisector of a line segment is equidistant from its end points.

* Any point equidistant from the end points of a line segment is on the right
bisector of it.

* The right bisectors of the sides of a triangle are concurrent.

* Any point on the bisector of an angle is equidistant from its arms.

* Any point inside an angle, equidistant from its arms, is on the bisector of it.
* The bisectors of the angles of a triangle are concurrent.

e Right bisection of a line segment means to draw a perpendicular at the mid-point
of line segment.

e Bisection of an angle means to draw a ray to divide the given angle into two equal
parts.




Unit 13
SIDES AND ANGLES OF A TRIANGLE

Unit Qutlines
13.1. (i) Sides of a Triangle
(ii) Angles of a Triangle

Students Learning Outcomes

After studying this unit, the students will be able to:

* prove that if two sides of a triangle are unequal in length, the longer side has an
angle of greater measure opposite to it. bR

prove that if two angles of a triangle are unequal in measure, the side opposite
to the greater angle is longer than the side opposite to the smaller angle.

prove that the sum of the lengths of any two sides of a triangle is greater than
the length of the third side.

prove that from a point', out-side a line: the perpendicular is the shortest
distance ftom the point fo the line.

Introduction i

Recall that if two sides of a triangle are equal, then the angles apposite to them
are also equal and vice-versa. But in this unit we shall study some interesting
inequality relations among sides and angles of a triangle.

Theorem 13.1.1

If two sides of a triangle are unequal in length, the longer side has an angle
of greater measure opposite to it. A

Given
In AABC, mAC > mAB

To Prove
mZABC > mZACB

_Construction

B

On AC take a point D such that AD = AB . Join B to D so that AADB is an
isoscel€s triangle. Label Z1 and £2 as shown in the given figure.

218
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Proof
Statements Reasons
In AABD
mXhEpERoc, (i) | Angles opposite to congruent sides,
(construction)
In ABCD, mZACB < mZ£2
e, LI MR T sl (ii) | (An exterior angle of a triangle is greater
than a non-adjacent interior angle)
st . mLILS>mIRCRE (iii) | By (i) and (ii)
But
mZABC = mZ1 + m£DBC Postulate of addition of angles.
MLABC S>L 1 &b o e (iv)
mZABC > m/Z1 >mZACB By (iii) and (iv)
Hence mZABC > mZACB (Transitive property of inequality of real
numbers)
Example 1

Prove that in a scalene triangle,

the angle opposite to the largest side is of

measure greater than 60°. (i.e., two-third of a right-angle)

Given , =
Ih AABC, AC > AB > BC
To Prove
mZB > 60°.
Proof B “
Statements Reasons
In AABC
m£B > mZC mAC > mAB (given)
msB > mZA mAC > mBC (given)
But mZA + mZB + m«C = 180° LA, £ZB, £C are the angles of AABC
; m£B + m/B + mZB > 180° m4£B > mZ£C, m£B > mZA (proved)
Hence mZB > 60° 180°/3 = 60°
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Example 2

In a quadrilateral ABCD, AB is the longest side and CD is the shortest
side. Prove that mZBCD > mZBAD.
Given

In quad. ABCD, AB is the longest side and

| CD is the shortest side.

~ To Prove g
mZBCD > mZBAD
Construction
Joint A to C.
Name the angles £1, £2, Z3 and £4 as shown in the figure.
Proof
Statements Reasons
Tn, AABC, LA 22 o it I | mAB >mBC (given)
In AACD,mZ3>mzl ... II | mAD > mCD (given)
mZ4 + mZ3 >mZ2 + mZ1 FromI and II
Hence m<BCD > mZBAD ol
mZ2 +mZ1 =mZBAD
Theorem 13.1.2

(Converse of Theorem 13.1.1)
If two angles of a triangle are unequal in measure, the side opposite to the
greater angle is longer than the side opposite to the smaller angle.

Given C
In AABC, mZA > m/B
To Prove
° mBC >mAC -
Proof A B
 Statements Reasons

If mBC3%mAC, then

either (i)mBC = mAC : (Trichotomy property of real numbers)
or (ii) mBC < mAC
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From (i) if mBC = mAC , then

mZA =mZB (Angles opposite to congruent sides are
congruent)
which is not possible. : Contrary to the given.
From (ii) if mBC < mﬂ? , then
mZA < m£ZB (The angle opposite to longer side is
greater than angle opposite to smaller
side)
This 1s also not possible. Contrary to the given.
mBC # mAC '

and mBC ¢ mAC

Thus mBC > mAC Trichotomy property of real numbers.
Corollaries :
(i) The hypotenuse of a right angled triangle is longer than each of the other two
sides.

(i) In an obtuse angled triangle, the side opposite to the obtuse angle is longer than
each of the other two sides.

Example

i —
ABC is an isosceles triangle with base BC . On BC a point D is taken away

from C. A line segment through D cuts AC at L and AB at M. Prove that
mAL >mAM.
Given

In AABC, AB = AC
_)
D is a point on BC away from C.

A line segment through D cuts AC
at L and AB at M.

To Prove
mAL > mAM
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Proof
Statements : Reasons
In AABC
ZB =22 mavtn sib af vissns I | AB=AC (given)
In AMBD
Wl B D II | (£1is an ext. £ and £B is its internal
opposite £)
Sl Vb e 170 R N III | From I and II
In ALCD,
s § 1224 11 0 L IV | (£2is an ext. £ and £3 is its internal
opposite £)
& j00p25 U 071 0 L N RN V | From III and IV
BRPS 232 SRt - VI | Vertical angles
. mZ1 >mxs4 From V and VI
Hence mAL > mAM In AALM, mZ1 > mZ£4 (proved)
Theorem 13.1.3

The sum of the lengths of any two sides of a triangle is greater than the
length of the third side.

Db
Given \\:9\
AABC ; »\
To Prove ' ‘\ S A
(i) mAB +mAC >mBC ‘\\
(i) mAB + mBC > mAC X
(iii) mBC + mCA > mAB !
Construction B: C

— L N
Take a point D on CA such that AD = AB. Join B to D and name the angles.
Z1, Z£2 as shown in the given figure.

Proof
Statements Reasons j{
In AABD, |
DA bos 07 S o (1) AD = AB (construction) !
m/DBG Bl ... (i) | mZDBC=mZ1 + mZABC |
|
M2 . ... (iii)) | From (i) and (ii) i




223 : Mathematics 9

In ADBC,
mCD > mBC : By (iii)
ie., mAD + mAC > mBC mCD = mAD + mAC

Hence mAB + mAC > mBC mAD = mAB (construction)
Similarly,

mAB + mBC > mAC

and mBC +mCA >mAB
Example 1

Which of the following sets of lengths can be the lengths of the sides of a
triangle?

@ 2cm3cm,5Scm (b)) 3em,4em,5cm, (¢) 2cm,4cm,7 cm,

) e i L

- This set of lengths cannot be those of the sides of a triangle.
) = 3+4>53+5>4,4+5>3 -

. This set can form a triangle.

@) '~ 2+4<]
*.  This set of lengths cannot be the sides of a triangle.

Example 2 -

Prove that the sum of the measures of two sides of a triangle is greater than
twice the measure of the median which bisects the third side.

Given A
In AABC,

median AD bisects side BC at D. ,
To Prove ' . : &,
i e —H- y C

mAB + mAC > 2mAD. R Ry ‘
Construction > :

- SEnyl.
On AD, take a point E, such that DE = AD. Xyt

Join C to E. Name the angles £1, £2 as shown \é
in the figure. :

i}
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Proof

Statements . Reasons
In AABD «— AECD

BD =CD Given
Ll=/L2 Vertical angles
AD =ED Construction
AABD = AECD S.A.S. Postulate
BRESEL e e I | Corresponding sides of = As
mAC + mEC >mAE ... II | ACE is a triangle
mAC + mAB > mAE From I and IT
Hence mAC + mAB> 2m AD mAE = 2mAD (construction)
Example 3

Prove that the difference of measures of two sides of a triangle is less than
the measure of the third side.
Given ' 3
AABC
To Prove
AC AR < mBE
mBC — mAB < mAC B 2
mBC — mAC < mAB

Proof
Statements Reasons
mAB + mBC> mAC ABC is a triangle
(mAB + mBC — mAB) Subtracting mAB from both sides
> (mAC — mAB)

mBC > (mﬁ—mA_TB)
or mAC - mAB < mBC
Similarly

...... I Ja>b =tb<ia

mBC — mAB < mAC e
Reason similar to I

mBC — mAC < mAB
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EXERCISE 13.1

1. Two sides of a triangle measure 10 cm and 15 cm. Which of the following
measure is possible for the third side?
(@ Scm  (b) 20cm  (¢) 25cm  (d) 30cm

2. Ois an interior point of the AABC. Show that
mOA+mOB+mOC>2 (mA_B+mB_(-2+méA)

3. Inthe AABC, m£B = 70° and mZC = 45°. Which of the sides of the triangle is
longest and which is the shortest?

4.  Prove that in a right-angled triangle, the

hypotenuse is longer than each of the 2
other two sides.
5. In the triangular figure, mAB > mAC . BD
and CD are the bisectors of /B and ZC
iy 1w icles of ¢ ogfen N\
respectively. Prove that mBD > mDC . ;
Theorem 13.1.4
From a point, outside a line, the perpendicular is the shortest distance
from the point to the line. C
Given ,"
A line AB and a pomt C (not lymg on b
/
AB ) and a point D on AB such that CD L AB /,
To Prove ' ¢
CDis the shortest di form the ) B >
m | is 1(e_) shortest distance form the G D B
point’ Cto AB.
Construction
“
Take a pint E on AB . Join C and E to form a ACDE.
Proof
Statements ‘ Reasons
In ACDE
mZCDB > mZCED (An exterior angle of a triangle is greater
than non adjacent interior angle).
But mZCDB =mZCDE Supplement of right angle.
~. mZCDE > mZCED
or mZCED < m/CDE a>b=b<a
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or

But E is any point on AB

Hence mCD is the shortest distance from

o
Cto AB.

mCD < mCE i Side opposite to greater angle is greater.

Note:
(1)

(ii)

The distance between a line and a point not on it, is the length of the
perpendicular line segment from the point to the line.

The distance between a line and a point lying on it is zero.

EXERCISE 13.2

In the figure, P is any point and AB is a line. Which of the following is the
shortest distance between the point P and the line AB?
P

L M N .0
" (@ mPL (b) mPM  (c) mPN  (d) mPO
In the figure, P is any point lying away from the line x
AB. Then mPL will be the shortest distance if
(a) m£PLA =80° (b) m£PLB =100°
(c) m£PLA = 90° Nk L B
P
In the figure, PL is perpendicular
to the line AB and mLN > mLM .
Prove fhat mPN > mPM . < —

>
b
£
Z
e
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X REVIEW EXERCISE 13

Which of the following are true and which are false?
(i)  The angle opposite to the longer side of a triangle is greater.
(ii) In aright-angled triangle greater angle is of 60°.
(iii) In an isosceles right-angled triangle, angles other than right angle are

each of 45°. s
(iv) A triangle having two congruent sides is called equilateral triangle.
(v) A perpendicular from a point to a line is shortest distance. ...
(vi) Perpendicular to line form an angle of 90°. \ NGRS
(vii) A point out side the line is collinear with it. - % 2
(vm) Sum of two sides of tnangle is greater than the third. b
(ix) The distance between a line and a point on it is zero. ks
(x) Triangle can be formed of lengths 2cm,3cmand Secm. ...

What will be angle for shortest distance from an outside point to the line?

If 13 cm, 12 cm, and 5 cm are:the lengths of a triangle, then verify that
difference of measures of any two sides of a triangle is less than the measure of
the third side.

= If 10 cm, 6 cm and 8 cm are thé lengths of a tnangle then verify that sum of

measures of two sides of a triangle is greater than the third side.
3 cm, 4 cm and 7 cm are not the lengths of the triangle. Give the reason.

If 3 cm and 4 cm are lengths of two sides of a right angle triangle, then what
should be the third length of the triangle.

SUMMARY

In this unit we stated and proved the following theorems:

*

If two sides of a triangle are unequal in length, the longer side has an angle of
greater measure opposite to it.

If two angles of a triangle are unequal in measure; the side opposite to the
greater angle is longer than the side opposite to the smaller angle.

The sum of the lengths of any two sides of a triangle is greater than the length
of the third side.

From a point, outside a line, the perpendlcular is the shortest distance from the
point to the line.




Unit 14

RATIO AND PROPORTION

Unit Outlines
14.1 Ratio and Proportion

Students Learning Outcomes

After studying this unit, the students will be able to:

* prove that a line parallel to one side of a triangle, intersecting the other two
sides, divides them proportionally.

* prove that if a line segment intersects the two sides of a triangle in the same
ratio, then it is parallel to the third side. y

* prove that the internal bisector of an angle of a triangle divides the side
opposite to it in the ratio of the lengths of the sides containing the angle.

provq:that if two triangles are similar, the measures of their corresponding sides
are proportional.

*

Introdugtion

In this unit we will prove some theorems and corollaries involving ratio and
proportions of sides of triangle and similarity of triangles. A knowledge of ratio and
proportion is necessary requirement of many occupations like food service
occupation, medications in health, preparing maps for land survey and construction
works, profit to cost ratios etc.

Recall that we defined ratioa : b = % as the comparison of two alike quantities a
and b, called the elements (terms) of a ratio. (Elements must be expressed in the same
units). Equality of two ratios was defined as proportion.

Thatis, ifa: b=c:d, then a, b, ¢ and d are said to be in proportion.

Similar Triangles L

Equally important are the similar shapes. In particular the similar triangles that
have many practical applications. For example, we know that a photographer can
develop prints of different sizes from the same negative. In spite of the difference in
sizes, these pictures look like each other. One photograph is simply an enlargement of

another. They are said to be similar in shape. Geometrical figures can also be similar.
eg.,H

In AABC «— ADEF

228
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AB mBC mCA
e B e T 6 sl D T

mDE mEF mFD
D

E F

then AABC and ADEF are called similar triangles which is symbolically written as
AABC ~ ADEF.

It means that corresponding angles of similar triangles are equal and measures
of their corresponding sides are proportional.

APQR = ALMN means that in -

APQR «— ALMN
£LP= /L, £Q= 1M,
ZR = /N, PQ=LM,
QR = MIN, RP=NL
mPQ mQR mRP P L
Nowas ——=——=—-—=1
mLM mMN mNL
APQR ~ ALMN
Q R M N

In other words, two congruent triangles are similar also. But two similar triangles are

not necessarily congruent, as congruence of their corresponding sides is not
necessary.

Theorem 14.1.1

A line parallel to one side of a
triangle and intersecting the other two
sides divides them proportionally.
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Given

In AABC, the line / is intersecting the sides AC and AB at points E and D

respectively such that EDIICB.
To Prove

' mAD : mDB = mAE : mEC
Construction

Join B to E and C to D. FroderawﬁK’[.LKé andfromEdrawI?I:_LK_B.

Proof

Statements

Reasons

In triangles BED and AED, EL is the
common perpendicular.

Area of ABED = 3

and ,Afea of AAED = 3

Area of ABED 5 mDB
US “Area of AAED = —
mAD

Similarly
Area of ACDE mEC
Area of AADE~ —

mAE
ABED = ACDE

But

From (iii) and (iv), we have

mDB _'mEC

LT gt

1 e, ek
=X mAD xmEL

MAD mAE

......

......

or
mAD mAE mDB mEC

Hence mAD : mDB = mAE : mEC

Areaofa A= % (base)(height)
Dividing (i) by (ii)

| (Areas of triangles with common

base and same altitudes are equal.

Given that ED Il CB, so altitudes
are equal.

Taking reciprocal of both sides.

Observe that

From the above theorem we also have

mBD mCE , mAD
= and —

mAE

mAB

C

mAB

C
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Corollaries
mAD mAE M S mAB mAC g g
(a) IfT=—_—, then DE |l BC (b) If—T= _C , then DE Il BC
mAB  mAC mDB mEC
Points to be noted :

(i) Two points determine a line and three non-collinear points determine a plane.
(ii) A line segment has exactly one midpoint.
(iii) If two intersecting lines form equal adjacent angles, the lines are perpendicular.

Theorem 14.1.2

(Converse of Theorem 14.1.1)

If a line segment intersects the two sides of a triangle in the same ratio,
then it is parallel to the third side. A

Given

In AABC, ﬁ) intersects AB and AC such

that mAD : mDB = mAE : mEC E D
To Prove
ED Il CB
Construction , (i' ________ =
S 42 e
If ED FCB, then draw BF Il DEto meet F*~
AC produced at F.
Proof
~ Statements ‘ Reasons
In AABF
DE Il BF Construction
mAD mAE | (A line parallel to one side of a triangle
- L g «... (1) | divides the other two sides :
mDB  mEF proportionally. Theorem 14.1.1)
mAD mAE
Dt ~omemmprbiy— L. (ii)) | Given
mDB mEC
S RO From (i) and (ii)
mEF mEC
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L.

or mEF=mEC,
which is possible only if point F is
coincident with C. R )
Our supposition is wrong.
Hence ED Il CB
EXERCISE 14.1

In AABC, DE Il BC .

G If mAD = 1.5 cm, mBD =3 ¢cm,mAE = 1.3 cm,
then find mCE.

(ii) If mAD = 2.4 cm, mAE = 3.2 cm, mEC = 4.8 cm,
find'mAB.. &

(ii1) If EA—_]—)—= -g- and mAC = 4.8 cm, find mAE.
mDB

@iv) If mAD = 2.4 cm, mA_E e 3.2 0m; mDE =2 cm, mBC= 5 cm, find mAB,

mDB mAC mCE.
(v) f AD=4x-3, AE= 8x — TBD= 3x—l and CE = 5x -3, ﬁndthevalue

of x.
: : . : A
If AABC is an isosceles triangle, ZA is vertex angle and
DE intersects the sides ABand AC as shown in the
figure so that D 3
mAD : mDB = mAE : mEC .
Prove that AADE is also an isosceles triangle. 2 C
: A
In an equilateral triangle ABC shown in the figure,
e g ol RERRE N D E
mAE : mAC = mAD : mAB
Find all the three angles of AADE and name it also.
B C

Prove that the line segment drawn through the mid-point of one side of a
triangle and parallel to another side bisects the third side.

Prove that the line segment joining the mid-points of any two sides of a triangle
is parallel to the third side.
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Theorem 14.1.3

The internal bisector of an angle of a triangle divides the side opposite to it
in the ratio of the lengths of the sides containing the angle.

4
Ll s
// !
s !
A7 !
4
1
3
!
4 ll
C ]
B
Given jD

In AABC internal angle bisector of Z A meets CB at the point D.
To Prove

mBD : mDC = mAB : mAC
Construction

Draw a line segment BE I DA to meet CA produced at E.
Proof

Statements Reasons

AD Il EB and EC intersects them, | Construction

MY s 2005 , & o sn (1) | Corresponding angles
Again AD Il EB
and AB intersects them,

MEIBMLL L ADEE - o (ii) | Alternate angles
But mZ1=m43 Given

mZ2 = ms4 From (i) and (ii)

andi AB= A or AR = AB In a A, the sides opposite to congruent

angles are also congruent.

N

Now AD Il EB Construction

mﬁl_)_mﬁx

mDE  mAC

by Theorem 14.1.1
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£ ““;_Dzm_A_E mEA = mAB (proved)
mDC mAC
Thus mBD : mDC = mAB : mAC : SRS '

Theorem 14.1.4

If two triangles are similar, then the measures of their corresponding sides
are proportional. A D

F
Given B
AABC ~ ADEF
1e., ZA=/D, /B=/E and ZC= /B
To Prove

mAB mAC mBC

mDE mDF mEF
Construction

(I) Suppose that mAB > mDE
(I mAB < mDE
On AB take a point L such that mAL = mDE .

On AC take a pomt M such that mAM = mDF . Join L and M by the line
segment LM.

Proof 3
Statements Reasons
(I) InAALM «— ADEF
ZA=Z7D Given
, AL =DE Construction
AM = DF Construction '
Thus AALM = ADEF 2 1 S.A.S. Postulate
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and ZL=Z/E, /M=/F

Now ZE= /B and ZF = £C
LL=/B, M= £C

Thus LM Il BC

2

mAM
Hence ——=——
mAB mA
mDE _ mDF
mAB mAC
Similarly by intercepting segments on

Q

or

BA and BC , We can prove that

mDE mDF _ mEF
mAB mAC mBC

Thus

mA_B__m‘&E_mﬁZ
mDE mDF mEF

or

(II) If mAB < mDE, it can similarly
be proved by taking intercepts on the
sides of ADEF.
If mAB=mDE,
then in AABC «— ADEF
LA=/D
4B=/E~
and AB=DE
so AABC = ADEF

Hence the result is true for all the cases.

(Corresponding angles of congruent
triangles)

Given
Transitivity of congruence

Corresponding angles are equal.

by Theorem 14.1.1

mAL = mDE and mAM = mDF
(construction)

by (i) and (i)

by taking reciprocals

Given
Given

AS A =ASA

AC=DF,BC=EF
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EXERCISE 14.2

_.)
1. In AABC as shown in the figure, CD bisects ZC 6 12

and meets AB at D. mBD is equal to
(a)“y "4 {@®)ET6 7 (c) 10 (d) 18»

2.  In AABC shown in the figure, C_l))
bisects ZC. If mAC =3, mCB =6
and mAB =7, then find mAD and A
mDB .

3. Show that in any correspondence of two triangles, if two angles of one triangle

are congruent to the corresponding angles of the other, then the triangles are
similar.

: : mAX  mCX
4.  If line segments AB and CD are intersecting at point X and = ,

mXB mXD

then show that AAXC and ABXD are similar.

REVIEW EXERCISE 14
1. Which of the following are true and which are false?
(i) Congruent triangles are of same size and shape.
(ii) Similar triangles are of same shape but different sizes.
(iii) Symbol used for congruent is ‘=’.
(iv) Symbol used for similarity is ‘~’.
(v) Congruent triangles are similar.
(vi).Similar triangles are congruent.
(vii) A line segment has only one mid-point.
(viii) One and only one line can be drawn through two points.
(ix) Proportion is non-equality of two ratios.
(x) Ratio has no unit.
2. Define the following:
@i - Ratio ' (ii) Proportion
(iii) Congruent Triangles (iv) Similar Triangles

........

......

......

......

------

......
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In ALMN shown in the figure, MN i ITQ

() IfmLM=5cm, mLP=2.5cm, mLQ=2.3cm,
then find mLN .

1) If mLM =6 cm, mL_TQ = 2L, mQ_N =Dicm;
then find mLP .

In the shown figure, let mPA = 8x — T mPB = 4x — 3,

) s o A B
mAQ = 5x — 3, mBR = 3x — 1. Find the value of x if
ABIIQR. Q "

I

, -
In ALMN shown in the figure, LA bisects 6 &
ZL.fmIN=4mLM= 6, mMN = 8, then —tx N
find mMA and mAN . lP

10 cm, X

In Isosceles APQR shown in the figure, find the value
of x and y.

Q 6emyv ¥ R
SUMMARY

In this unit we stated and proved the following theorems and gave some necessary
definitions:

*

A line parallel to one side of a triangle and intersecting the other two sides
divides them proportionally.

If a line segment intersects the two sides of a triangle in the same ratio, then it is
parallel to the third side.

The internal bisector of an angle of a triangle divides the side opposite to it in
the ratio of the lengths of the sides containing the angle.

If two triangles are similar, then the measures of their corresponding sides are
proportional.

: ¢ Sk ik a :
The ratio between two alike quantities is definedasa : b = B where a and b are

the elements of the ratio.
Proportion is defined as the equality of two ratiosi.e.,a:b=c:d

Two triangles are said to be similar if they are equiangular and corresponding
sides are proportional.



Unit 15
PYTHAGORAS’ THEOREM

Unit Outlines ;
15.1. Pythagoras’ Theorem

Students Learning Outcomes

After studying this unit, the students will be able to:

* prove that in a right-angled triangle, the square of the length of hypotenuse is

equal to the sum of the squares of the lengths of the other two sides.
(Pythagoras’ theorem).

prove that if the square of one side of a triangle is equal to the sum of the
squares of the other two sides, then the triangle is a right angled triangle
(converse to Pythagoras’ theorem).

Introduction

Pythagoras, a Greek philosopher and mathematician, discovered the simple but
important relationship between the sides of a right-angled triangle. He formulated this
relationship in the form of a theorem called Pythagoras’ Theorem after his name.
There are various methods of proving this theorem. We shall prove it by using similar

triangles. We ‘shall state and prove its converse also and then apply it to solve -
different problems.

Pythagoras Theorem 15.1.1

In a right angled triangle, the square of the length of hypotenuse is equal to
the sum of the squares of the lengths of the other two sides.

i 'B
A D X AD‘;, C

(i)-a (ii)-b

Given
AACB is a right angled triangle in which mZC = 90° and mBC =a, mAC = b
and mAB = c.

238 -
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To Prove

2
t=a*+b

Construction

Draw CD perpendicular from C on AB.
Let mCD = k, mAD = x and mBD = y. Line segment CD spli'ts AABC into two

As ADC and BDC which are separately shown in the figures (ii)—a and (ii)-b
respectively.

Proof (Using similar As)

Statements Reasons
In AADC «— AACB Refer to figure (ii)-a and (i)
LA =ZA common — self congruent
ZADC = ZACB Construction — given, each angle = 90°
£LC= /B £C and £B, complements of ZA.
AADC ~ AACB Congruency of three angles
X0 (Measures of corresponding sides of
b e similar triangles are proportional)
B
R e e e 4))
Again in ABDC «— ABCA Refe_r to figure (i1)-b and (i)
£ZB=/B Common-self congruent
£ZBDC = ZBCA Construction — given, each angle = 90°
LC=LA £C and ZA, complements of ZB
ABDC ~ ABCA Congruency of three angles.
y_ a (Corresponding sides of similar triangles
a;ic are proportional).
2
a
T ke (In
But y+x=c¢ Supposition.
a. b
or d+b=c Multiplying both sides by c.
je, F=d+ b
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Corollary C
In a right angled AABC, right angle at A,
e i o
(i) mAB =mBC - mCA
kD —ac3 )
(il) mAC = mBC — mAB Al B

Remark

Pythagoras’ Theorem has many proofs. The one we have given is based on the
proportionality of the sides of two similar triangles. For convenience As ADC and
CDB have been shown separately. Otherwise, the theorem is usually proved using
figure (i) only.

Theorem 15.1.2 [Converse of Pythagoras’ Theorem 15.1.1]
If the square of one side of a triangle is equal to the sum of the squares of
the other two sides, then the triangle is a right angled triangle.

B
>
7
7
//, a <
Fg
e
7
D-=--=4- # A
Given b C b

In a AABC, mAB = ¢, mBC = g and mAC = b such that o’ + b* = ¢°.
To Prove

AACB is a right angled triangle.
Construction

Draw CD perpendicular to BC such that CD = CA . Join the points B and D.
Proof

Statements Reasons
ADCSB is a right-angled triangle. Construction
(mBD Y=d*+b Pythagoras theorem
But a’+b°=c Given
(mﬁ) )2 =c
or mBD=c Taking square root of both sides.
Now in

ADCB «— AACB
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But

CD=CA Construction
BC=BC Common
DB = AB Each side =
ADCB = AACB S.S.S.=S.S.S.
ZDCB = Z/ACB (Corresponding angles of congruent
triangles)
mZDCB = 90° Construction
s mZACB =90° :
Hence the AACB is a right-angled

| triangle.

Corollary: Let c be the longest of the sides a, b and ¢ of a triangle.

*

*

*

If a* + b° = ¢*, then the triangle is right.
Ifa*+b°> c2, then the triangle is acute.
If @ + b* < %, then the triangle is obtuse.

EXERCISE 15
Verify that the As having the following measures of sides are right—angled.
(i) a=5cm, =12 e c="13cm
(i1)) a= 1.5 cm, b=2cm, G 2.y em
(iiil)a=9 cm, b=12cm, c=15cm

(iv) a=16 cm, b =30 cm, c=34cm

Verify that a* + b%, a* — b* and 2ab are the measures of the sides of a right
angled triangle where a and b are any two real numbers (a > b).

The three sides of a triangle are of measure 8, x and 17 respectively. For what
value of x will it become base of a right angled triangle?

In an isosceles A, the base mBC =28 cm, and mAB = mAC = 50 cm.

If AD L BC, then find

(i) length of AD - (ii) area of AABC

In a quadrilateral ABCD, the diagonals AC ar;d BD are perpendicular to each
other. Prove that mA_B2 + mC_D2 = mA_D2 + mB_CZ.
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6.

(i) In the AABC as shown in the figure, nZACB
=90° and CD L AB . Find the lengths a, h and

b if mBD = 5 units and mAD = 7 units.

A
(i) Find the value of x in the shown figure. e e
B "t
x D 5cm
Plane
A
A plane is at a height of 300 m and is
500 m away from the airport as shown in
the figure. How much distance will it 0 m
travel to land at the airport?
C

Airport 500 m

A ladder 17 m long rests against a vertical wall. The foot of the ladder is 8 m
away from the base of the wall. How high up the wall will the ladder reach?

School
D
A student travels to his school by the route e
1 Bus Stop
as shown in the figure. Find mAD, the direct B 6 km
distance from his house to school. ! S
2km
A
. House
REVIEW EXERCISE 15

Which of the following are true and which are false?
(i) In aright angled triangle greater angle is of 90°.

(i) In aright angled triangle right angle isof 60°. ...
(iii) In a right triangle hypotenuse is a side opposite to right angle. ~ ......

(iv) If a, b, c are sides of right angled triangle with c as longer side, then

AT LA
c=a +b
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(v) If 3 cm and 4 cm are two sides of a right angled triangle, then hypotenuse is

S cm. L
(vi) If hypotenuse of an isosceles right triangle iS‘\/E cm, then each of other side -
isariength 2ome < TR0 Do T R T e
2.  Find the unknown value in each of the following figures.
@ (i1) (iii) @iv)
- 10'em x 13 cm
cm
B N Eﬁ om
3 cm X “5cm 1 cm

SUMMARY

_ In this unit we learned to state and prove Pythagoras® Theorem and its converse with
corollaries.
*  In aright angled triangle, the square of the length of hypotenuse is equal to the
sum of the squares of the lengths of the other two sides.
*  If the square of one side of a triangle is equal to the sum of the squares of the
- other two sides then the triangle is a right angled triangle.

Moreover, these theorems were applied to solve some questions of practical
use. '




Unit 16
THEOREMS RELATED WITH AREA

Unit Outlines
16.1 Theorems related with area

Students Learning Outcomes

After studying this unit, the students will be able to:

* prove that parallelograms on the same base and lying between the same parallel
lines (or of the same altitude) are equal in area.

* prove that parallelograms on equal bases and having the same altitude are equal
in area.

* prove that triangles on the same base and of the same altitude are equal in area.
* prove that triangles on equal bases and of the same altitule are equal in area.

Introduction

In this unit we will state and prove some important theorems related with area
of parallelograms and triangles along with corollaries. We shall apply them to solve
appropriate problems and to prove some useful results. -
Some Preliminaries
Area of a Figure

The region enclosed by the bounding lines of a closed figure is called the area
of the figure.

The area of a closed region is expressed in square units (say, sq. m or m’)ie.a
positive real number.

Triangular Region A
and its interior i.e., the three line segments forming

plane enclosed by the triangle.

A triangular region is the union of a triangle

By area of a triangle, we mean the area of its B *C
triangular region.

Congruent Area Axiom
If AABC = APQR, then area of (region AABC) = area of (region APQR)

244
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Rectangular Region c

The interior of a rectangle is the part of the D 2 7 /
plane enclosed by the rectangle.
" A rectangular region is the union of a // /
rectangle and its interior. - / //
A rectangular region can be divided into two A i B

or more than two triangular regions in many ways.

Recall that if the length and width of a rectangle are @ units and b units
respectively, then the area of the rectangle is equal to @ X b square units.

If a is the side of a square, its area = a* square units.

.

Between the same Parallels
Two parallelograms are said to be between the

also in a straight line; as the parallelograms ABCD,

A D
same parallels, when their bases are in the same
straight liné and their sides opposite to these bases are \ \ / /
EFGH in the given figure. |« GGES * e, . ¢

Two triangles are said to be between the same

A D
parallels, when their bases are in the same straight line
and the line joining their vertices is parallel to their
' BO 2R I0kplaTg

bases; as the As ABC, DEF in the given figure.

A triangle and a parallelogram are said to be
between the same parallels, when their bases are in

the same straight line, and the side of the
parallelogram opposite the base, produced if
necessary, passes through the vertex of the triangle _

as are the AABC and the parallelogram DEFG in
the given figure.

Definition ‘
If one side of a parallelogram is taken as its base, the perpendicular distance

between that side and the side parallel to it, is called the Altitude or Height of the
parallelogram.

Definition

If one side of a triangle is taken as its base, the perpendicular to that side, from
the opposite vertex is called the Altitude or Height of the triangle.




Theorem Related with Area 246

Useful Result : A D
Triangles or parallelograms placed between the same or
equal parallels will have the same or equal altitudes or heights. ‘ \ \
3

Place the triangles ABC, DEF so that their bases BC,EF B L C E M F
are in the same straight line and the vertices on the same

side of it, and suppose AL , DM are the equal altitudes. We have to show that AD is
~ parallel to BCEF.

Proof
AL and DM are parallel, for they are both perpendicular to BF. Also
mAL =mDM . (given)
AD is parallel to LM.
A similar proof may be given in the case of parallelograms.

Useful Result

A diagonal of a parallelogram divides it into two congruent triangles (S.S.S.)
and hence of equal area.

Theorem 16.1.1

Parallelograms on the same base and between the same parallel lines (or of
the same altitude) are equal in area.

Given
Two parallelograms ABCD and ABEF having the same base AB and between
the same parallel lines AB and DE.

B

To Prove
area of parallelogram ABCD = area of parallelogram ABEF
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Proof
Statements Reasons
area of (parallelogram ABCD)
= area of (quad. ABED) + area of (ACBE)... (1) | [Area addition axiom]
area of (parallelogram ABEF) _
= area of (quad. ABED) + area of (ADAF)... (2) | [Area addition axiom]
In As CBE and DAF
-y - [opposite sides of a
miCB =mb parallelogram]
. o] [opposite sides of a
mBE =mAF parallelogram]
mZCBE = m ZDAF [© BCIAD, BEIl AF]
ACBE = ADAF) [S.A.S. cong. axiom]
area of (ACBE) = area of (ADAF)...... (3) | [cong. area axiom]
Hence area of (parallelogram ABCD)
= area of (parallelogram ABEF) from (1), (2) and (3)

Corollary

(i)  The area of a parallelogram is equal to that of a rectangle on the same base and

having the same altitude.

(ii)) Hence area of parallelogram = base X altitude

Proof

Let ABCD be a parallelogram. AL is an altitude corresponding to side AB.
(i)  Since parallelogram ABCD and rectangle ALMB are on the same base AB and

between the same parallels,
". by above theorem it follows that

area of (parallelogram ABCD) = area of (rect. ALMB)

(i) But area of (rect. ALMB) = AB x AL
Hence area of (parallelogram ABCD) =

Theorem 16.1.2

AB x AL.

M. C

L. 5
lr
1
I
I

A B

Parallelograms on equal bases and having the same (or equal) altitude are
A

equal in area.

Given
Parallelograms ABCD, EFGH are on

equal bases BC, FG, having equal altitudes.

B CF G
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To Prove
area of (parallelogram ABCD) = area of (parallelogram EFGH)
Construction

Place the parallelograms ABCD and EFGH so that their equal bases BC, FG are
in the straight line BCFG. Join BE and CH .

Proof t
' Statements ! Reasons ‘
The given I¥™ ABCD and EFGH are between
the same parallels Their altitudes are equal (given)

Hence ADEH is a straight line Il BC
: Il'lB—é <3 mF_G Given

= mEH EFGH is a parallelogram

Now mBC = mEH and they are |l

BE and CH are both equal and |l ,

Hence EBCH is a parallelogram A quadrilateral with two opposite
sides congruent and parallel isa |
parallelogram

NowArea of II¥" ABCD = Area of II*™ EBCH (i) | Being on the same base BC and
between the same parallels

But Area of II¥™ EBCH = Area of II¥™ EFGH (ii) | Being on the same base EH and
between the same parallels

‘Hence area (I ABCD) = area (I*" EFGH) | From (i) and (ii)

EXERCISE 16.1

1. Show that the line segment joining the mid-points of opposite sides of a
parallelogram, divides it into two equal parallelograms.

2. Ina parallelogram ABCD, mAB = 10 cm. The altitudes corresponding to sides
AB and AD are respectively 7 cm and 8 cm. Find AD.

3. If two parallelograms of equal areas have the same or equal bases, their
altitudes are equal.
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Theorem 16.1.3
Triangles on the same base and of the same (i.e., equal) altitudes are equal
in area. . M A D N

Given

As ABC, DBC on the same base B_C, and
having equal altitudes.

To Prove B C
area of (AABC) = area of (ADBC)

Construction
Draw EK/I ll to CA, CN Il to BD meeting AD produced in M, N.

Proof ) _
Vi ! Statements ! Spes Reasons '
A ABC and A DBC are between the same II° . Their altitudes are equal
, | .
1 Hence MADN is parallel to E(—Z ,
Area (IF" BCAM) = Area (™ BCND) These II*™ are on the same base
i o o b A Bt i (1)

BC and between the same |I°

Each diagonal of a II¥" bisects it

1
But Area of AABC =7 (Area of I*" BCAM) (ii)| - ;
-~ 2 into two congruent triangles

and Area of ADBC = % (Area of 1" BCND) (iii)

Hence Area (A ABC) = Area (A DBC) ~ | From (i), (ii) and (iii)

Theorem 16.1.4
Triangles on equal bases and of equal altitudes are equal in area.

X A D

e
B

3 B CAE
Given

As ABC, DEF on equal bases BC, EF and having altitudes equal.
To prove
Area (A ABC) = Area (A DEF)
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Construction

Place the As ABC and DEF so that their equal bases BC and EF are in the same
straight line BCEF and their vertices on the same side of it. Draw BX Il CA and
FY Il ED meeting AD produced in X, Y respectively.

Proof

Statements Reasons
A ABC, A DEF are between the same parallels | Their altitudes are equal (given)
XADY is |l to BCEF

area (I BCAX) = area (I*” EFYD) These II*™ are on equal bases and
...... (i)| between the same parallels

1
But Area of (AABC)=7 ( Area of I¥" BCAX) (ii)| Diagonal of a II*™ bisects it

1 =
and Area of (ADEF ) = 5 (Area of 1™ EFYD)(iii)

area (AABC) = area (ADEF) From (i), (ii) and (iii)

Corollaries

1.  Triangles on equal bases and between the same parallels are equal in area.

2. Triangles having a common vertex and equal bases in the same straight line, are
equal in area.

EXERCISE 16.2 A
1.  Show that a median of a triangle divides it into two triangles of equal area.

2. Prove that a parallelogram is divided by its diagonals into four triangles of
equal area.

3. Divide a triangle into six equal triangular
parts.

REVIEW EXERCISE 16
1. Which of the following are true and which are false?
(i) Area of a figure means region enclosed by bounding lines of closed figure..
(1) Similar figures have same area.
(ii1) Congruent figures have same area.
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(iv) A diagonal of a parallelogram divides it into two non-congruent triangles.

(v) Altitude of a triangle means perpendicular from vertex to the opposite side
(base). :
(vi) Area of a parallelogram is equal to the product of base and height.

Find the area of the following.

(6] (i)
3cm
3 : ]
6 cm 4 cm
(iii) (iv)
8 cm
10 cm
{4 cm

1 16 cm
Define the following . v
(1) Area of a figure (i1) Triangular Region
(iii) Rectangular Region (iv) Altitude or Height of a triangle

' SUMMARY

In this unit we mentioned some necessary preliminaries, stated and proved the

following theorems alongwith corollaries, if any.

Area of a figure means region enclosed by the boundary lines of a closed figure.
A triangular region means the union of triangle and its interior.

By area of a triangle means the area of its triangular region.

Altitude or height of a triangle means perpendicular distance to base from its
opposite vertex.

Parallelograms on the same base and between the same parallel lines (or of the
same altitude) are equal in area. .

Parallelograms on equal bases and having the same (or equal) altitude are equal
in area.

Triangles on the same base and of the same (i.c., equal) altitudes are equal in
area.

Triangles on equal bases and of equal altitudes are equal in area.




Unit 17

PRACTICAL GEOMETRY
— TRIANGLES

Unit OQutlines
17.1 Construction of Triangles
17.2 Figures with Equal Areas

Students Learning Outcomes

After studying this unit, the students will be able to:

* Construct a triangle having given: two sides and the 1nc1uded angle, one side
and two of the angles, two of its sides and the angle opposite to one of them
(with all the three possibilities).

* Draw: angle bisectors, altitudes, perpendicular bisectors, medians, of a given
triangle and verify their concurrency.

*  Construct a triangle equal in area to a given quadrilateral. Construct a rectangle
equal in area to a given triangle. Construct a square equal in area to a given
rectangle. Construct a triangle of equivalent area on a base of given length.

Introduction

In this unit we shall learn to construct different triangles, rectangles, squares
etc. The knowledge of these basic constructions is very useful in every day life,
especially in the occupations of wood-working, graphic art and metal trade etc.
Intermixing of geometrical figures is used to create artistic look. The geometrical
constructions are usually made with the help of a pair of compasses, set squares,
divider and a straight edge.

Observe that

If the given line segments are too big or too small , a suitable scale may be
taken for constructing the figure.

252
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17.1 Construction of Triangles
(a) To construct a triangle, having given two sides and the included angle.

C

60°
A 4.6 cm B

Given
Two sides, say

mAB=46cm and mAC=4cm and the included angle, mZA = 60°.
Required
To construct the AABC using given information of sides and the included angle
= £60°
Construction
(1) Draw a line segment mAB =4.6 cm
(i) At point A construct mZBAC =~ 60°.
(iii) Cut off mAC =4 cm from the terminal side of £60°.
(iv) Join BC
(v) Hence, ABC is the required A.
(b) To construct a triangle, having given one side and two of the angles.

A Scm B
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Given

The side mAB = 5 cm, say and two of the angles, say

mZA = 60° and mZB = 60°.

Required

To construct a AABC using given data
Construction
(i) Draw the line segment mAB =5 cm
(i) At point A construct nZBAC = 60°.
(iii) At point B construct m£ZBAC = 60°.
(iv) The terminal sides of these two angles meet at C.
(v) Hence, ABC is the required A.
Observe that :

When two angles of a triangle are given, the third angle can be found from the-
fact that the sum of three angles of triangle is 180°. Thus two angles ‘being known, all

the three are known.

(¢) Ambiguous Case
To construct a triangle having given two of its sides and the angle opposite

to one of them.
B B

/ Figure (a) , Figure (b)
Given
Two 51de¢. a,écand mZA = o opp031te to one of them, say a.

Reqmred
To construct a triangle having the given parts.

Construction
(1)  Draw a line segment AD of any length

(ii) At point A draw m ZDAB = mZA =q
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(iii)) Cut mAB=c.

(iii) With centre B and radius equal to g,draw an arc.
Three cases arise.

Case 1

When the arc with radius a cuts AD in two distinct points C and C’ as in
Figure (a).

Joint BC and BC".
Hence, both the triangles ABC and ABC’ are the required triangles.
Case II
When the arc with radius a only touches AD at C, as in Figure (b).
Join BC.
Hence, AABC is the required right angled
triangle at C.
Case 111
When the arc with radius a neither cuts nor
touches AD as in Figure (c).
There will be no triangle in this case.

Note: Recall that in a AABC the length of the side €
opposite to ZA is denoted by a, opposite to ZB is

denoted by b and opposite to ZC is denoted by c. Figure (c).
EXERCISE 17.1
{3 Construct a AABC, in which
(i) mAB=32cm, mBC =4.2 cm, mCA =5.2 cm
(i1) mAB =42 cm, mBC =3.9 cm, mCA = 3.6 cm
(iii) mAB = 4.8 cm, mBC =3.7 cm, m/B = 60°
(iv) mAB = 3 cm, mAC = 3.2 cm, mZA = 45°
(v) mBC =42 cm, mCA=35¢em, " mAC=75°
(vi) mAB = 2.5 cm, mZA = 30°, m/B = 105°
(vii)mAB = 3.6 cm, mZA =75°, m/B = 45°

2 Construct a AXYZ, in which
(i) mYZ=17.6 cm, mXY = 6.1 cm and mZX=90°
(i) mZX=64cm, mYZ=24cm and mAY =90°
(i) mXY=55cm, mZX=45cm  and msZ=90°.
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3. Construct a right-angled A measure of whose hypotenuse is 5 cm and one side
is 3.2 cm. (Hint: Angle in a semi-circle is a right angle).
4.  Construct a right-angled isosceles triangle whose hypotenuse is
(i) 5.2 cm long
[Hint: A point on the right bisector of a line segment is equidistant from its
end points.]
(i) 4.8.cm 7 . (@Gi). 62'cm (iv) 54cm

5.  (Ambiguous Case) Construct a AABC in which
(i) mAC=42cm, mAB=52cm, msB=45° (two As)
(i1) mBC =2.5 cm, mAB =5.0 cm, mZA=30° (oneA)

(iii) mBC = 5 cm, mAC=35cm, m«B=60°
Definitions
Three or more than three lines are 'said to be concurrent, if they all pass through
the same point. The common point is called the point of concurrency of the lines. The
point of concurrency has its own importance in geometry. They are given special
names.
(i) The internal bisectors of the angles of a triangle meet at a point called the
incentre of the triangle.
(ii) The point of concurrency of the three perpendicular bisectors of the sides of a A
is called the circumcentre of.the A.
(iii) The point of concurrency of the three altitudes of a A is called its orthocentre.
(iv) The point where the three medians of a A meet is called the centroid of the
triangle.
17.1.1 Drawing angle bisectors, altitudes etc.
(a) Draw angle bisectors of a given triangle and verify their concurrency.
Example s
(1) Construct a AABC having given

mAB = 4.6 cm, mBC = 5 cm and

mCA =5.1 cm.
(i1)) Draw its angle bisectors and vemfy that they Fandige,

are concurrent.
Given

The side mAB = 4.6 cm, mBC =5 cm and
mCA = 5.1 cm of a AABC. \
Required ' : B 5cm C
(i) To construct AABC.
(i) To draw its angle bisectors and verify their concurrency
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Construction
(i) TakemBC=35cm. o
. (i) With B as centre and radius mBA = 4.6 cm draw an arc.

(iii)) With C as centre and radius mCA = 5.1 cm draw another arc which intersects
the first arc at A.

(iv) Join BA and CA to complete the AABC.

(v) Draw bisectors of ZB and ZC meeting each other in the point L.

(vi) Now draw bisector of the third ZA.

(vii) We observe that the third angle bisector also passes through the point L.

(viii) Hence the al_lgle bisectors of the AABC are concurrent at I, which lies within
the A.

Note: Recall that the point of concurrency of bisectors of the angles of triangle is
called its incentre.

(b) Draw altitudes of a given triangle and verify their concurrency.

Example

(1)  Construct a triangle ABC in which

mBC = 5.9 cm, m£B = 56° and

mZC =44°,
(i)) Draw the altitudes of the triangle and
verify that they are concurrent.

Given

The side mBC = 5.9 cm and
mZB = 56°, mZC = 44°.
Required
(i) To construct the AABC.
(i) To draw its altitudes and verify their concurrency.

Construction
(i) Take mBC=5.9cm.

(i) Using protractor draw mZCBA = 56° and mZBCA = 44° to complete the
AABC. :

(iii) From the vertex A drop AP L BC.

(iv) From the vertex B drop BQ L CA. These two altitudes meet in the point O
inside the AABC. ;

(v) Now from the third vertex C, drop CR 1 AB.
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(vi) We observe that this third altitude also passes through the point of intersection
O of the first two altitudes.

(vii) Hence the three altitudes of AABC are concurrent at O.

Note: Recall that the point of concurrency of the three altitudes of a triangle is called
its orthocentre. ¢

(c) Draw perpendicular bisectors of the sides of a given triangle and verify their
concurrency. :

Example
(i) Construct a AABC having given mAB =4 cm, mBC = 4.8 cm and

mAC = 3.6 cm.
(i) Draw perpendicular bisectors of its sides and verify that they are concurrent.
Given '

Three sides mAB = 4 cm, mBC = 4.8 cm and mAC = 3.6 cm of a AABC.
Required

(i) To construct the AABC.

(ii) To draw perpendicular bisectors of its sides and to verify that they are
concurrent.

Construction
(i) Take mBC = 4.8 cm.
(i) With B as centre and radius mBA = 4 cm draw an arc.

(iii) - With C as centre and radius mCA = 3.6 cm draw another arc that intersects the
first arc at A. ;

(iv) Join BA and CA to complete the AABC.
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(v) Draw perpendicular bisectors of BC and CA meeting each other-at the point O.

(vi) Now draw the perpendicular bisector of third side AB.

(vii) We observe that it also passes through O, the point of intersection of first two
perpendicular bisectors.

(viii) Hence the three perpendicular bisectors of sides of AABC are concurrent at O.

Note: Recall that the point of concurrency of the perpendicular bisectors of the sides
of a triangle is called its circumcentre.

(d) Draw medians of a given triangle and verify their concurrency
Example
(i) Construct a AABC in which mAB =4.8 cm, mBC = 3.5 cm and mAC = 4 cm.

(i) Draw medians of AABC and verify that they are concurrent at a point within

the triangle. By measurement-show that the medians divide each other in the
ratio2: 1.

Given

Three sides mAB = 4.8 cm, mBC = 3.5 cm and mAC = 4 cm of a AABC.
Required |
(i) Construct the AABC.
(i) Draw its medians and verify their concurrency.

Construction
(i) TakemAB=4.8cm.

(i) With A as centre and mAC = 4 cm as radius draw an arc.
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(111)

(iv)
v)

(vi)

(vii)

With B as centre and radius mBC = 3.5 cm draw another arc which intersects
the first arc at C.

Join AC and BC to get the AABC.

Draw perpendicular bisectors of the sides AB, BC and CA of the AABC and
mark their mid-points P, Q-and R respectively.

Join A to the mid-point Q to get the median E

Join B to the mid-point R to have the median BR.

(viii) The medians A_Q and BR meet in the point G.

(ix)
(x)

(xi)

Now draw the third median CP.
We observe that the third median also passes through the point of intersection

‘G of the first two medians.

Hence the three medians of the AABC pass through the same point G. That is,
they are concurrent at G. By measuring, AG: CT(—) =2: 1 efc.

Note: Recall that the point of concurrency of the three medians of a triangle is called
the centroid of the AABC.

EXERCISE 17.2

Construct the following A’s ABC. Draw the biseciors of their angles and verify
their concurrency.

(i) mAB=45cm, mBC=3.1cm and mCA=52cm
(i1) mAB =4.2 cm, mBC =6 cm and mCA =5.2cm
(iii)mAB=3.6cm, mBC=42cm and msB=75°.

Construct the following A’s PQR. Draw their altitudes and show that they are
concurrent.

(1) mP_Q =6cm, m(_jl—{ =45cm and mPR=55cm
(ii) mP_Q =4.5 cm, m@ =39cm and mZR =45°

(ii)mRP=3:6cm, m/Q = 30° and mZP =105°.
Construct the following triangles ABC. Draw the perpendicular bisectors of

their sides and verify their concurrency. Do they meet inside the triangle?

() mAB=5.3cm,  msA =45°, mZB = 30°
(i) mBC=29cm, mZA =30°, mZB = 60°
(iii)mAB=24cm, mAC=32cm, mZA=120°
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4.  Construct the following As XYZ. Draw their three medians and show that they
are concurrent. '

() mYZ=41cm, mZY=60° and msX=75°
(i1) mXY =4.5 cm, mYZ=34cm, and mZX = 5.6 cm

(iii) mZX = 4.3 cm, msLX =75°, and mZ£Y =45°

17.2. Figures with Equal Areas
(i) Construct a triangle equal in area to a given quadrilateral.

Given
A quadrilateral ABCD.

Required
To construct a A equal in area to
quadrilateral ABCD.

Construction
(i) Join AC.
(ii) Through D draw DP il CA, meeting BA produced at P.
(iii) Join PC. :

(iv) - Hence, PBC is the required triangle.

Observe that

As APC, ADC stand on the same base AC and between the same parallels AC
and PD.

Hence AAPC = AADC
AAPC + AABC = AADC + AABC or APBC = quadrilateral ABCD.

EXERCISE 17.3

iy (i) Construct a quadrilateral ABCD, having mAB = mﬂj =5.3.cmj
mBC = mCD = 3.8 cm and mAD = 2.8 cm. .
(ii) On the side BC construct a A equal in area to the quadrilateral ABCD.

2.  Construct a A equal in area to the quadrilateral PQRS, having m(_z_R o
mRS =6 cm, mSP = 2.75 cm. m£QRS = 60°, and m£RSP = 90°.

[Hint: 2.75 = % x5.5]

3.  Construct a A equal in area to the quadrjlaferal ABCD, having mAB = 6 cm,

mBC =4 cm, mAC =7.2 cm, mZBAD = 105°, and mBD = 8§ cm.



Practical Geometry — Triangles ; 262

B G
4.  Construct a right-angled triangle equal in area to a
given square. b A,
A
(ii) Construct a rectangle equal in area to a given triangle.
Given : P‘
AABC « ,{/
Required ' :
To construct a rectangle equal in area :
to AABC. I
Construction N :
() Takea AABC v
|
(ii) Draw DP, the perpendicular bisector & |

of BC. B
(iii) Through the vertex A of AABC draw

o

— — e
PAQ Il BC intersecting PD at P.
(iv) Take ml—’_(i = mDC.
(v) JoinQandC.
~ (vi) Hence, CDPQ s the required rectangle.

Example
Construct a parallelogram equal in area to a gi\;en triangle having one angle
equal to a given angle. P E F
Given ? il
AABC and Zo
Required

To construct a parallelogram equal in
area to AABC and having one angle = Zal

Construction
(i) Bisect BC at D. .
(i) Draw DE making ZCDE = Za

e ——H g YIS
(iii)) Draw AEF |l to BC cutting DE at E.

(iv) Cut off EF = DC. Join C and F.
Hence, CDEEF is the required parallelogram.
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EXERCISE 17.4

1.  Construct a A with sides 4 cm, 5 cm and 6 cm and construct a rectangle having
its area equal to that of the A. Measure its diagonals. Are they equal?

2.  Transform an isosceles A into a rectangle.

3 Construct a AABC such that mAB = 3 cm, mBC = 3.8 cm, mAC = 4.8 cm.
Construct a rectangle equal in area to the AABC, and measure its sides.

(iii) Construct a square equal in area to a given rectangle.

Given
A rectangle ABCD. P e R M :Y \II‘ L

Required S A /¥ W

To construct a square equal in area to / : x A

/
rectangle ABCD. / ‘\
1
Construction [e) D E F
(i)  Produce AD to E making mDE = mCD. x
(i) Bisect AE at O. B e

(iii) With centre O and radius OA describe a
semi—circle.

(iv) Produce CD to meet the semi-circle in M.

(v) On DM as a side construct a square DFLM.
This shall be the required square.

Example

Construct a square equal in area to a given triangle. ;
A A
! |IM

'z

A Q
O

v
N\,
o
\
\
; '
/
/
/7

A

- g
'~

~

SN

m"'-
@
il ¥

7aS

——— ————— - —— -

Given
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- Required
To construct a square equal in area to AABC.
Construction
—>
(i) Draw PAQ I BC.
S ATA Iy 1 e
(ii) Draw perpendicular bisector of BC, bisecting it at D and meeting PAQ at P.
(ii1) Draw (Y) il IY) meeting it in Q. )
(iv) Take a line EFG and cut off EF = DP and FG = DC.
) Bisect EG at O.
(vi) With O as centre and radius = OE draw a semi—circle.
(vii) AtF draw FM L EG meeting the semi—circle at M.
(viii) With MF as a side, complete the required square FMNR.
(iv) Construct a triangle of equivalent area on a base of given length.
Given
AABC
Required
To construct a triangle with base x and having area equivalent to area AABC.

Construction
(i)  Construct the given AABC.

(i) Draw AD Il BC.
(iii) With B as centre and radius = x, draw an arc cutting XB in M.
(iv) Join BM and CM.

(v) Hence, BCM is the required triangle with base BM = x and area equivalent to,

area AABC.
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EXERCISE 17.5
Construct a rectangle whose adjacent sides are 2.5 cm and 5 cm respectively.
Construct a square having area equal to the given rectangle.
Construct a square equal in area to a rectangle whose adjacent sides are 4.5 cm
and 2.2 cm respectively. Measure the sides of the square and find its. area and
compare with the area of the rectangle.
In Q.2 above verify by measurement that the perimeter of .the square is less than
that of the rectangle.
Construct a square equal in area to the sum of two squares having sides 3 cm
and 4 cm respectively. :
Construct a A having base 3.5 cm and other two sides equal to 3.4 cm and
3.8 cm respectively. Transform it into a square of equal area. :
Construct a A having base 5 cm and other sides equal to 5 cm and 6 cm.
Construct a square equal in area to given A.

REVIEW EXERCISE 17

1. Fill in the following blanks to make the statement true:

(@)
(i)

(iii)

(iv)
(v)

(vi)

(vii)

The side of a right angled triangle opposite to 90° is called ......

The line segment joining a vertex of a triangle to the mid-point of its opposite
sideiscalleda ......

A line drawn from a vertex of a triangle which is ...... to its opposite side is
called an altitude of the triangle. :

The bisectors of the three angles of a triangle are ......

The point of concurrency of the right bisectors of the three sides of the triangle
L from its vertices.

Two or more triangles are said to be similar if they are equiangular and
measures of their corresponding sides are .......

The altitudes of a right triangle are concurrent at the ...... of the right angle.

2. Multiple Choice Questions. Choose the correct answer.

@

(ii) -

(iii)

A triangle having two sides congruent is called ......

(a) scalene j (b) right angled

(c) equilateral (d) isosceles

A quadrilateral having each angle equal ot 90° is called ......
(a) parallelogram (b) rectangle

(c) trapezium (d) rhombus

The right bisectors of the three sides of a triangle are ......
(a) congruent (b) collinear

(c) concurrent (d) parallel
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(iv)

)

(vi)

Ebe ... altitudes of an isosceles triangle are congruent.

(a) two (b) three

(c) four (d) none

A point equidistant from the end points of a line-segment is on its ......
(a) bisector : (b) right-bisector

(c) perpendicular (d) median

...... congruent triangles can be made by joining the mid-points of the sides of
a triangle.

(a) three - - (b) four

(c) five (d) two
(vii) The diagonals of a parallelogram ...... each other.

(a) bisect (b) trisect

(c) bisect at right angle (d) none of these
(viii) The medians of a triangle cut each other in the-ratio ......
3 (@ 4:1 () 3:1

e) 2:1 6 il Ly

(ix)

(x)

(xi)

One angle on the base of an isosceles triangle is 30°. What is the measure of its
vertical angle. ......

(a) 30° (b) 60°

(c) 90° (d) 120°

If the three altitudes of a triangle are congruent, then the triangle is ......
(a) equilateral (b) right angled

(c) isosceles (d) acute angled

It two medians of a triangle are congruent then the triangle will be ......
(a) isosceles (b) equilateral

(c) right angled (d) acute angled

Define the following

(i) Incentre (ii) Circumcentre

(iii) Orthocentre (iv) Centroid

(v) Point of concurrency
SUMMARY

In this unit we learnt the construction of following figures and relevant concepts:

*

*

*

To construct a triangle, having given two sides and the included angle.
To construct a triangle, having given one side and two of the angles.

To construct a triangle having given two of its sides and the angle opposite to
one of them.
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*

*

® ¥ X%

Draw angle bisectors of a given triangle and verify their concurrency.
Draw altitudes of a given triangle and verify their concurrency.

Draw perpendicular bisectors of the sides of a given triangle and verify their
concurrency.

Draw medians of a given triangle and verify their concurrency.
Construct a triangle equal in area to a given quadrilateral.
Construct a rectangle equal in area to a given triangle.
Construct a square equal in area to a given rectangle.

Construct a triangle of equivalent area on a base of given length.

Three or more than three lines are said to be concurrent if these pass through
the same point and that point is called the point of concurrency.

The point where the internal bisectors of the angles of a triangle meet is called
incentre of a triangle.

Circumscentre of a triangle means the point of concurrency of the three
perpendicular - bisectors of the sides of a triangle.

Median of a triangle means a line segment Joining a vertex of a triangle to the
midpoint of the opposite side.

Orthocentre of a triangle means the point of concurrency of three altitudes of a
triangle.




ANSWERS

EXERCISE 1.1
Order of A is 2-by-2, Order of B is 2-by-2, Order of Cis 1-by-2,
Order of D is 3-by-1, Order of E is 3-by-2, Order of F is 1-by-1,
Order of G is 3-by-3, Order of H is 2-by-3
A=C+B=k E=mH&l F=06
a=—4, b=-1.5, c=4 and d=3

EXERCISE 1.2
A null matrix B row matrix C  column matrix
D unit matrix E null matrix F  column matrix
(@) (i) (@[Qv) (vid) (b) (@) (i) (v) (vi) (vii) (ix)
(©) (v (d) (1) (vi) (e) (). ® @x)

Scalar matrices: A, E
Unit matrices = C
Diagonal matrices: A, B, C, D, E

o2 L

5
e P, g 1 2 3 t__|:2 0]
A—[01—2],B—[_16},C—[2 2y A Blege g |,

) 1 3
| R
E‘[3 5]’F‘[2 4]

EXERCISE 1.3
Aand E,B and D, C and F.

=, 131 e 4]

=3 2 -1

(ol L3 o

ayaifige ] @ [7] i) (-1 0 5]
opsfivags] v 9] ol b ma 6 o]
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36 s
(vii) [-2 2 —4] (viii) [ iz g 2 ] (ix) [3 -3 6]
0 l “ea
® [4 1] @ [ 1] Gi) [1 1 1]
2 B ' s o
4y 4
@ |5t .1 1 } v) [ e O | ] (vi)
l: S s i e el [ 2 ]
- 3 —=20 id 2 15 G 1o 9
(l) [ 15 ——4 :l (11) l: _25 —16 :| 7. a =7, b =§
EXERCISE 1.4

: 18
@, G, (v, ) 2 @) AB=| 4]

4 7 1B
() [4] Gi) [-3] (Gi) [-12] Gv) 24] ) [—12 —15]

24 34
iy 0 - s ol 5 L
: 4.3
(a) [5 —1} (b) (c) [19 26 33}
gy [13 34]:_ S "
~4 0 0 0
@ [—4 1] © [0 o}
EXERCISE 1.5

1 -2 (i) -8 (iii) 0 @iv) 10
(i) singular (i) non-singular (iii) non-singular (iv) singular

R v -5 2
. -1 _ s la
(‘)A‘[m 1/6] (“)B‘[3 1}
i Cl d : - D“—[ 8 —3]
- (111) oes not exist _ @iv) Bk
(1) inverses (i1) inverses :
EXERCISE16

) & 3 14

(Wx=2y=0 (11)x='2-,y=—4 (iii) X=%5,y=% 1) x=-2,y=0
(v) no solution (vi) x=4,y=-7 (vii) x=2,y=0 (viil)) x=4,y=2.
15, 60 3. 18.5cm, 15¢cm 4. 49°,49°, 82° 5: 26°, 64~
50 km/h, 56 km/h

REVIEW EXERCISE 1
() b (i) c (i) a (iv) b (v) a (vi) ¢ (vii) a (viii) d
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(1) null (i1)) unit (iii) [

%] (iv) # (v) same (vi) square

(iii) Multiplicative Identity

v)

Commulative w.r.t. multiplication. (vi) Cancellation property of addition.

(iv) Trichotomy

0
a=-6,b=3. ‘ 2 %
y [19 —6] 5 [ 4 —17] [—36 15} ! V.3
i o kB B ROl B 8 BRI T 3
e ] :
& Lk e e
EXERCISE 2.1
1. Rational Numbers: (ii), (iv), (v), Irrational Numbers: (i), (iii), (vi).
@) 0568 (i) 4.75 (iii) 7.125
(iv) 11.3889 v) 0.625 (vi) 0.65789
3. GF G@GT Gi)F GvT Vv)F
2/3
4, @) «—t t + } } =t } + } e
-3 2 -1 0+ P1 2'¢8 4
P(—4/5)
(i) —+H——F——+—HHH+—t—t—t——t
-3 -2 -1 0 1 3 4
3
13
(iii) <« ; ; t t t - f ; +—>
-4 -3 2 -1 0 1 P2 3 4
93
28
(iv) <+ } HH t } } t =+ } ——>
-4 -3p-2 -1 0 1 2 3 4
3
23
) +—i { t ¢ } + t - } —>
-4 -3 -2 -1 0 1 2 P3 4
\
/[ \‘fS_
(vi) < t t } { } } T } L
=4 [ xRV 1T OEEe g
47 = SF= 08 seuni6]
5. 72 6. (1) 9 (i1) 99 (1ii) 99
EXERCISE 2.2
I. (i) Commutative w.r.t. addition. (ii) Associative w.r.t. multiplication.
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(vii) Additive inverse (viii) Multiplicative inverse

(ix) Multiplicative property.

Distributive, commutative, additive inverse, additive identity.

(1) Additive Identity (ii) Distributive Property (iii) ~Additive Inverse
(iv) Closure Property (v) Multiplicative Inverse

EXERCISE 2.3
@ (6 i) N2 @) =T Gv) Ay
i) F @) T (i) F (iv) F
5
1) -5 (i1) 2% (iii) 325 (iv) —%
EXERCISE 24
l6x2 xls Z12
) —=—, (D 2z (0), = OlidSs
2733) i 4
()2 (i) 6 (iit) 25 (iv)%
EXERCISE 2.5

G —i (i) -1 (i) 1 (v) 1 v) —i (vi) —i
() 2-3i (i) 3+5i (i) i (@v) 3—-4i (v) 4+i (vi)—i-3
(i ReZ)=1,ImZ)=1 (i) Re(Z)=-1,Im(Z)=2,
(iti) Re(Z)=2,Im(Z)=-3 (iv) Re(Z)=-2,Im(Z)=-2
(v) Re(Z)=0,Im(Z)=-3 (vi) Re(Z)=2,Im(Z)=0
x=3,y=-3
EXERCISE 2.6
(i) F @) F (iii) T Gv) T (v) F ~(vi) T (vii) T
G 94i G -11-& (iii) -1 —14i (v) 1 +4i
(i) 15-23i (i) 2—-10i (i) 4-6\5i (iv) 12-5i
g T e SO ; .20 13,19,
() =k+i . 4n Ty (i) 2-3i (V) 10~ T0°
(v) =14 0i(vi) %_i%i
@ @i ®0 (©-2 (@1 (i) @2-i b4 (©)2 (d315 ¥
Gi) @= B0 ©2% @1 @) @-2+igib-F ©-5i @F
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: 5 Aol 7
7. @ x=13.y=73 @) x=-Ly=0 (i) x=-3,y=-24

» REVIEW EXERCISE 2
1. (@a @G)c Gi)a Gv)c (Vb (V)¢ (vii)Ac (viii) d
x) b (x) a (xi) a (xii) ¢ (xiii) b (xiv) a (xv) ¢
2. @OGT G@FPF G)T G F T (vi) F (vi) F (viit) T (ix) T

I SRy W S . 47 . 1
3 @ x2y3 Gi) 5x"y " Gi) »yZ () 5x5¥5 x‘yz 4. 5 5. 5 6:) 1) 7..1
EXERCISE 3.1

1. @) 57x10° Gi) 498x10° (i) 96% 107 (iv) 4.169 x 107
) 83x10°  (vi) 643107 (vii) 74x 107  (viii) 6x 10’

275 % 10°
ix) 3.95x 107 bt
() 39SX10. 5

2. () 00006 (i) 50,600,000,000 (iii) 0.000009018 (iv) 786,500,000
EXERCISE 3.2
() 23672 (i) 14673 (iii) 4.5051 (iv) 1.5059

() 04926 (i) 24926 (iii) 34926 (iv) 1.4926
(i) 3649 (ii) 0.5530
G) 4 @) 36 (@ii) 25 (v) 1.6021 5.() -7 (i) 6

g e

(1) 32 (ii) % (iii) 1 @v) 8 (v) 81

EXERCISE 3.3
1. @) logA+logB (i) log15.2—1log30.5 (iii) log21 +log5—log8

1
(iv)g[log7—log 15] (v) %log22—3log5 (vi) log 25 + log 47 — log 29

x+ lf
Z. ]°gx(x- 1)'
(i) log21 x5 (ii) log%g (iii) logé (iv) 103‘5'%'6'
4, ()4 (i) 2

5. () 15050 (i) 13801 (iii) 0.2615 (iv) 04259  (v) 14771
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- EXERCISE 34
1. (@) 1115 (1) 2.302 (i) 261 (iv) 1.258
(v) 0.0895 (vi) 0.6229 (vii) 0.9811 (viii) 0.0008778
2. 392 3. 10 units 4. 707.1 5. 27.50
REVIEW EXERCISE 3

(@c @b @Gi)d (iv)a (v)b (vi)a (vii) d (viii) ¢ (ix) b (x) ¢
(i) 10 (i) characteristic (iii) mantissa (iv) antilogarithm (v) one (vi)2

(1) 243 (i) 4 (i) 1 @iv) T16
(1) 2846 (i) 1.521 @Gi) 1.010 (v) 0.04206
() 1.6532 (i) 0.0279 (iii) 2.6811
(1) 2942 (i) 3.213 (i) 4529
EXERCISE 4.1
(i) No (i) No (i) Yes (iv) No
2. () No (ii) Yes (iii) Yes (iv) No

P Ve N

—
.

2 0% @M @1 Wty 0B @Al
o) dx—1)  (viii) £+ 354 |

L @OT=R @-3 (b)—16§

- 19 8x ¥ -15x46

D 53 @ T (lll)xz = i WG A

—x+5) x(x-2)

6 O G-DE+D) ()5 Gi)1 Gv 2L W 36D

EXERCISE 4.2
1. () &+b°=68 (i) ab=2
2.~ 3. 46 4. +14 5. xy+yz+zx=40 6. 91

7. -3421 8. 316 9. 9217 10. 18 11. 364 12. 110
13. 234 '

4. @) G=-»E+y+y-1) G (2","?}7)[4‘2*%"@1’]

15. @) AS+y° @) A=y Gii) 2 -y?  (iv) 6452 =1
: EXERCISE 4.3

LG &S 2nE i) RE v 20432
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2. @ 3 G)AS3 i) 3xy’z’ @v) 4 v) 21

3. (@) A5 Gi)I1&B i) 15 (@(v) 65

4. G 6 (i) 8+20/15 (i) 2 (iv) 5/3 w) x*-y*
EXERCISE 4.4

LM\ ()2 i) V66 () =757 3-25)

V) \Bl+4 (i) \5+3 (vii) 2-1/3  (viii) 4+[15
2. () 3-7 i) 4+/5 o) 2-83) Gv) 2-af5
V) 5-7  (vi) 4+[15 (vii) 7+[6  (viii) 9-1/2
3. @()2+3 (ii) -4 17 (i) 4
4. (@) \5-6 (i) 25 (iii) 0

4 1
5. () 23,12 (i) 13 —;§,2§.6,6 6. a=4,b=0
| REVIEW EXERCISE 4

. () a (i) d Gi))b (iv) a (v) b (vi) b (vii) d (viii) c
2. () 4 (i) x=2)(x+2) (i) ¥—1+1/x" (v) (@+b) +(@-b)
) x2+%—2 (vi) 3 (vii) 2 +/3
3. () 7 (i) 47 4. () 6 (i) 34 5. 65,4
() 4 @) 23 (i) 14 Gv) &3

6.
Tkl 2\[‘ (i) 4 (i) 18 (i) 8\/_ 8.(1) __E (ii) 2—\5

EXERCISE 5.1
1. @) 2abc-2x+d) . (i) 3y(3x—4x* + 6y)
(iif) =3x(xy + 1 = 3y (iv) Sabe(bc? — 2ab* — 4a’c)
(v) ¥y(x - 3y) Bx - Ty) (vi) 20°G° +5) ( +4)
2. () (@a-b)(5x-3y) () -4 (Bx+2)
(iii) (x — 2y) (2 + 3y?) (iv) (x—2) (2 +y%)
; a b
3. () (12a+1)7? (i) ( )
(iii) (x + y — 72)* @(iv) 3(2x - 3)*
4. (i) 3(x-5y) (x+5y) @) x-y)x+y-1)

(iii) 2a(8m — 11n) (8m + 11n) (1v) 3x(1 —9x) (1 + 9x)
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i) x+y+3)(x—-y-3) (i) x—a+1)(x+a-1)

(i) 2x+y+1) (2x-y—=1) (i) x+y=1)(x-y-3)

v) 5x—1+67) (5x—1-62) Vi) (x+y-22) (x—-y-22)
EXERCISE 5.2

@) (ﬁ—é +1)(x2—é—1) (ii) 3(x2+2xy+2y2)(x2—2xy+2y2)
(iii) (@® + 2b% + ab) (a® + 2b* —ab)  (iv) (2% +6x+9) (2x°> —6x+9)

V) &*+3x+5) (> -3x+5) (vi)  + 2x+4) ° - 2x + 4)
(i) (x+8)(x+6) : () (x-=12)(x-9)
(iii) (x— 14) (x + 3) (iv) (x=11) (x + 12)
() x+5 (2x+1) (i) (5x—3) (6x+5)
(iii) (8x —3) Bx=7) (iv) (5x=21) (x+1)
(V) (4x=y)(x-4y) (vi) (x—13y) Bx +y)

S 1 1
(vii)(5x = 2y) (x + 7y) (viii) ( S5x— s 2) (Sx e 2)
() O+ 5x PGl Sx #8) + Gov(1l) (x5 FRDEee 23

(i) P+ Tx+15) 2+ Tx +7) V) (x—8) (x +7) (x—3) (x+2)

(V) (P +8x+6)(+ 4x "‘;'/6) 2

) @=4' @) 2x+5° (i) x-6)° (v) @x-5)’

() (3+2x)(9-6x+4x% (i) (5x - 6y) (25x* + 30xy + 36y°)

(iii) (4x + 3y) (16x* — 12xy + 9y)  (iv) (2x + 5y) (42> — 10xy + 25y%)
EXERCISE 5.3

G 4 (i) % (iii) 84 ~(iv) —12 (v) —42

@ 3,-1 (i) 6

(1) (x—2)is afactor, (x — 3) is not a factor
(1) (x—2), (x + 3) are factors, but (x — 4) is not a factor

m=-—24 5. k=-1. 6: o= b=,

=2 m=22! 8. rE=UmM="2 0. a=2u0bi= T
EXERCISE 54

x-DE+1)Ex=-2) 2. x-2)(x-4(x+5

x+1D)Ex-2)(x=5) 4 x-D(x-2)(x+4

G-Dx=-3)x+2) 6. x-2)x+3)(x+4)
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7. &-2)x+2)(3x-1) 8 G-DE+1D(2x+1)
REVIEW EXERCISE 5
I. (@) b @Gi)c Gii)d (@iv) b (v) ¢ (vi) ¢ (vii) ¢ (viii) a
2 (@) x+2)(x+3) (n) 4a—-2)(a+2) (i) b @iv) (___)z (v)x +y
i) x—2) (x+2) & +4) (vii) -3
3. (D) c+2y+4)(x-2y+4) (i) 4x- 2y) (x+2y) (i) 3x+8)(3x+1)
(v) (1-42) (1 +4z+ 167D (V) ( ;y) (4x2+§; 9;)
vi) ¢+3)2y-1) (i) x>-2)(x+2)(x+1)
(viii) (Smn + 1) () (1-6pg)
EXERCISE 6.1
1. @) HCFE.=13Yyz (i) HCF.=1Tnz -
2. () HCF=x+2 (i) HCF=x-3 (iii) HCF=x— 1
(iv)HCF=6(x—-1) (v) HCF=18x(3x-1) y
3. @ K342 G) X+x-3 Gil) ¥ +x=x(x+1)
4. (i) L.CM.=273x"y7 (i) L.C.M. =5610x%%2
5. () LCM=(x-5)(x-20) (x+4) (ii) LCM = (x +2)? (x—2) 2x - 3)
(iii) LCM = 6(x + 2y) (x* — y* v) LCM=12:-1D (*-1)
6. k=5 , 7. k=-2,1=6
8. qw=2c*-1) 9. 1xx-1)2(x-2) (P*-9)
10. k=8 - 11. 16 children
EXERCISE 6.2
2x +4) 12x 3x+ 10 |
LR R ) -0 39
4a 4 X2 a-27
6. 5 7.0 i) 37
(x+4) (& +2x+4) y+4 "Xy
10. P 114 - 12 v v 13. S,
EXERCISE 63
A 3 1
LG @-3% @) x-n G ($-2) @ Gb-a

) (%;—:37;’3) (vi) [(x—%)—2] (vii) [(x2+%)—2]

(viii) (x+1) (x +2) (x + 3) (ix) G+ 1) (x+7)(2x-3)
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i) x+3y+4) (i) P-5x+6) (i) B - x+1)
(iv) (4x -3x+2) (v)( -5+= )

i) k=49 (i) k=12 4 )I=24,m=36 (ii) I=-60,m=-36
@ x-3 (@) —x+3 (i) x=3
' REVIEW EXERCISE 6

(b @Gi)a Gi)c (Gv)b (vVa (vi)a (vii)a (vii) b
(ix) ¢ (x) ¢ (xi) ¢ (xii) a (xii)) a (xiv) d (xv) b (xvi) ¢ (xvii) b

Ax-2) 3. y+3 4. 32x+5) 3x+ 1) 2x - 5)

-2 +8) (" +2° -4 —x+28) 6. () (i) 1/a
1 2x 3y

i[(x+;)+5] 8. i(;—+5—?)

EXERCISE 7.1
o {-5} e {3} w{-2} oo

(vi) {12} (vii) {ji-} (viii) No solution (ix) {2} (x) {5}

6
1-x

O (0 @6 G520 @ {7}
W -5} @) {10} i) ¢ (i) {-—

EXERCISE 7.2
@T (11) F @@ T GvY)T F

) {3,} (u){_,,, 3} (m) {—8 31 @ {%,%}

™ {2,-6) (i) ¢ (vii) { 3 5} (vili) {1,—}

| EXERCISE 7.3
@ {x1x>52) (i) x2-05 (i) x< 434 (V) x<-6.5
(v)x<§ (v1)x>133 (vii)x>-% (viii)x>21—6
G F3=x<br | G §<x.sl3—4 (i) —22<x<26
(iv)1<x<5 (v) 2<x<5 ' (vi) -16<x<19

(vily4<x<4 (viii)) -8<x<3
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REVIEW EXERCISE 7
I. () d «i) ¢ (ii) ¢ (iv) b (v) ¢ (vi) d
2. (@) T @T Gi)F Gv)T (v)VT:(vi) T (vii) F (viii) T (ix) T
4. @® ¢ @) {3} 5. @) {6} G {-12,0} 6. (1) x=>12 (i) 8>x>-2

_ EXERCISE 8.1
. Pinl-Q QinII-Q Rin[Q, S inIV-Q.

|
‘11 ‘k‘}
A A
2 (1) o) : 2 (1) 0 -
v v
x=2 x=—3
| A
p 8 1 X y=3\
X . : »
(ii1) 5 >t (V) 5 >
ke
Av “v
y=0 :
(v) <% ) > (vi) 5 >
x+0
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|
Al = K |
a13)
4 "‘1’2)
(vii) 9] P (viii) = Y0) x:
/
(H1,13) 1,42)
/ -&2
|
A A A
X 71 b /
/
Aairy
(ix) o) af (x) . 0 >
(SIS )74
A
v /
e %
i 3)=3x
| | I
A A
g - (3j4)
1,2) (2,2)
(xi) 0 P (xid) o /0o %
-1,-2) (0,-2)
/
Px-+y=0 , 1y=2
i
X . s 7
(=108 2= g ) /(12
.o ) < V. f
(xitt) P10 > &iv) EEDVAQ "
x13 + 1=0
4
3x-12y+ =| .
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3. (i) parallel toy-axis (ii) parallel to y-axis (iii) parallel to x-axis

(iv) neither (v) neither
4. (a) m=—§,c=% (b)m=%,c=l () m=-3,c=1
d m=2,c=-7 e)m=2,c=-3 ® m=2,c=-3
5. () No (i) No (ii No (iv) Yes (v) No
‘ EXERCISE 8.2
I. (1) 4 gallons (i1) 36 litres
i i
# ﬁ {)1
—3y+
=2 /
3@ (_2,)/6‘(1 1) b ®) an N
( "2)
3x+-2y—
i & |
| ]
£ (12)
© L9 e | (@) >
1 2= 0/-1 | EL42)Y ~
2y
i i =0 A
|
£ |
13
: 3y-10 \
(e) [4) 7 i S 0 2R
(1’_:)
y+3
|

3 (length of square) = 1 unit
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A ¥
v
0
l
EXERCISE 8.3
2 4
5 (_19 1) y (_ls 0) = (_593.) 4. (0, 1) 5 (19 —1)
REVIEW EXERCISE 8

[y
.

(Ma@c @)d (ivyc (v)d (vi) a

2. () F @i T @Gii) T Gv) T (v) F (vi) F (vii) T (viii) F (ix) F (x) F
6. () {GA,-1/4), Gi) ((-6,-2)}, (i) {(2,4)

" EXERCISE 9.1
AR b e ©14 @342 @7 ®S5

2. @ V130 Gi) 13 Gi) 10 Gv) I3 () 3B (vi) \97
EXERCISE 9.2

1 The given points form an Isosceles triangle.

2 The given points do not form a square.

3 Triangle is not right angled.

4.  The given points lie on a straight line.

3 k=0 6. The points A, B, C are collinear.
7.  Triangle OAB is equilateral. 8. Lengths of diagonals are equal.
9.  MNPQ is a parallelogram, IMNI = IQP| and IMQI = INPI and ZNPQ # 90°.

10. Diameter = 10
EXERCISE 9.3
. @ @B,2 () 25-6) (1,1 @@ 43 () 3,-15)
® (0,-2.5) 2i: {13.10) 4. 3/2
REVIEW EXERCISE 9
.. (7 (/ii) ¢ (@)a @(@F)c (Wec (vib
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2. () F (i) F @ii) F Gv) T (v) Ty(vi) T (vii) T _

@) /45 Gi) 6\2 (i) 5 4. (i) (5,2) @) (-6,-6) (iii) (4,-6)
REVIEW EXERCISE 10

L ) R ) T Gi) T Gv)F (vy T (vi) F

2. (1)) m£B (i) mLC (iii) mZL

3. x=60° 4.x=10°,m=3 5.x=3cm,y=6cm,z=4cm

P’

EXERCISE 11.1
| 130°, 50°, 50° 2. 140°, 140°, 40°, 40°
EXERCISE 114
4, 1.8cm, 2.1 cm, 2.4 cm
EXERCISE 11.5
¥ m=20m,lﬁ=4cm
REVIEW EXERCISE 11

1. (i) parallel/congruent (ii) equal/congruent (iii) intersect (iv) concurrent
(v) congruent

2. ()= (i) = (i) mg3 (v) mL4 3. n°=)°=75°, x°=m°=105°
4 x=5,m=23" : 5. m=n=2 0. ZM=125°= /P
| REVIEW EXERCISE 12
1. G T G)T Gi)F Gv) T (v) F (vi) T (vi)) F (vii)) T
2. (i) mOB (i) mBQ 4. x°=y°=30°2°=60° 5. m=12,x=6
6. mA_L=mI_TS=3cm,mA__D=4cm
EXERCISE 13.1
1. ()20cm 3. AC (longest), AB (shortest)

REVIEW EXERCISE 13
1. @) T GiF Gii) T Gv) F () T (vi) T (vii) F (viii) T (ix) T () F
2z 90 5.344%7

EXERCISE 14.1
1. (i) 2.6 cm (ii) 6 cm (iii) 1.8 cm (iv) 6cm, 3.6 cm, 8 cm, 4.8 cm (v) x= 1
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EXERCISE 14.2

4% L
s .2 mAD=%,mDB=%

REVIEW EXERCISE 14 -
() T (i) T (i) F v) F (v) T (vi) F (vi)) T (viii) T (ix) F (x) T
(i)4.6cm (i)2cm  4.x=1 5. mMA=4.8 mAN=32
x=10cm,y=6 cm
EXERCISE 15.1
15 4. (i) 48cm (i) 672 cm’
()a=215,h=+[35,b=221 (i) 9 cm

100734 m 8.15m 9. mAD =4/61 km

REVIEW EXERCISE 15
GT @F (i) T (1y).-L, (v) T “OaLb
(i) Sm (i) 8cm (i) 12cm (iv) 1 cm

EXERCISE 16.1 .
mAD =2 cm
REVIEW EXERCISE 16
G T (i) F (i) T @WF  MT )T
(i) 18cm’ (i) 16 cm® (iii) 32 cm® (iv) 80 cm’
REVIEW EXERCISE 17

(1) hypotenuse (ii) median (iii) perpendicular (iv) concurrent
(v) equidistant (vi) proportional = (vii) vertex

i) @ () (b) (i) (©) (@v) (@ (v) (b) (vi) (b)

(vii) (@) (vii)) () (ix) (d) (%) (@) (xi) (a)
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Matrix
A rectangular layout or a formation of a collection of real numbers, say 0, 1, 2,
3, 4 and 7, such as;

33

and then enclosed by brackets ‘[ ]’ is said to form a matrix [; ; g]
20 ;
Rectangular Matrix

A matrix M is called rectangular if, the number of rows of M # the number of
columns of M.

Square Matrix _
A matrix M is called a square matrix if, the number of rows of M = the
number of columns of M.

Row Matrix

A matrix M is called a row matrix if M has only one row.
Column Matrix

A matrix M is called a column matrix if M has only one column.
Null or Zero Matrix

A matrix M is called a null or zero matrix if each of its entries is 0.
Transpose of a Matrix ; :

Let A be a matrix. The matrix A’ is a new matrix which is called transpose of
matrix A and is obtained by interchanging rows of A info its respective columns (or
columns into respective rows).

Symmetric Matrix X

A square matrix M is called symmetric if M'=M.

Negative of a Matrix

Let A be a matrix. Then its negative, —A is obtained by changing the signs of all
the entries of A.

Skew Symmetric Matrix
A square matrix M is said to be skew symmetric if M' = M.
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a 00
A square matrix M of the type |0 5 0| is called a diagonal matrix of order
g 0 ¢ ;
3-by-3, where all the three entries a, b, ¢ are not zero i.e. atleast one entry is non zero.
Scalar Matrix :
A diagonal matrix M is Called a scalar matrix if all of its entries in the diagonal
atgh kK 00
For example, 0 k O] where the scalar k #0.
0 0 k
Identity Matrix
A scalar matrix of the type
1 00
A=|101 0 is called a 3-by-3 identity matrix.
0 01
Additive Identity of a Matrix
" S
Let A=[d £
be an additive identity of matrix A, if,
B+A=A=A+B
Additive Inverse of a Matrix
Let A be a matrix of order 3-by-3. A matrix B is defined as an additive inverse

] be a matrix of order 2-by-3. Then a matrix B is said to

0 00O
of Aif B+A =|0 0 0/|=A+B
000

Multiplicative Identity of a Matrix

Let A be a matrix. Another matrix B is called the identity matrix of A under
multiplication if BA = A =AB,

Determinant of a 2-by-2 Matrix

wM-[‘: Z]beaz-by-zmmix.mealnumberuscaneddammof
M, denoted by det M such that



Glossary : 286

a b
det M = det [c d] =

Singular Matrix
A square matrix M is called singular if the determinant of M is equal to zero.

Non-Singular Matrix

A square matrix M is called non-singular if the determinant of M is not equal to
zero (i.e., M is not singular).

Adjoint of a Matrix
d b }

Given a matrix M = [a i ],adjoint of M is defined by Adj M = [
& - a

Inverse of a Matrix

Let M be a square matrix [ ‘cl Z ] -
(1) Write adjoint of matrix M
(2) Multiply by ﬁ to the Adjoint (M)

The desired inverse of M is obtained as

d b
M'= dlb [ },wheredetM:a_a’—bc;tO
aa —oc| —C a :

The Set of Real Numbers
R = union of two disjoint sets (the set of rational numbers Q and the set of
irrational numbers Q’),
ie ., R=QUl
nth Root of “a”
If n is a positive integer greater than 1 and a is a real number, then any real
number x such that x" = a is called the nth root of @, and in symbols is written as

- S (radical form)
ety o 00 - (exponential form)

In the radical \/a, the symbol [ is called the radical sign, n is called the
index of the radical and the real number @ under the radical sign is called the
radicand or base.
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Complex Number

A number of the form z = a + bi where a and b are real numbers andi= \[—_1 , 18 |
called a complex number. : :

Complex Conjugate
The numbers a + bi and a — bi are conjugate of each other.
Scientific Notation ' '

A number written in the form a x 10", where 1 < a < 10 and n s an integer, is
called the scientific notation.

Logarithm of a Number

If & = y then x is called the logarithm of y to the base ‘a’ and is written as
log,y=x, wherea>0, a#1 and y>0
Common Logarithm or Brigg’s Logarithm

If the base of logarithm is taken as 10 then logarithm is called Common
Logarithm or Brigg’s Logarithm.
Natural Logarithm

Logarithm having base e is called Napier Logarithm or Natural Logarithm.

Characteristic
The integral part of the logarithm of any number is called the characteristic.

Mantissa
The decimal part of the logarithm of a number is called the mantissa and is
always positive.

Rational Expression
The quotient g ; of two polynomials p(x) and g(x), where g(x) is a non-zero

polynomial, is called a rational expression.

Surd .
An irrational radical with rational radicand is called a surd.

Remainder Theorem
“If a polynomial f{x) is divided by a linear divisor (x — a), then the remainder is

Ra)”.
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Factor Theorem :
“The polynomial (x — a) is a factor of the polynomial f{x) if and only if

fa)=0".

Linear Equation in One Variable
A linear equation in one variable x (occurring to the first degree) is an
equation of the form

ax +b =0, where a,be Randa #0.

Types of Equations

(i) An identity is an equation that is satisfied by every number for which both
sides are defined e.g., x+3 =3 +x.

(ii) A conditional equation is an equation that is satisfied by at least one number
but is not an identity. e.g., 2x+ 1 =09.

(iii) An inconsistent equation is an equation whose solution set is the empty set.
e.g., x =x + 5, because no value of x satisfies it.

Radical Equation
When the variable in an equation occurs under a radical sign, the equation is
called a radical equation.

Absolute Value of Real Number
The absolute value of a real number ‘a’ denoted by lal, is defined as

a, ifaz0
lal = {
-a, ifa<0
Linear Inequality in One Variable

A linear inequality in one variable x is an inequality in which the variable x
occurs only to the first power and is of the form

ax+b<0,a#0
where a and b are real numbers. We may replace the symbol < by >, <or 2.

Line Segment
A part of a line / distinguished or separated by distinct points P and Q of / is

said to form a line-segment of / and is denoted by PQ orQP.

P ' Q

i
N
-
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Coordinates of a Point

The real numbers x, y of the ordered pair (x, y) are called coordinates of a
point P(x, y) in a plane. The first number x is called x-coordinate (or obscissa) and
the second number y in (x, y) is called y-coordinate (or ordinate) of the point P(x, y).

Distance formula
The distance between two points P(x). v|) and Q(x». v») in the coordinate plane

e d=~[lx, - x)1% + lyy — yy? , where d > 0
Collinear or Non-collinear Points

Whenever two or more than two points happen to lie on the same straight line
in the plane, they are called collinear points with respect to that line; otherwise they
are called non-collinear.
Equilateral Triangle

If the lengths of all the three sides of a triangle are same, then the triangle is
called an equilateral triangle.
Isosceles Triangle

Isosceles triangle PQR is a triangle which has two of its sides of equal length
while the third side has a different length.
Right Triangle

A right triangle is that in which one of the angles has measure equal to 90°.
Pythagoras’ Theorem

In a right angle triangle ABC,

IABF = IBCI® + ICAF, where ZACB = 90°

Scalene Triangle
A triangle is called a scalene triangle if measures of all the three sides are
different. :
Square ‘

A square is a closed figure in the plane formed by four non-collinear points
such that lengths of all sides are equal and measure of each angle is 90°.
Rectangle
3 A figure formed in the plane by four non-collinear points is called a réctangle
11,

(i) its opposite sides are of equal measure.

(i) its opposite sides are parallel to each other
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(iii) the angl_e at each vertex is of measure of 90°.

" Parallelogram

A figure formed by four non-collinear points in the plane is called a
parallelogram if

3 (i) its opposite sides are of equal measure -

(ii) its opposite sides are parallel

Congruent Triangles

Two triangles are said to be congruent (symbol =), if there exists a
correspondence between them such that all the corresponding sides and angles are
congruent i.e.,

AB =DE LA =£D
If< BC=EF and ZB=/E
CA =FD ZLC=/F
then AABC = ADEF ;
A D
B/\C E/\F
S.A.S. Postulate

In any corréspondence of two triangles, if two sides and their included angle of
one triangle are congruent to the corresponding two s1des and their included angle of
the other, then the triangles are congruent.

Right Bisector of a Line Segment _
/ A line [ is called a right bisector of a line segment if [ is perpendicular to the
line segment and passes through its mid-point.
Angle Bisector
- Angle bisector is the ray which divides an angle into two equal parts.
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Ratio and Proportion
We define ratio a : b = % as the comparison of two alike quantities @ and b
called the terms of a ratio. (Terms must be eipressed in the same units). ‘
Equality of two ratios is defined as proportion. i.e.,ifa:b=c:d, thena, b, c
and d are said to be in prpportion.

Similar Triangles

Two (or more) tnangles are called similar (symbol ~) if they are equiangular
and measures of their corresponding sides are proportional.

Concurrent Lines.

Three or more than three lines are said to be concurrent, if they all pass
through the same point. The common point is called the point of concurrency of the

lines. /,/
Incentre of a Triangle

The internal bisectors of the angles of a triangle meet at a point called the
Incentre of the triangle.

Circumcentre of a Triangle

The point of concurrency of the three perpendicular blsectors of the sides of a
triangle is called the circumcentre of the triangle. . .

Median of a Triangle

A line segment joining a vertex of a triangle to the mid-point of the opposite
side is called a median of the triangle. :

Altitude of a Triangle

A line segment from a vertex of a triangle, perpendicﬁlar to the line containing
the opposite side, is called an altitude of the triangle.

Orthocentre of a Triangle
The point of concurrency of the three altitudes of a A is called its orthocentre.
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MATHEMATICAL SYMBOLS

= is equal to o degree
= is not equal to B, tFetefore
A4 for all :

C since
5> implies that ; : i

! : i is perpendicular to
i v I is parallél to
| such that p

: “—> correspondence
> is greater than : )
2 s% lebarthan = is approximately equal to
* is not greater than i R ?S ol el
£ is not less than = is similar to
= is greater than or equal to GA? line AB
< is less than or equal to — ;
2 belongs to AB line segment AB

. |ABI distance between A and B
\/_ nonnegative square root
%o percent .@ ray AB
T pi - AABC triangle ABC
A transpose of matrix A . £ZABC  angle ABC
-1 . . =

A inverse of matrix A mAB  measure of line segment AB
det A or |Al determinant of A mZABC measure of angle ABC

Adj A adjoint of matrix A _
SOME ALGEBRAIC FORMULAS

* x+y) =+ 2y +y * (- =X -2y +y
* x+y)’ =2 +3%y+30+y *  (x-y)P=2-BH¥InF—y
* L aytE(xdy) () * x4y - x—y)Y =4y
-y =@-y) Pty +yd) * oy =@+ @E-x+)y)

* (x+y+2’ = +y + 22+ 20y + 2yz + 22x
* R+ - Bayz=(+y+ ) P+ Y+ -y -y — )
* L.CM. x H.C.F. = p(x) X g(x)

LAWS OF LOGARITHM

4 log,(mn) = log,m + log,n * loga(%) =log,m —log,n

*  log,m" =nlog,m *  log,n =logyn x log b
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TABLE OF LOGARITHMS

Mean Differences Columns

08 17| 2% 38| 481 54 6% | 871 9 Ti12%3 4.5 6 7 8 9

0000 | 0043 | 0086| 0128|0170 4 9 13 17 21 26 30 34 38
10 0212|0253(0294|0334|0374| 4 8 12 | 16 20 24 | 28 32 36

0414 | 0453 | 0492 0531|0569 e 185512 15 19 23 27 31 35
1 0607|0645 |0682|0719{0755| 4 7 11 15 19 22 26 30 33

0792 | 0828 | 0864 0899 0934 IR RET 14 18 21 25 28 32
12 0969 1004|1038 1072|1106| 3 & 10 | 14 17 20 | 24 27 31

1139 [ 1173 1206| 12391271 T SR 13 16 20 23 26 30
13 ; 1303|1335[1367(1399|1430f 3 7 10 13 16 19 22 25 29

1461 | 1492 1523 1553 | 1584 B ig 12 15 19 20 25°28
14 1614|1644 (1673|1703|1732| 3 6 9 12" et 47 20 23 26

1761 [ 1790 | 1818| 18471875 W T T | 11 14 16 20 23 26
15 1903|1931|1959/1987 (2014 3 ¢ 8 1. 1447 19 22 24

2041 | 2068 | 2095| 2122|2148 30y 8L 8 1104 14 07 19 22 24
16 2175(2201|2227 2253|2279 3 5 8 10 13 16 18 21 23

2304 | 2330 2355 2380 2405 30 15558 10 13 15 18 20 23
17 2430(2455|2480 (2504 (2528 2 5 7 10- i 1245 17 20 22

2553 | 2577 2601| 2625 2648 PER [gRany oitd B4 16 19 21
18 2672(2695|2718 | 2742|2765 2 5 7 0 1114 16 18 21

2788 | 2810 | 2833| 2856 | 2878 DRSS 9" 4" 16 18 20
19 2900|2923(2945|2967|2989| 2 4 6 8 11 13 15" 97 "9
20 | 3010| 3032| 3054/ 3075 3096| 3118| 3139|3160/ 3181|3201 2 4 6 | 8 11 13 | 15 17 19
21 | 3222 3243| 3263| 3284| 3304| 3324| 3345| 3365|3385/ 3404| 2 4 6 8 10 12 14 16 18
22 | 3424 3444 3464 | 3483 3502| 3522| 3541| 3560| 3579|3598/ 2 4 6 8 10 12 14 15 17
23 | 3617| 3636| 3655| 3674 | 3692| 3711| 3729 3747|3766, 3784 2 4 6 7 o D 11 43 155,47
24 | 3802| 3820| 3838| 3856 | 3874 | 3892| 3909 | 3927|3945/ 3962 2 4 5 7 8 12 14 16
25 | 3979| 3997| 4014| 4031 | 4048 4065| 4082 | 4099| 4116/ 4133] 2 3 5 Lo (G A0 140 JEE 45
26 | 4150| 4166| 4183| 4200| 4216 4232| 4249| 4265/ 4281|4298 2 3 5 AR L i T 11 13"%45
27 | 4314/ 4330| 4346/ 4362| 4378 4393 | 4409| 4425/ 4440|4456 2 3 5 6 L{aTesg 1T 33 e
28 | 4472| 4487| 4502 4518| 4533 | 4548| 4564| 4579/ 4594|4609 2 3 5 6 8 9 e 12' %4
29 | 4624| 4639| 4654| 4669 4683| 4698 | 4713| 4728| 4742|4757 1 3 4 6 Toite 10 12 13
30 | 4771| 4786| 4800| 4814| 4829| 4843| 4857| 4871/ 4886/ 4900 1 3 4 6 7 9 0 11 13
31 | 4914| 4928| 4942| 4955| 4969| 4983| 4997 5011| 5024|5038 1 3 4 812 ‘78 tore a2
32 | 5051| 5065| 5079 5092| 5105| 5119 5132| 5145| 5159 5172| 1 3 4 &% 1T0se8 00 M2
33 | 5185| 5198| 5211| 5224| 5237| 5250| 5263 5276| 52895302 1 3 4 5 6 8 955 104512
34 | 5315| 5328| 5340| 5353| 5366| 5378| 5391 5403| 5416/ 5428| 1. 3 4 B TR B o IS0 11
35 | 5441 5453| 5465| 5478| 5490 5502 5514| 5527/ 5539|5551 1 2 4 R | el 9 10 1
36 | 5563| 5575| 5587| 5599| 5611 | 5623| 5635| 5647 5658| 5670| 1 2 4° o g R p s
37 | 5682| 5694| 5705| 5717| 5729| 5740| 5752| 5763| 5775|5786| 1 2 3 el e ¢ GEEg=REAL)
38 | 5798| 5809| 5821| 5832 5843| 5855| 5866| 5877|5888/ 5899 1 2 3 = AN s dendd
39 | 5911| 5922| 5933| 5944| 5955| 5966 | 5977| 5988| 5999/ 6010] 1 2 3 - a ¢ b
40 | 6021| 6031| 6042| 6053| 6064| 6075| 6085| 6096| 6107/ 6117 1 2 3 Win gitce g 9 10
41 | 6128| 6138| 6149| 6160| 6170| 6180| 6191 6201| 6212 6222 1 2 3 &)i5 S 6 706 87529
42 | 6232| 6243| 6253| 6263| 6274| 6284| 6294 6304| 6314 6325| 1 2 3 4 5 6 7.7 809
43 | 6335| 6345| 6355| 6365| 6375| 6385| 6395 6405| 6415/ 6425 1 2 3 &i5 150006 Foirs 8589
44 | 6435| 6444| 6454| 6464| 6474| 6484 | 6493| 6503| 6513|6522 1 2 3 4 5 6 o Brav®
45 | 6532| 6542| 6551 6561| 6571| 6580| 6590/ 6599( 6609/ 6618] 1 2 3 Kron |5 nB Sy
46 | 6628| 6637| 6646| 6656| 6665| 6675| 6684 6693( 6702/ 6712 1 2 3 AT (R 5 i SR
47 | 6721| 6730| 6739| 6749| 6758| 6767| 6776 6785| 6794|6803 1 2 3 /. o i v e
48 | 6812| 6821| 6830| 6839| 6848| 6857| 6866| 6875( 6884/ 6893 1 2 3 4N g N B T
49 | 6902| 6911| 6920| 6928| 6937| 6946| 6955 6964| 6972( 6981 1 2 3 ! g L B LS
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TABLE OF LOGARITHMS

Mean Diffgrences Columns

e

3

4

5

7

6990
7076
7160
7243
7324
7404
7482
7559
7634
7709
7782
7853
7924
7993
8062
8129
8195
8261

8325
8388
8451

8513
8573
8633
8692
8751

8808
8865
8921

8976
9031

9085
9138
9191

9243
9294
9345
9395
9445
9494
9542
9590
9638
9685
9731

9777

9823
9868
9912
9956

6998
7084
7168
7251
7332
7412

7490
7566
7642
7716
7789

7860
7931
8000
8069
8136
8202
8267
8331
8395

8519
8579
8639
8698
8756
8814
8871
8927
8982
92036
9090
9143
9196
9248
9299
9350
9400
9450
9499

9547
9595

9689
9736
9782
9827
9872
9917
9961

7016
7101
7185
7267
7348
7427
7505
7582
7657
7731
7803
7875
7945
8014
8082

8149

8215
8280

8407
8470
8531
8591
8651
8710
8768
8825
8882
8938
8993

9101
9154
9206
9258
9309
9360
9410
9460
9509

9557
9605
9652
9699
9745
9791
9836
9881

9969

7024
7110
7193
7275
7356
7435
7513
7589

7738
7810
7882
7952
8021

8089
8156
8222
8287
8351
8414
8476
8537
8597
8657
8716
8774

8831
8887

8998
9053
9106
9159
9212
9263
9315
9365

8949

9112
9165
9217
9269
9320
9370

| 7042

7126
7210
7292
7372
74514
7528
7604
7679
7752
7825
7896
7966
8035
8102
8169
8235
8299

6426

8549

8669
8727
8785
8842
8899
8954

o117
9170

9274
9325
9375
9425
9474
9523
9571
9619

9713
9759

9894
9939
9983

7050

7135
7218

7380
et
7536
7612

7760
7832
7903
7973
8041
8109
8176
8241

8370
8432

8555

7059
7143
7226

7388
7466

7543
7619

7767
7839

7910
7980
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A
Abscissa, 148, 167
Absolute value, 136
equations containing, 136
of real numbers, 136
properties of, 136
Acre, 160
Addition :
of complex numbers, 49
of matrices, 09
of pure imaginary numbers, 49
of rational expressions, 79
of surds, 89
of real numbers, 39
Addition property
for equations, 39
for inequalities, 139
Additive identity
of matrices, 12
of real numbers, 39
‘Additive inverse
for matrices, 13
for real numbers, 40
Algebraic expression, 76
Angle(s), 186, 210
Antilogarithm, 64, 66
Area
of rectangle, 245
of square, 245
of triangle, 244
Associative property
for real numbers, 39
Axiom, (congruent area), 244

INDEX

Axis (axes)
of a coordinate system, 147

B
Base(s), 43, 45
of a common logarithm, 59
of a logarithm, 59, 65
of a natural logarithm, 65

C
Closure property
for real numbers, 40
Coefficient matrix, 32
Common logarithm(s),
characteristic, 60, 61, 64
mantissa, 60, 62
table of, 293
Commutative property for real numbers
under addition, 39
under multiplication, 40
Complex number(s), 47
addition of, 49
conjugates, 48
division of, 50
equality of, 48
multiplication of, 49
standard form (def.), 51
subtraction of, 50
Congruent, 244
angles, 186, 187, 209
triangles, 185, 186
Conjugate of a complex number, 48
of a surd, 91
Continued product, 83
Converse, 211, 214, 220, 231, 240
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Coordinate(s),
of a point, 148

of points in two space, 146, 147, 148

Coordinate plane, 168
Cramer’s Rule, 25

D
Decimal(s), 35
nonterminating, 25, 36
- recurring, 36
repeating, 36, 37
terminating, 36
Degree
of a polynomial, 77, 110
Determinant 2—-by-2, 21, 285
Distance between two points, 169
Distance Formula, 168, 169
Distributive property
for real numbers, 41
Division
of complex numbers, 50
of polynomials, 115, 124
of radicals, 56
of rational expressions, 77
of surds, 88, 89, 90
Double inequality, 140
Equality of complex numbers, 48
Equation(s), :
addition properties of, 78 -
equivalent, 136
exponential, 45, 46
multiplication properties of, 91
radical, 44 ;
Equivalent equations, 130, 136
Evaluating
algebraic expressions, 81

Exponent(s) and radicals, 43, 44
properties of, 44
rational, 37

Exponential equation, 45, 46

F
Factor(s)
common monomial, 98, 99
greatest common, 114, 117

| Factor Theorem, 106 — 108

Factorization, 97— 105
by grouping, 98, 99
common monomials, 98, 99
difference of two cubes, 105

difference of two squares, 99, 100

cubic polynomials, 110
quadratic trinomials, 100—102
sum of two cubes, 105

Formula(s),

distance, 169
midpoint, 178

G
Gallon, 164
Graph(s)
conversion, 157
of linear equations, 151
of linear inequalities, 138
of linear systems, 164
of a number,35, 37

H
Hectare, 160

e |
Identity element,
for addition of real numbers, 40
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for multiplication of real
numbers, 40

Identity matrix, 07
Imaginary unit, 47
Inequalities, 138
equivalent, 139
linear, 138
properties of, 139
Integer(s), 34
Integral exponents, 44
Intersection
of graphs of linear systems, 164, 165
Inverse
of a matrix, 13, 21
property for real numbers, 40, 41
Irrational number, 34, 36

K
Kilometre, 158, 159

L
Law of Trichotomy, 139
Laws of logarithms, 65—69
Least common multiple, 114, 116, 117
Linear equations, 151—155
Linear inequalities, 138, 139
Logarithm(s), 59, 60
antilogarithm, 64
base of, 59, 65
characteristic, 61, 63
common, 60, 63
. common, tables, 63
mantissa, 62

M
Mantissa, 62
Matrix (Matrices), 2
addition of, 9, 11

additive identity, 12
additive inverse, 13
adjoint, 21, 22
column, 4, 5
equal, 3
~method for solving system of
equations, 24
multiplication of, 15
multiplicative identity, 18
multiplicative inverse, 21
null, 5
rectangular, 5
row, 4
order of, 3
skew-symmetric, 6
subtraction of, 9, 10
square, 5
symmetric, 6
transpose, 5, 6
zero, 5
Multiplication,
of complex numbers, 49
of matrices, 15 :
of pure imaginary numbers, 48
of radicals, 44 :
Multiplication properties
of equality, 41, 42
of inequalities, 49
of real numbers, 42
Multiplicative identity
for matrices, 18
. for real numbers, 40
Multiplicative inverse
for matrices, 22, 23
for real numbers, 40, 41

N
Natural number(s), 34
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Number(s) of real numbers, 39
complex, 47, 48, 49 reflexive, 41
imaginary, 47, 48 symmetric, 41
integers, 34, 35 transitive, 42
irrational, 34, 36 Proof(s) of
natural, 34 theorem of Pythagoras, 238

pure imaginary, 47
rational, 34, 35
real, 34, 35

whole, 34

0
Ordered pairs, 146
Ordinate, 167
Origin, 146, 169

P
Point(s)
collinear, 170
coordinates of, 148
distance between two, 169
non—collinear, 170
Point of concurrency of, 206, 256
altitudes of a triangle, 245
angle bisectors, 245
medians of a triangle, 205
perp bisectors, 205
Polynomial(s), 98
degree, 108, 110
division of, 107
equation, 130
factor theorem, 106
factorization, 98
Principal nth root, 43
Properties,
addition of inequalities, 42
multiplication of inequalities, 139
of equality, 41, 42

Properties of real numbers, 39, 40
Proportion, 228

Pure imaginary number, 47 :
Pythagoras’s theorem, 238, 240

Q
Quadrant, 146, 147

R
Radical,
addition of, 89
division of, 89
equations, 133
multiplication of, 89
subtraction, 89
Radicand, 43
Ratio, 228
Rational expressions, 77
addition of, 78
multiplication of, 78
simplification of, 78, 79
subtraction of, 79, 80
Rational number(s),
expressed as a decimal, 36, 37
Rationalizing the denominator, 91
Real number(s),
ordered pairs of, 146
properties of, 39, 40, 41
Recurring decimal, 36, 37
Remainder Theorem, 106
Rectangle, 150
Right triangle(s), 173
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S
Scientific notation, 58
Set of
complex numbers, 47, 48
integers, 34, 35
irrational numbers, 34, 35
natural numbers, 34, 35
rational numbers, 34, 35
Solution, 131
extraneous, 133
Solution set(s),

of equations with absolute
value, 136, 137

of linear inequalities, 138
of linear systems of
equations, 24—28
Solving inequalities, 138
Solving systems of equations,
by Cramer’s Rule, 25
by graphing, 164, 165
by matrix inversion method, 24, 25
Square, 174
Square matrix, 5
Subtraction,
of complex numbers, 50
of matrices, 9
of rational expressions, 79
of surds, 89
System of equations,
solved by determinants, 25—28
solved by graphing, 164, 165

solved by matrix inversion
method, 24, 25

T
Tables and Formulas,
Temperature,
degrees Celcius, 161, 162
degrees Fahrenheit, 161, 162
Theorem,
factor, 108
Pythagoras, 238
remainder, 106
Transitive, 42
property of equality, 44, 48
property of inequality, 139, 140
Triangle, 171, 172, 173, 174
altitude of, 245, 246, 247, 248
equilateral, 171
isosceles, 172, 173
right-angled, 173
scalene, 171, 173, 174, 181

w
Whole number(s), 34, 35

X
X —axis, 146, 148

Y
y—axis, 146, 148

Z
Zero of a polynomial, 108, 110




Bibliography / References 302

BIBLIOGRAPHY / REFERENCES

e Gustafson, R. David and Frisk, P. D; Functions and Graphs, Brooks / Cole
Publishing Company, 1987, U.S.A.

e H. Anton; Calculus with Analytic Geometry, (Second Edmon), John Wiley &
Sons, New York.

e HS. Hall and F.H. Stevens; A School Geometry (Metnc Edition, 2006)
ALT.B.S., Publishers, India.

e Jerome E. Kaufmann; Algebra for College Students, (2nd Edition,. 1987), PWS-
KENT Pb. Co. Boston.

e Joseph N. Payne; Algebra Two with Trigonometry, (2nd Edition), Harcourt Brace
Joranovich, INC.

e Karl J. Smith and P.J. Boyle; College Algebra, (3rd Edition, 1985), Brooks / Cole
Publishing Co., California.

e L.D. Hoffmann and G.L Bradley; Calculus for Business and Life Science, (Sixth
Edition), McGraw Hill, N.Y.

e L. Redford, A Vavra and S. Richlicki; (Technica] Mathematics) Breton Publishers,
US.A.

e Mark Dugopolski; Intermediate Algebra, (3rd Edition, 2000), McGraw-Hill Co.
e Pythagorean Theorem — from Wolfram Math World

e Shamshad Muhammad Lodhi (Late) & Others; Mathematics 9, 10, (5th Ed) Pun_]ab
Textbook Board, Lahore.

e Wikipedia, The Free Encyclopedia.







Books Published by Members of Textbook Developers Group which have been
approved and granted N.O.Cs’ by Punjab Curriculum & Textbook Board / Ministry
of Education (Curriculum Wing), Islamabad in accordance with National
Curriculum 2006 and National Textbook and Learning Materials Policy 2007

b CARAY A [N 2Kachehri Road, Lahore (Pakistan)
Q‘\E 5 ‘ - 7~ Ph:042-37122955,-37352296,-37212091
= BOOK HOUSE E-mail: caravanbookslhr@gmail.com

() ebh.pakistan [@) +92-3374645800 €3 cbhpakistan 7 cbhpakistan
www.caravanbookhouse.com.pk




	2019-MTH9-10312019-0647PM-UK-00001
	2019-MTH9-10312019-0647PM-UK-00002
	2019-MTH9-10312019-0647PM-UK-00003
	2019-MTH9-10312019-0647PM-UK-00004
	2019-MTH9-10312019-0647PM-UK-00005
	2019-MTH9-10312019-0647PM-UK-00006
	2019-MTH9-10312019-0647PM-UK-00007
	2019-MTH9-10312019-0647PM-UK-00008
	2019-MTH9-10312019-0647PM-UK-00009
	2019-MTH9-10312019-0647PM-UK-00010
	2019-MTH9-10312019-0647PM-UK-00011
	2019-MTH9-10312019-0647PM-UK-00012
	2019-MTH9-10312019-0647PM-UK-00013
	2019-MTH9-10312019-0647PM-UK-00014
	2019-MTH9-10312019-0647PM-UK-00015
	2019-MTH9-10312019-0647PM-UK-00016
	2019-MTH9-10312019-0647PM-UK-00017
	2019-MTH9-10312019-0647PM-UK-00018
	2019-MTH9-10312019-0647PM-UK-00019
	2019-MTH9-10312019-0647PM-UK-00020
	2019-MTH9-10312019-0647PM-UK-00021
	2019-MTH9-10312019-0647PM-UK-00022
	2019-MTH9-10312019-0647PM-UK-00023
	2019-MTH9-10312019-0647PM-UK-00024
	2019-MTH9-10312019-0647PM-UK-00025
	2019-MTH9-10312019-0647PM-UK-00026
	2019-MTH9-10312019-0647PM-UK-00027
	2019-MTH9-10312019-0647PM-UK-00028
	2019-MTH9-10312019-0647PM-UK-00029
	2019-MTH9-10312019-0647PM-UK-00030
	2019-MTH9-10312019-0647PM-UK-00031
	2019-MTH9-10312019-0647PM-UK-00032
	2019-MTH9-10312019-0647PM-UK-00033
	2019-MTH9-10312019-0647PM-UK-00034
	2019-MTH9-10312019-0647PM-UK-00035
	2019-MTH9-10312019-0647PM-UK-00036
	2019-MTH9-10312019-0647PM-UK-00037
	2019-MTH9-10312019-0647PM-UK-00038
	2019-MTH9-10312019-0647PM-UK-00039
	2019-MTH9-10312019-0647PM-UK-00040
	2019-MTH9-10312019-0647PM-UK-00041
	2019-MTH9-10312019-0647PM-UK-00042
	2019-MTH9-10312019-0647PM-UK-00043
	2019-MTH9-10312019-0647PM-UK-00044
	2019-MTH9-10312019-0647PM-UK-00045
	2019-MTH9-10312019-0647PM-UK-00046
	2019-MTH9-10312019-0647PM-UK-00047
	2019-MTH9-10312019-0647PM-UK-00048
	2019-MTH9-10312019-0647PM-UK-00049
	2019-MTH9-10312019-0647PM-UK-00050
	2019-MTH9-10312019-0647PM-UK-00051
	2019-MTH9-10312019-0647PM-UK-00052
	2019-MTH9-10312019-0647PM-UK-00053
	2019-MTH9-10312019-0647PM-UK-00054
	2019-MTH9-10312019-0647PM-UK-00055
	2019-MTH9-10312019-0647PM-UK-00056
	2019-MTH9-10312019-0647PM-UK-00057
	2019-MTH9-10312019-0647PM-UK-00058
	2019-MTH9-10312019-0647PM-UK-00059
	2019-MTH9-10312019-0647PM-UK-00060
	2019-MTH9-10312019-0647PM-UK-00061
	2019-MTH9-10312019-0647PM-UK-00062
	2019-MTH9-10312019-0647PM-UK-00063
	2019-MTH9-10312019-0647PM-UK-00064
	2019-MTH9-10312019-0647PM-UK-00065
	2019-MTH9-10312019-0647PM-UK-00066
	2019-MTH9-10312019-0647PM-UK-00067
	2019-MTH9-10312019-0647PM-UK-00068
	2019-MTH9-10312019-0647PM-UK-00069
	2019-MTH9-10312019-0647PM-UK-00070
	2019-MTH9-10312019-0647PM-UK-00071
	2019-MTH9-10312019-0647PM-UK-00072
	2019-MTH9-10312019-0647PM-UK-00073
	2019-MTH9-10312019-0647PM-UK-00074
	2019-MTH9-10312019-0647PM-UK-00075
	2019-MTH9-10312019-0647PM-UK-00076
	2019-MTH9-10312019-0647PM-UK-00077
	2019-MTH9-10312019-0647PM-UK-00078
	2019-MTH9-10312019-0647PM-UK-00079
	2019-MTH9-10312019-0647PM-UK-00080
	2019-MTH9-10312019-0647PM-UK-00081
	2019-MTH9-10312019-0647PM-UK-00082
	2019-MTH9-10312019-0647PM-UK-00083
	2019-MTH9-10312019-0647PM-UK-00084
	2019-MTH9-10312019-0647PM-UK-00085
	2019-MTH9-10312019-0647PM-UK-00086
	2019-MTH9-10312019-0647PM-UK-00087
	2019-MTH9-10312019-0647PM-UK-00088
	2019-MTH9-10312019-0647PM-UK-00089
	2019-MTH9-10312019-0647PM-UK-00090
	2019-MTH9-10312019-0647PM-UK-00091
	2019-MTH9-10312019-0647PM-UK-00092
	2019-MTH9-10312019-0647PM-UK-00093
	2019-MTH9-10312019-0647PM-UK-00094
	2019-MTH9-10312019-0647PM-UK-00095
	2019-MTH9-10312019-0647PM-UK-00096
	2019-MTH9-10312019-0647PM-UK-00097
	2019-MTH9-10312019-0647PM-UK-00098
	2019-MTH9-10312019-0647PM-UK-00099
	2019-MTH9-10312019-0647PM-UK-00100
	2019-MTH9-10312019-0647PM-UK-00101
	2019-MTH9-10312019-0647PM-UK-00102
	2019-MTH9-10312019-0647PM-UK-00103
	2019-MTH9-10312019-0647PM-UK-00104
	2019-MTH9-10312019-0647PM-UK-00105
	2019-MTH9-10312019-0647PM-UK-00106
	2019-MTH9-10312019-0647PM-UK-00107
	2019-MTH9-10312019-0647PM-UK-00108
	2019-MTH9-10312019-0647PM-UK-00109
	2019-MTH9-10312019-0647PM-UK-00110
	2019-MTH9-10312019-0647PM-UK-00111
	2019-MTH9-10312019-0647PM-UK-00112
	2019-MTH9-10312019-0647PM-UK-00113
	2019-MTH9-10312019-0647PM-UK-00114
	2019-MTH9-10312019-0647PM-UK-00115
	2019-MTH9-10312019-0647PM-UK-00116
	2019-MTH9-10312019-0647PM-UK-00117
	2019-MTH9-10312019-0647PM-UK-00118
	2019-MTH9-10312019-0647PM-UK-00119
	2019-MTH9-10312019-0647PM-UK-00120
	2019-MTH9-10312019-0647PM-UK-00121
	2019-MTH9-10312019-0647PM-UK-00122
	2019-MTH9-10312019-0647PM-UK-00123
	2019-MTH9-10312019-0647PM-UK-00124
	2019-MTH9-10312019-0647PM-UK-00125
	2019-MTH9-10312019-0647PM-UK-00126
	2019-MTH9-10312019-0647PM-UK-00127
	2019-MTH9-10312019-0647PM-UK-00128
	2019-MTH9-10312019-0647PM-UK-00129
	2019-MTH9-10312019-0647PM-UK-00130
	2019-MTH9-10312019-0647PM-UK-00131
	2019-MTH9-10312019-0647PM-UK-00132
	2019-MTH9-10312019-0647PM-UK-00133
	2019-MTH9-10312019-0647PM-UK-00134
	2019-MTH9-10312019-0647PM-UK-00135
	2019-MTH9-10312019-0647PM-UK-00136
	2019-MTH9-10312019-0647PM-UK-00137
	2019-MTH9-10312019-0647PM-UK-00138
	2019-MTH9-10312019-0647PM-UK-00139
	2019-MTH9-10312019-0647PM-UK-00140
	2019-MTH9-10312019-0647PM-UK-00141
	2019-MTH9-10312019-0647PM-UK-00142
	2019-MTH9-10312019-0647PM-UK-00143
	2019-MTH9-10312019-0647PM-UK-00144
	2019-MTH9-10312019-0647PM-UK-00145
	2019-MTH9-10312019-0647PM-UK-00146
	2019-MTH9-10312019-0647PM-UK-00147
	2019-MTH9-10312019-0647PM-UK-00148
	2019-MTH9-10312019-0647PM-UK-00149
	2019-MTH9-10312019-0647PM-UK-00150
	2019-MTH9-10312019-0647PM-UK-00151
	2019-MTH9-10312019-0647PM-UK-00152
	2019-MTH9-10312019-0647PM-UK-00153
	2019-MTH9-10312019-0647PM-UK-00154
	2019-MTH9-10312019-0647PM-UK-00155
	2019-MTH9-10312019-0647PM-UK-00156
	2019-MTH9-10312019-0647PM-UK-00157
	2019-MTH9-10312019-0647PM-UK-00158
	2019-MTH9-10312019-0647PM-UK-00159
	2019-MTH9-10312019-0647PM-UK-00160
	2019-MTH9-10312019-0647PM-UK-00161
	2019-MTH9-10312019-0647PM-UK-00162
	2019-MTH9-10312019-0647PM-UK-00163
	2019-MTH9-10312019-0647PM-UK-00164
	2019-MTH9-10312019-0647PM-UK-00165
	2019-MTH9-10312019-0647PM-UK-00166
	2019-MTH9-10312019-0647PM-UK-00167
	2019-MTH9-10312019-0647PM-UK-00168
	2019-MTH9-10312019-0647PM-UK-00169
	2019-MTH9-10312019-0647PM-UK-00170
	2019-MTH9-10312019-0647PM-UK-00171
	2019-MTH9-10312019-0647PM-UK-00172
	2019-MTH9-10312019-0647PM-UK-00173
	2019-MTH9-10312019-0647PM-UK-00174
	2019-MTH9-10312019-0647PM-UK-00175
	2019-MTH9-10312019-0647PM-UK-00176
	2019-MTH9-10312019-0647PM-UK-00177
	2019-MTH9-10312019-0647PM-UK-00178
	2019-MTH9-10312019-0647PM-UK-00179
	2019-MTH9-10312019-0647PM-UK-00180
	2019-MTH9-10312019-0647PM-UK-00181
	2019-MTH9-10312019-0647PM-UK-00182
	2019-MTH9-10312019-0647PM-UK-00183
	2019-MTH9-10312019-0647PM-UK-00184
	2019-MTH9-10312019-0647PM-UK-00185
	2019-MTH9-10312019-0647PM-UK-00186
	2019-MTH9-10312019-0647PM-UK-00187
	2019-MTH9-10312019-0647PM-UK-00188
	2019-MTH9-10312019-0647PM-UK-00189
	2019-MTH9-10312019-0647PM-UK-00190
	2019-MTH9-10312019-0647PM-UK-00191
	2019-MTH9-10312019-0647PM-UK-00192
	2019-MTH9-10312019-0647PM-UK-00193
	2019-MTH9-10312019-0647PM-UK-00194
	2019-MTH9-10312019-0647PM-UK-00195
	2019-MTH9-10312019-0647PM-UK-00196
	2019-MTH9-10312019-0647PM-UK-00197
	2019-MTH9-10312019-0647PM-UK-00198
	2019-MTH9-10312019-0647PM-UK-00199
	2019-MTH9-10312019-0647PM-UK-00200
	2019-MTH9-10312019-0647PM-UK-00201
	2019-MTH9-10312019-0647PM-UK-00202
	2019-MTH9-10312019-0647PM-UK-00203
	2019-MTH9-10312019-0647PM-UK-00204
	2019-MTH9-10312019-0647PM-UK-00205
	2019-MTH9-10312019-0647PM-UK-00206
	2019-MTH9-10312019-0647PM-UK-00207
	2019-MTH9-10312019-0647PM-UK-00208
	2019-MTH9-10312019-0647PM-UK-00209
	2019-MTH9-10312019-0647PM-UK-00210
	2019-MTH9-10312019-0647PM-UK-00211
	2019-MTH9-10312019-0647PM-UK-00212
	2019-MTH9-10312019-0647PM-UK-00213
	2019-MTH9-10312019-0647PM-UK-00214
	2019-MTH9-10312019-0647PM-UK-00215
	2019-MTH9-10312019-0647PM-UK-00216
	2019-MTH9-10312019-0647PM-UK-00217
	2019-MTH9-10312019-0647PM-UK-00218
	2019-MTH9-10312019-0647PM-UK-00219
	2019-MTH9-10312019-0647PM-UK-00220
	2019-MTH9-10312019-0647PM-UK-00221
	2019-MTH9-10312019-0647PM-UK-00222
	2019-MTH9-10312019-0647PM-UK-00223
	2019-MTH9-10312019-0647PM-UK-00224
	2019-MTH9-10312019-0647PM-UK-00225
	2019-MTH9-10312019-0647PM-UK-00226
	2019-MTH9-10312019-0647PM-UK-00227
	2019-MTH9-10312019-0647PM-UK-00228
	2019-MTH9-10312019-0647PM-UK-00229
	2019-MTH9-10312019-0647PM-UK-00230
	2019-MTH9-10312019-0647PM-UK-00231
	2019-MTH9-10312019-0647PM-UK-00232
	2019-MTH9-10312019-0647PM-UK-00233
	2019-MTH9-10312019-0647PM-UK-00234
	2019-MTH9-10312019-0647PM-UK-00235
	2019-MTH9-10312019-0647PM-UK-00236
	2019-MTH9-10312019-0647PM-UK-00237
	2019-MTH9-10312019-0647PM-UK-00238
	2019-MTH9-10312019-0647PM-UK-00239
	2019-MTH9-10312019-0647PM-UK-00240
	2019-MTH9-10312019-0647PM-UK-00241
	2019-MTH9-10312019-0647PM-UK-00242
	2019-MTH9-10312019-0647PM-UK-00243
	2019-MTH9-10312019-0647PM-UK-00244
	2019-MTH9-10312019-0647PM-UK-00245
	2019-MTH9-10312019-0647PM-UK-00246
	2019-MTH9-10312019-0647PM-UK-00247
	2019-MTH9-10312019-0647PM-UK-00248
	2019-MTH9-10312019-0647PM-UK-00249
	2019-MTH9-10312019-0647PM-UK-00250
	2019-MTH9-10312019-0647PM-UK-00251
	2019-MTH9-10312019-0647PM-UK-00252
	2019-MTH9-10312019-0647PM-UK-00253
	2019-MTH9-10312019-0647PM-UK-00254
	2019-MTH9-10312019-0647PM-UK-00255
	2019-MTH9-10312019-0647PM-UK-00256
	2019-MTH9-10312019-0647PM-UK-00257
	2019-MTH9-10312019-0647PM-UK-00258
	2019-MTH9-10312019-0647PM-UK-00259
	2019-MTH9-10312019-0647PM-UK-00260
	2019-MTH9-10312019-0647PM-UK-00261
	2019-MTH9-10312019-0647PM-UK-00262
	2019-MTH9-10312019-0647PM-UK-00263
	2019-MTH9-10312019-0647PM-UK-00264
	2019-MTH9-10312019-0647PM-UK-00265
	2019-MTH9-10312019-0647PM-UK-00266
	2019-MTH9-10312019-0647PM-UK-00267
	2019-MTH9-10312019-0647PM-UK-00268
	2019-MTH9-10312019-0647PM-UK-00269
	2019-MTH9-10312019-0647PM-UK-00270
	2019-MTH9-10312019-0647PM-UK-00271
	2019-MTH9-10312019-0647PM-UK-00272
	2019-MTH9-10312019-0647PM-UK-00273
	2019-MTH9-10312019-0647PM-UK-00274
	2019-MTH9-10312019-0647PM-UK-00275
	2019-MTH9-10312019-0647PM-UK-00276
	2019-MTH9-10312019-0647PM-UK-00277
	2019-MTH9-10312019-0647PM-UK-00278
	2019-MTH9-10312019-0647PM-UK-00279
	2019-MTH9-10312019-0647PM-UK-00280
	2019-MTH9-10312019-0647PM-UK-00281
	2019-MTH9-10312019-0647PM-UK-00282
	2019-MTH9-10312019-0647PM-UK-00283
	2019-MTH9-10312019-0647PM-UK-00284
	2019-MTH9-10312019-0647PM-UK-00285
	2019-MTH9-10312019-0647PM-UK-00286
	2019-MTH9-10312019-0647PM-UK-00287
	2019-MTH9-10312019-0647PM-UK-00288
	2019-MTH9-10312019-0647PM-UK-00289
	2019-MTH9-10312019-0647PM-UK-00290
	2019-MTH9-10312019-0647PM-UK-00291
	2019-MTH9-10312019-0647PM-UK-00292
	2019-MTH9-10312019-0647PM-UK-00293
	2019-MTH9-10312019-0647PM-UK-00294
	2019-MTH9-10312019-0647PM-UK-00295
	2019-MTH9-10312019-0647PM-UK-00296
	2019-MTH9-10312019-0647PM-UK-00297
	2019-MTH9-10312019-0647PM-UK-00298
	2019-MTH9-10312019-0647PM-UK-00299
	2019-MTH9-10312019-0647PM-UK-00300
	2019-MTH9-10312019-0647PM-UK-00301
	2019-MTH9-10312019-0647PM-UK-00302
	2019-MTH9-10312019-0647PM-UK-00303
	2019-MTH9-10312019-0647PM-UK-00304
	2019-MTH9-10312019-0647PM-UK-00305
	2019-MTH9-10312019-0647PM-UK-00306
	2019-MTH9-10312019-0647PM-UK-00307
	2019-MTH9-10312019-0647PM-UK-00308



